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Mathematics is a necessary avenue to scientific knowledge which opens new
vistas of mental activity. A sound knowledge of Mathematics is must for a modern
scéientist, information technologist, financial specialist and/or an engineer to attain
new dimensions in all aspects of professional practices. Applied mathematics is alive
and very vigorous. That ought to be reflected in our teaching. In our own teaching we
becamne convinced that the textbook is crucial. It must provide a framework into which
the applications will fit in. A good course has a clear purpose, and you can sense that it
is there. It is a pleasure to teach a subject when it is moving forward, and this one is-
but the book has to share in that spirit and help to establish it.

This book is a self-contained comprehensive volume covering the entire ambit
of the course of Mathematics XII offered by Khyber Pakhtunkhwa Textbook Board,
Peshawar. Prof. Mumitaz Khan enjoys a rich and diversified experience of 36 years of
curriculum development in the specialized areas of Pure Mathematics, Applied
Mathematics, Statistics, Quantitative Research and Operational Research, preparing
and delivering lectures at undergraduate, graduate and post-graduate level in
Engineering, computer science, business administration and information technology,
supervising research at undergraduate, graduate and post-graduate level. He is author
of many books being taught at different universities and colleges at graduate and
undergraduate level. He remained associated with the University Of Engineering &
Technology Peshawar since 1976.

One of his areas of expertise is the application of mathematical and statistical
techniques to engineering, information technology, computer science, business
administration, economics and medicine.

This book is written in a lucid, easy to understand language. Each topic has
been thoroughly covered in scope, content and also from the examination point of
view. For each topic several worked out examples are carefully selected and presented
to cover all aspects of the topic. This is followed by practice exercise with answers to
the problems and hints to the difficult ones.
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This unit tells us, how to

¥ o i
» recognize the MAPLE environment and basic MAPLE comimands.
« use online MAPLE help.
» use MAPL Ecommands to simpiify polynomials, such as factoring polynomxal, e.tpnndmg an’
expressmn, smlpllfymg an expression, simplifying a rational expression and substituting in an_

expression. ) :;z 3
= use MAPLE commands to wew two-d:menmonal graph, domain and range and pammt,mc

Mathi -,.12
" Introduction To Symbohc Package: MAPLE
A
4

equations

:} -useMAPLEcommandsWsunphfyaanx,vecmrenuymngemennmahnopemnons, tnverse
and transpose of a matrix.

N) « use MAPLE as a calculator. : )
P 3

¥

'~ =) [Introduction
In this introductory course, you will become familiar with and comfortable in the Maple

environment. You will learn how to use "context menus" and "palettes” to perform powerful analysis

and create high-impact graphics with only a minimal knowledge of commands. This course will give

you the tools, you need to get started quickly, and a solid foundation upon which to build your future

. Maple explorations.

f' 1.1.1, w) | Maple Environment

MAPLE is a powerful mathematical software package. It can be used to obtain both
symbolic and numerical solutions of problems in arithmetic, algebra, and calculus and to generate plots
. of the solutions it generates

If you want to be able to use MAPLE to solve mathematical problems, start the program
with commands and then earry out each step given in the subsequent sections.

Open Maple : If you are on EOS (a UNIX-based operating system at North Carolina State University),
then:

* Log on to your EOS account
. Bring up the application menu (point to an open space on the desktop and use the middle

mouse button) and choose "Mathematics < Maple-{14)".

You should eventually see a large window headed by " Maple 14 or 1 or any " with a
smaller window headed by Untitled (1)- [Server 1]." The smaller window is the worksheet. The
EIIAPLE command prompt

>

will show at the upper left of the worksheet by clicking "prompt symbol” on a toalsbar.

When you are finished with the MAPLE session, you will leave the program by selecting
"Exit" under the “File " menu (upper left of the MAPLE toolsbar).

- W T W WP P N
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| Introduction to Symbolic Package: MAPLI
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. | Saving Your Program |

)

o

) As with any other program application (word processing, spreadsheeting, etc), you
should get in the habit of saving your work frequently, so if the system crashes you can recover most of
what you did.

. Choose "Save as" under the "File" menu, Make "Tutorial]l.mws" the name of your file.
This name should then appear at the top of your worksheet. As you work, frequently

choose "Save" under the "File"” menu or type CONTROL-S (hold down the CTRL key and type S)to
save your recent work.

el - L i ) 1

M nl

Go to the "Help” menu (it's at the top right of the MAPLE toolsbar} and select "Contents".
You will see a number of topics in black lettering (What's New, "Mathematics," elc.} and " introduction
" and "Worksheet Interface” in green lettering. You can click on any title with green letters to open that
section of the Help file. For example,

. Click on "Introduction” and read through the examples to get your first look at what
MAPLE does. ~
. When you are finished, click on the upper left corner of the "Intro" window and select
"Close" to get rid of the window.

If you want to print your program, then:

. Select"Print” under the "File" menu, note the name of the file that will be created when you
execute the print co

» Qo into your tetminal window and issue the command to print the file required.

'L1.12|r) | MAPLE Commands " |

Srtperey vy

A MAPLE command is a statement of a calculation followed by a semicolon (the resuit is
displayed on the screen) or a colon (the result is stored but pot displayed). Following are some
commonds followed by the displayed results. Enter the commands on your worksheet and verify the
given results. When you get to "Save the file," select "Save" under the "File" menu or type CTRL-S. For
example,

[~ 1415

L 29 (1)
. B 45642

E 96 | ')
[~ 3.(6+9); .

L 45 3)

.

o

| !_. -,}

] - N

.

e
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If you don't include a semicolon or colon at the end of a command, MAPLE will interpret
the next command line as a continuation of the previous command.

Arithmetic Operations : The symbals +,-*, /, and * (or **) denote addition, subtraction, multiplication,
division, and exponential (4“2=4“2=42=16). When a string of operations are specified in a command,
MAPLE first does exponentiations, then multiplications and divisions, then additions and subtractions.
To change the order, use parentheses.

Editing Commands : If you make a mistake in a command (like forgetting a semicolon} or want to
change a command, you can go back and edit the command with the cursor and mouse as you would a

word-processor text.

Exact Arithmetic and Floating-Point Arithmetic: MAPLE calculates-fractions (exact arithmetic) uniess
you specify that you want decimals (floating-point arithmetic} with the evalf function ("evalf" stands for
"evaluate using floating-point arithmetic”).

= : : @
> Mt'f(g—'r.;.-!-:—l,i*);
| 0.985 ()

The argument 3 in the evalf command specifies the umber of significant figures you
want in the result. If you omit this command, you will get ten significant figures:

5 Bl
e""y( 27 TS )
0.9847494553 ®
113 v) | OnLineHelp

You can get help with MAPLE syntax by using the HELP menu, as described previously.
If you have a question about a particular command, you can quickly get help by typing a question mark
followed by the name (no semicolon). For example,

[= Mdifferentiation:

will open a window containing information about what the "differentiation” f function does and how to
use it. Click on the little "Cross" box at the upper left of the window to close down the little window.

Enlistment of Variables: Use the colon-equal symbol (:=) to define variables-that is, 10 assign values to
them. Once you have defined a variable, simply typing its name will show its value, and using the name
in a formula will cause the value to be substituted. For example,




w.

- Number of Digits {significant figures) in Your Results: When z@o\ﬁ;aﬁhg point arithmetic, MAPLE

defaults to 10 significant figures:

You can changc the default by setting a va.r@le' Dlglts" equal to the dc'ured number of 51g111ﬁcant
figures:

Built-in-Funt }ns- MAPLE has many built-in-mathematical functions mc! uding sin, cos, tan, exp, In,
and log] 0. ‘]\f you want to calculate the value of one of these functions, then you must use the evalf

Expressmns ami Functions: An expression is a strmg of constants vanahles, and mathematical
operators(+, -, *, /, %, =, In, 5in, ...}: The following are the expressions:
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i,
2 :
" :
2} : e
425 In(x) "
43 — 5In{x) an
52— I2-y1_=cos(x-y} 3
55 — 12 3% =cos(xy) (18)

A function is a relationship for a variable (the dependent variable /output in terms of one or more other
variables (the independents variables/inputs). The following are the the functions:

y{x)=3-x+2 ' .
A \ : i »x)=3x+2 {19) 7
I : {
! . \ R
\ fr z(x,y) — _2___3_ . l}'ﬁ".’
A\ 04 2x /A
£)) GBI 1) R
A\ MAPLE handles expressions and functions in completely different ways, which can lead to a great deal /A
» of conﬁlslon, when relations like this are encountered: {
A\ y=6F=15x+4 iy = /A
v/ y=6F—15x+4 ey \¥
A\ This could be an expression relating x and y or the definition of y as a function of x. To do anything to ;-'J""'
. ) or with this relation (like substituting a value of x into it, or solvmg it for one variable in terms of the
;Kf other one, you must know whether the relation is an expression or a function. ::
_ .} In the next two sub sections, we show how expressions and functions are defined and evalualed. {
v/ A/
(A Defing Expressions and Substituting Values into Them: Use the colon-equal (:=) to define an expression, /%)
> and the "subs " function to substituie a value into it. For example, { |
| '-G II,? % l’f
{ [ F \
hx;} > fi=x : . ; 4
W L : f=2 @
[ > f e
| Lk : 2 @) | ¢4
> subs(x=5,1); * ¢
L 25 ey | £

Typing {> R5); will not work for the latter calculation. If you want to use functional notation like that,
you need o use the next method to define a function.

Defining Functions and Substituting argument values into Them: Use the colon-equal (=) and the arrow

-
ri__l_,....--a--.‘

—_— R v i.— x i -
A

——
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symbol -> to define a function, and functional notation to substitute a value into it. For example,

> =Ll Q)
e f=7
> gt subs(x=35,f); <~(_§’“
AN\ &t
AN 25

Gt Sl Al N

treated as a function.
- — 1
N S

> f15); .
x(5)2

You can convert the expression into a function of x, however by using the "unapply” command:

> f+= unapply{f, x);
[=x -2 \
> f(5); P
=
You can also take the function ;- =" and convert it back into an expression:

The facterization of a polynomial, expansion of an expression, simplification of an -

expression, simplification of a rational expression and substitution into an expression can be dealt
through direct MAPLE commands and context menus:

TR
g s
— e | [ it rorm———

> gi=x— (x'+'1_); 5 '
== 1
§ B EX T
> glx);
1
[ x+1 .
> gl4); ' ) O
3 i l a'\"":» ¥
5 oo

Converting Expressions into Functions : It is noted that previously defined expression /= x* cannot be

(28)

(29)

30

(€1)

(32)
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!J.. [> _)"af:tor(xz +5x+6); . \

",

This result is obtamed through nght-chck on the last end of the expression by selecting "Factor” on the

-{x+3}: (x é|-2}_ : (33
i SN o
Context Menu Result: You can use Maple s conlext menus to perform a wide variety of
mathematical and other operations. Enter the polynomial and place your cursor on the last end of the
polynomial or expression and right-click. The context menu offers several operations to choosc from
according to the expression that you are usmg The above result lhrough conlext menu is as under:
= S0 = -

x’+5-x+6 = '{x+'3} (x+2) : %&w Y.
O\ _ y

context menu.

This result is obtamed through nght-chck on the last end of the expression by selecting
*Simplify<Constant" on the context menu.
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’-rf-vﬂj gy soednae
Lxpression

£ _(x+3) e e s | '-p{b@ I
L R AN AT 8

2.y 45 SANPN 5y 411

This result is obtained through Right-click on the last end of the expression by sclecting "Evaluate at a
point” on the context menu.

31 (B —

Comnand i ; -

> plot(x2+5 x+6)\:>Q"

I . = % i g e .

X
Context-Menu Resnlt:
A5y +6
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This result is obtained through Right-click on the last end of the expression by selecting
plot” on the context menu. N ?} *
. PoR

Context-Menu Result: Enter an exp

- the expression or function. For example:




Context-Menu Result: Enter an expression or function, tight-click on it and select Plots < Plot Bml&er
<2-D parametric plot and enter the domain for the parameter t:

The command will show you full mformagugbout matrices on line by typing:
[> Imatrices

Laz]=

with{linalg) :
M= matrix(2, 2,4, 3,3,2]);

= marrix(2,2, (6,7, 8,91);
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Transpose of a Matnx

> M&ﬂ

matadd(M, rans);

i, ok

Inversc ot"u Matrix:

] e

> inv ELWTFMB

> muliply(M,imv); |
ﬂ”ﬂ
01|

Using Palettes: stéumor button to select matrix palette. Click-"Matrix" <click-Choose (for the
number of rows\:j olumns of a required matrix) < click-Data type ( to select integers entries of the
rows and col f a required matrix), then finally click-"Insert Matrix" and press ENTER key to

obtain 8 required matrix:

Matrix Addition:

(34
Eﬁ




Maths - 12 | Introduction to Syriholic Package: MAPLE |

This result is obtained through context menu. Right -click on the last end of the matrix by selecting
"Evaluate and display inline" to obtained the addition of two matrices.
Matrix Multiplication: :

RN EANEER G
3456 203

This result is obtained Lhrough context menu. Right-click on the last end of the matrix hv selectmg :
"Evaluate and display inline" to obtained the product of two matrices.

~ Inverse of a Matrix:

This result is obtained through context menu, li.ight-click on the last end of the matrix by selecting
"Standard Operations" and then right-click on the "inverse" to obtained the inverse of a matrix.

Sirnilarly,

Determinant of a Matrix:

Hﬂﬂ

RINOR| S

1351

203!
426
3RSB

You Click-start, then select-program <Maple 14 < click-"Maple Calculator” to obtain:

This graphically scienific calculator is available for use as part of your Maple(TM)
mslallauon or via a Web Server running MapleNet(TM). The calculator use Maple for calculations.

On toolsbar,
. use the "settmg tab” to control the basic computation settings for the calculator.
. use the "Math tab" to select funcuons to apply, from basic functions to linear algebra

to statistics.

——

L




o use the "Graph tab" to control over how graphs are displayed and what they display.
. use the "Data tab" to control the date used to produce a graph or the data you have

tabulated directly.
. use the "variable tab" to control the variables you have assigned and their values .

To involve the graphing calculator, use your mouse to press the "Math tab” and select
functions to apply. This will build up your expression for you in the input area, which is just below the
session history area on the left side of the calculator. When you are ready to evaiuate your expression,
press ENTER key on your kéyboard. Alternatively, you can press the "Graph button™, to graph the
expression, or the "data button"”, to tabulate values for the expression. For example,

H-

Click-Math tab < Click-Calculus < Click-Differentiate to obtain:

Diff{1)

Cursor 1" requires A : the f:xpressionx2 +4 x + 4, X: the differentiation of f(x) with
respect to x and P: the differentiation of f{x) at a point x=2:

Diff(A,X,P)
Diff(x*2+4x+4,X,2)
Click-ENTER

8

52

int(1)
Cursor 1" requires A: the ﬁ.lm:ticmx2 +4 x +4, X: the integration of f{x) with respect to x,
P: the lower limit x=0 end Q: the upper limit x=1 of the integral:

int (A,X,P,Q)
int(x"2+4x+4,X,0,1)
Click-ENTER
6.333333

=51 w» P s |

The steps required in entering & matrix on Graphing-Calculator are the following:

1. Click-Matrix/List-Editor, Click-Matrix<Click-Dimension {to choose the order of a matrix) <
Click-List (to enter the
rows and columns of
a required matrix)

2, Click-Variables-Tab, Click-Matrx<Click-Clear Selection <Copy Selection <Click- Sort-List.

3 Click-Blank-Box (to denote the required matrix by A, say) <click-Save (to save the required
matrix by A).

4. Click-Update (to display the rows and columns of a.matrix A):

—

i)
— ) i
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Click-ENTER (1o display the matrix A):

f. Inverse of a Matrix: Chck-Math-Tab <Click-Linear Algebra <Cl|ck Inverse (o obtain the -

inverse of a malrix A):
Inverse{(A)
Click-ENTER

Determinant of 8 Matrix A: Click-Math-Tab <C11cI:-Lmear-Algebra <Cl|ck-
Determinant (to obtain the determinant of a matrix A): :

8. Transpose of a Matrix: Click-Math-Tab ~=:Cl1ck-Lmear Algebra <Click- Transposr. (to
obtain the transpose of a matrix A}

Transpose(A)
Click-ENTER
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Example 1:Use Maple commands to evaluate the limit of a function

a. f(x) =5 -;- 2 x3+ 2, when x tends to 2.

b.f(x) = iﬁl, when x tends to a.

If the command for the required limit of a function is not known to you, then, easily on line ,call the
command by typing:

[> Himit
This will show you all commands about the limits.

Using Palettes: Use cursor button to select limit palette. Click-the required limit palette,and replace 8 by
2 Chck (a+b) (for sum rule of & function), then press "Enter" key to obtain the required limit::

"l"i'— 'I’ + (2-x+2) 1)

Using Palettes: Use cursor button to select limit palette. Click-the required limit and replace a by a.
Click-(a/b) (the quotient rule of a function), then "Enter” key to obtain the required limit:
J R
}@“ x—a
3 g : (51)

Example 2:Use Maple command iscont to test continuity of a function f(x) =x*+4 at any point in an
a. interval from O to 1.

b. closed interval [0,1].

¢. open interval (0,1).

x=0.1},

- 4 - 1 ] Ay
H x* '-:';-,;k—.'f*( 0..1,'closed" )

0 -4,5=0.1,'0pen’);

W W W W W W O S N NS O O W W W

-
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Example 3:Use Maple commands to differentiate the following functions:
a.f{x) =x"+7x+2 w.r.t variable x.

(= +2x+16)
bf(x) ="
(x3 +3x— 2)
¢.f{x) =(x3 + sin(Jr)2 + arccosx w.r.t variable x.
d. f (x) = x*coshx-+arcsinhx w.r.t variable x.

w.r.t variable x.

iE‘” r‘“’?fﬂ-.? rﬁm‘-‘}-v};

Context Menu:

;a r;mm e%w

[ h

This result is obtamed I.hmugh right-click on the last i:nd of the express:on by selectmg . Dlﬁ'erenuatc <
~ x " on the context menu. . _ /
b. Command: p >

- -.J[ 'tb’] -+ 'lit _l’— !."r

o
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Example 4: Use Maple commands to find out the first and second denvanve ofa functlon
fix)=x +xsmx+x+2wrtx

wrm@
c.,}(&iw"mﬁ:r m‘* S
; 125" + 2 s 5,3"~="ni’u (%) - -ff” (x)

For second derivative, aﬁer command, press the "Enter" key two times to obtain the second derivative
of a given ﬁmctlonabove result.

> 4’%.4’:"*@41#"-:%":
> J’w E":Ill"“ﬁi -'J' __1.;
42 +2xsin(x) . Feoslx) +1

i

> ::J;m; s
I_ oy Ea&é“#mr ) + 4 x cos(x)

o

Result (18) is obtained through right chck on the last end of the expression by selectmg "Differentiate <
x" on the context menu. For second derivative, click on the last end of the expression of result (18) by
seleclmg again "Differentiate < x"to obtain the required second derivative. For derivatives higher than

two, repeat the process again and again to obtain the required higher order denvamres

Example 5:Use Maplq‘connnands to expand a function

a.f(x)=¢€by Taylor‘sgeries expansion to fist four terms.
b. f(x) =sinx by Taylor's series expansion lo first 5 terms.

2. Command:
~_ Y} FIn | - 4y
> taylor(,x=0,4); .
1+in(e) £+ » In(e)’ + o In(e)* < +0(+%)
L :

.'T'?'F"'-ﬁ'._h-u'[i
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~ This result is obtained through right click on the last end of the expression by selecting "Series <x" on
the context menu.

b. Command: =

N\ ¥

Maxima and Minima \
Example 6:Use Maple commands to maximize and minimize a Iim:tlon‘

a. fix)=cosx b. f(x) =x' — 2 +3 in the interval [-1,2].
a. Command:

This result is obtained through nghl click on the last end of the expressmn by selecting "Ophmmhon <
maximize local"on the context menu.

Differentiation of Vector Functions

Example 7: 2. Find the derivatives of a vector function
a. r(ty=(sint,cost,sin2t) w.r.t variable t.

b. r{t)=(te"t,e t/t,3e"t) w.r.t variable t.

i, ailbe.



"»_‘: q_"?”‘ﬂf'm%;’o dculus)
> rit) = f-'!‘-l*" (), sin(2:2)) ‘
.‘r ”_‘i q—.-l',-l-wn»‘l_ ‘J.-_w
i‘_j:n.dqn. )
(cos(t)

n
1*1-.‘;3;'&':!‘_-""_

2 -f+=4 ectorCalculus:-

Integration
Example 8: Use Maple commands to evaluale the

a. indefinite integral of a function f(x) —I +5 +x +x 4+ 1 w.rt variable x.
b. definite integral of a functionf{(x) =x* w.r.t variable x.

c. definite integral of a function f(x} =x¢' in the interval [0,1].
a. Command:

Using Palettes: Use cursor button to select integral palette. Chck-mtegral palette, insert the functlon
required, then press "ENTER" key to obtain the integral of a given function:

| F 74 LHE
".‘{rs- “+X 4';'3-& !V!:,!
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Using Palettes:

Plane Analytic Geometry - Straight Line
Exnmple %:Find the distance between the two points A(1,2) and B(34) on two dimensional space 2D.

Before to start, watch the command on line by typmg -
[> Ydistance

that will give you full detail of distance. .
I:> with(Student| Precalculus]) : A ( ‘\’

o

* Example 10: Find the eqiation of a line that passes through the two points A(1,1) and B(3,4) in 2D.
The command below will give you full detail of a line in 2D on line by typing
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Example 11:a. Find the y-intercept of a line y=5x+3.
b. Find the y-intercept of a line y=5x+3, when x=0.
¢. Find the x-intercept of a line y=5x=3, when y=0.
The command below wiill show you full detail of i intercepts of a line in 2Don line by typing:

|:> ?mrercepts

Example 12: Slope-Intercept-Forn: Find the equation of a line, if lhe slope of a line is -1 and y-
intercept is Find al=o the x-intercept.

Command:

Example 13: Point-Slope-Form of a Line: Find the equation of a line that passes through the point A (2,
3) whose slope is 4. Find also the x-andy-intercepts of a line.

(o]
i /]

ol i . e g g
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Command:

Example 14; Two-Point-Form of a line: Find the equation of a line that passes through the two points 'A
(1,1/2) and B(4,1). Find also the slope as well as the x- and y-intercepts of a line.  ~ O
Command:

3

Conics-1 ’
Example 15: Find the center and radius of a circle x"2+y 2 Hx+6y=1.
The command below will show you full detail of a circie on line by typing:
o o 7N

/ X

c
 coordinates(center(c)); S
i-2,-31
Jia
. o N

Conies-II N

Example16: i
a. First Parabola: Find the vertex, focus and directrix of a vertical parabola y2-6x+_2y+13==0.
b. Second Parabola: Find the equation of parfbola when the vertex and focus are of the first parabola.

¢. Third Parabola: Find the equation of parabola when the focus and directrix are of the first parabola.
The command below will show you full detail of parabola on line by typing: '

{geom
parabola(pl,y* —6:x +2:y +13=0, [x,5])
pl
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M

3 vertical(pl), [2, -1]
> focus(pl), coordinates( focus(pl)} -
Jocus_pl. ”—E‘r '-ﬂﬂ
> directrix{pl), Equation(directrix(pl))
directrix_pl, x — 5 =0

parabola{p2, [ 'vertex'= vertex(p1),\focus'=focus(p1) 1. [x y1) :

méﬂ #%aﬁi:%ﬁ’{%%g:o :

> ﬁmmuﬂk

(> parabola(p3, [focus'= focus(pl), directrix'=directrix(pl) ]}, [x 1)/

[> Equation(p3)

¥ —6x+2y+13=0

Ellipse

Example 17: :

a. First Ellipse: Find the center, foci, major axis and minor axis of an ellipse 2 £+5 yz =10.

b. Second Ellipse: Find the equation of an ellipse, when the foci and the length of the major axis are of

the first ellipse.
¢. Third ellipse: Find the equation of an ellipse, when the foci and the length of the minor axis are of the

first ellipse. ‘
ou full detail of ellipse on line by typing:

¥ center_el, i1, ~2]
foci(el), map(caordinates, foci(el) )

foci 1 el foci 2 el}, [, -2 =31 [1, -2 +V3 1]
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name of the object
orm of the object

center

foci

length of the major axis 26
length of the minor axis 23 _
equation ofithe ellipse 96 _ -; +48 :-I

o r 0 A
.---u:”z! q‘ [;‘)-*9—1‘ o s ..: 1)) ' in l'a
center(e2), coordinate: '.""".'i'f 7 "J.i‘

Eguation(e2)

96X +483F —192x + 192 y=
> Equation(e3)
967 + 4837 — 192x +192y=0
Example 18: |
a. First hyperbola: Find the center, foci, vertices and asymploles of hyperboln9 y —4x°=36.
b. Second Hyperbola: Find the equation of hyperbola, ‘when the foci and vertices are of the hyperbola.

¢. Third Hyperbola: Find the equation of hyperbola, when the foci and the dlstnnce between the vertices
are of the first byperbola.

e command below will show you full detail of hyperbola on|line by typing:

= -4
:;f) bl _:'_s'ﬁ_

with{geometr)
{_“:’*’;"**“Og 9. % —4: =136, [x,y])
center(hl), coordinates(center{h1})
center_hl, [0,0]
Joci(hl), map{coordinates, foci( k1))
[foci ! "ttlnm 2_n1], {ilo, -y ][0, v13]]
vertices(h1), map(coordinates, verticesthl) )

[h‘*'ﬂ:j!,t”l-“- x 2 k1), [[0, -2],[0,2]]

ey el B e oY T )
> asymptotes|h }--'4-1-.--'.',, atian, a: ;—-,_,_ﬁ {hl})

—y—rrtre 1 P LIt 14
[asymptote_1_hi, asymptote_2_h1}, |y+
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% g*::;;ﬁﬁ”m T A e A i
>  otrril ]
mmm . Iyperbola2d
[0,01 ' _
- Mo, v} [0yl
ver ¢ GReaon) o
' .“'Lpﬂ_._‘__l[‘,"'!ﬂ:?'w{ﬂjmm-(]
644 +576 ~ 144 =0

64 0’ +576 — 144 n° =0
Differential Equations 7
Example 19: Find the general solution of a differential equauon—d-v- =-Z,

The commond below will show you full detail of a d|fferentml equauou on line by typmg

[) ?d;ﬂ'erentzalequanam
Choose "dsolve differential equations”.

u;w »J) x=y(x)=0
ode = _5], y(x) —x—y(x) =0

yx)=-1—x+¢_CI

 es=y(0) =1

yiE)=-l-xt2e




Maths - 12

Orthogonal Trajectories

The general solutiony(x} rsqn[ -+ cl] of the abave problem "a" is the first family of furves

{solition curves of a differential equation). This can also be written nsx? 4 _v2 = ¢, The orthogonal
trajectories of a first family of curves is the second family of curves represented by y=cx (family of
homogeneous lines). The question is, how to view that the second family of curves is the orthogonal
trajectories of the first family of curves?

This can be viewed through command on line by typing:

[> 2contourplot

‘with{ plots) :
Fi=

1
F
G = plot{ {seq{e-x, c=-5.5}},x
> display({F, G});

Partial Differentiation
Example 20 : Find partial derivatives of the following Functions:

2 fix,y) =X +¥ + 397 + 4y w.rt variables x and y.
A b. f(x, y) =ysinx + xcosy + x* w.r.t variables x and y.

1 r i -';"
> diff (y-sin(x) +x cos(y) +#. x




B) Maths - 12 | radicion o Symboli Packags: MAPLE |

> diff (y-sin(x) +x:c08(y) +,7); !
% sin{x) —x sin(y) ] (130)
' >
‘Using Palettes: Use cursor button to select expression in which you are interested. Tn this problem, the
expression is partial derivative palette. Click-partial derivative palette, insert the given function, then
e "ENTER" key to.obtain the partial derivatives,of a given function: _
a :
> @ +3 +3-x0F +427y)
; ' 32 +3°+8xy 31
. @
4 > 3;(:3+y’+3-x-yz+4xz-y)
' 3% +6xy+4% (132)
Introductién to Numerical Methods
Example 21: Find the aproximates roots of the nonlinear equations
a. 2 — 5 x + 6 =0 with initial startx, = 1.8.
¥/ b, sinx —e!™ =0 with initial startx, =0.5.
A\ The command below will show you full detail of the approximate root of linear and non-lincar equations
/ on line by typing without initial start:
Y/ -
F\ | > 7fzolve
W/ > feolve(# —5-x +6) :
"r*.; L 2.000000000, 3.000000000 {133)
A . The quadratic function f{x) is also a second degree polynomial. The numerical solution through
= polynomial is:
AL /N> Pobmomial = —5-x+6 :
) I Polynomial =x* —5x+6 ; (134)
b { > feolve{Polynomial)
' L 2.000000000, 3.000000000 (135)
> frolve{sin(x) —exp(-x))
, 0.5885327440 (136)
uYy Context Menu:
i | > sin(x) —exp( -x)
> frolve( sin(x) -exp(-x) )
/ | 0.5885327440 {137y

This result is obtained through right-click on the last end of the expession by selecting"Solve < .
Numerically Solve" on the context menu.

Numerical Quadrature :
" Example 21: Approximate the inlegmlJ ¢! dx in the interval [0,1] by
] a. Trapezoidal rule. b. Simll;son ;ule .
b, a. The command below will show you full detail about Trapezoidal rule on line by typing:

—=

T
ve — —

e ————————, %, 4 | | P e —r
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L> Hrapezoid

[> with(Student Calculus1]) - :
> Approximatelnt(exp{ ~x),x=0.1, method-lrapezo:d output = plot);

An Approximation of the

The command below will show you full detail about S1mpson mle on line by tvping:
simpson
[> wuh{Srudem[CaIculusl N:
> Approximatelnt{exp( -x), x=0..1, method = simpson, output = plor);

An Approximation of the

]
The actual value \uf the intergral | '™ gy is:




This unit tells us how to:
identify the domain and range of a functions through graphs.
draw the graph of modulus function and identify its domain and range.
recognize the composition of a function and then to find out the composition of two
functions.
describe the inverse of a function and then to find out the inverse of composition of two
functions.
recognize the algebraic and transcendental functions as well as. the concepts of axplicit,
implicit and parametric functions.
display graphically the explicit, implicit and parametric functions as well as the compound
functions.

introduce the limit of a function with respect to real number intervals on the real number
line, the open and closed intervals and its Jocation on a real number line.

explain the meaning of x tends to zero, X tends to a and x tends to infinity.
" define the limit of a sequence when the limit of a sequence with n-th term is given.
define the limit of a function and the statement of theorems on limits of sum, difference,
product and quotient of functions.
evaluate the limits of a function in case of some special functions.
evaluate the limits of algebraic, exponential and trigonometric functions.
introduce the continuous and discontinuous functions.
recoguize the left hand and right hand limits through examples.
define the continuity of a function at a point and in an interval,
test the continuity and discontinuity of a function at a point and in an interval.

>
>
>
>
>
»
>
>
»
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é
‘% _
:'I"j. -
{; ' 5“ In mathematics, the word function is used in much the same way, but more ‘%
. restrictively. Thus, the mathematical function demands that one quantity is uniquely %
€ - determined by one or more quantities. y _ﬁ'
'-} 4 Definition 1.1.1: [Function]: A function y=f(x) is a rule that assigns for each value '
% | of the independent variable (input) X a unique value of the dependent variable /)
¢ Loy
y = fix) (1) P
4 ;
w r':s Example 1L1: A developer estimates that the total cost on construction of x large \ ]
-y number ofisport complexes in each provincial capital is approximated by F |
A “ 4 C(x)= x" - 80x+80, A
{; N whfre C(x) is the cost in hundred thousands of dollars with respect to x number of /A
W sports compiexes. Find the cost of 4 sports complexes. W
Fil S\ Solution: The cost of 4 complexes is obtained by putting x=4 in the given cost f
. i/ function: "
{,:"’ C(4)=4* +80(4)+80 = 416 Hundred Thousands of dollars : &

Definition 1.1.2; [Domain and Rangel: Let y=f(x) be a function of independent = '
variable x. The sgt of real numbers that can be substituted for the independent //

variable x and give real numbers for the dcpendent variable y is called the domain of \
‘the function. The set of real numbers obtained for the dependent variable y is called /A

 the range of a function. ‘k__.\f
-Examplel.lz[l)ommnandkange]. Dﬂnnmmthednmam&udrangeofa f;’;’*
function fix)= x -h5 " \¥

Solution: The given funchon f(x) w1th the replacement of the independent variable x g:
with any real number is giving the real value. Thus, the domain set of a function f(x)
isD={x|lxe R}

For range value of a function, the function f(x) with substitution x= -3 are: ~~
fi-3)=(-3)+5=9+5=14 {

The squaring of a negative rumber in a given fuaction will yield a positive
product. Thus, the functional value will always be five greater than the number
squared. The least possible value of the function is 5, which occurs when x=0. Thus,
the range set of a function f(x) is R = {f{x)| fix)2 5]. y
i)  Identification of the domain and range from the graph ofa|l |
function [ #

Consider the graph of a function )
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y=x—2

To determine the domain of the function T x=2
y=1/(x-2), ask the following question "What real ' |
numbers may be substituted for x which will not give real il |
values for y?" An obvious answer is x=2. For x = 2, the ol L
denominator would be zero and we know that division by -=..,\ T 1

zero is undefined. Since 2 is the only restriction. State the
domain in a negative sense, D={xl x;t‘;}. This il
statement implies that all real numbers, except 2, may be Fie 1.1
substituted for x to obtain real values for y. ; g L

Are there any restrictions on the range? Can y be equal to all real numbers?
By just looking at the function, it is difficult to tell. However, by solving for x, the
solution becomes apparent:

el
e
(x-2)y=1
xy-2y=1
=2y+1
_ 2yl
y

From this result, we can see that we could substitute any real number, except
zero for y and obtain a real number for x. Thus, the range setisR=fy|y #0].
Examplell.S [DomainandRange] The formula P=64d is used to determine the
pressure P on objects that are immersed in saltwater, d feet below a free surface.
Determine the dpmain D and the range R.

Solution: For the function P=64d, the depth d is measured as a positive number of
feet, Thus, the domain set is D={d|d 20/}. Since d is nonnegative, P must be

nonneganve, and the range setis thenR = (PIP20).

.~Duﬂniﬂm 1.1.3: [Compound Function]: A function that defined'by more than one

equation is called a compound function. For example, a single equation may define

i therateofpayfortbe ‘ay shift (7 AM. to 3 PM.). Assume that the rate of pay for :
| the day shift is modeled by equation is P(r)=8r, where.r is the hourly rate. Another
. equation. may deﬁne the rate ofpayforthe e.vemng shift (3 30 PM. to 11 30 P.M)

PHPIEE S S Y
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The equation for this shift is P(1)=8(r+50). We can combine these two equations {0
create a compound function:

Solutmn

a. Since x=--1, which is less then 1, use the functmn f{x)=3x+2 to obtain:
f(-1)=3(-1)42= -1 |

b. Since x=1, use the function f(x)*3x+2 to obtain:
f(1)=3(1)+2=5 \

c. Since x=2, which is greater than 1, use the function f{x)= x* ~1to obtain:

fl2)=(2)-1=4- 1 3
Graph the followmg absoluie-valued functions and identify its domain and

a. flx)=txl b. fix)=13x+41
“From the definition of absolute value function, the given function is

The graph will consist of portions of the two lines with equations y=x and y=
-x. For x 2 0,the graph is a line y=x, and for x<0, the graph is a line y= —x. The
two partial lines meet at (0,0). Use the tabular form to obtain the graph of a
function:
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From the tabular form of a function we noted that the domain set is
(-e0,%0}and the range set is[0, ).
b. From the definition of absolute value function, the given function is
_ [3x+4, if3x+420
( )”{—(3”4), if 3x+4<0

The inequality3x+4 =0 is satisfied whenever xz—%,and 3x+4<0 is

satisfied whenever x<—4/3. If x= — 4/3, y=0, so the graph will consist of two
lines that meet at (—4/3,0). Use the tabular form to obtain the graph of a
function:

Y,

This function also has a domain set (-oo,c0) and range set is[0, o).
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{ Definition 1.1.4: [One-To—-One Functions]: A function f{x) is said to be one-to—one ‘
I if each range value corresponds to exactly one domain value, otherwise many—to—one
{ function, if each range value corresponds to more than one domain values. ‘
$’3§ ‘ Example 1.1.5: Are the following relations are one-to—one or many—to one:
()7 ey byee cyex 4
4 :"'"--3 Solution:
?.__ i a. The given function is many-to—one, since the value of y=4 corresponds to {
i \ two values of x=2,-2.
' ot b. The given function is one-to—one, since the value of y=8 comresponds to {
N exactly one value of x=2.
{\ ; / i, The given equation is not a function, because two values of y correspond to {
4 al one value of x will not constitute a function.
& {
Y/ i .
)¢ Kea M . uncu
" i) Recogmtion of composition funcuons {
f.:"""--' \ Many of the most useful functions for applications are created by combining
\, i simpler functions. Viewing complex functions as combinations of simpler functions often {
JA makes them easier to understand and use.
{ :“ The term "composition of functions” (or "compaosite function™) refers to the {
\:}:.; combining of functions in a manner where the output from onc function becomes the input
£\ for the next function.
\ v/ In mathematical terms, the range (the y-value answers) of one function becomes the
},r’n . domain (the x-values) of the next function.
\ > Definition 1.2.1: [Composite Function]: If f{x)and g(x)are the two fonctions, then, the {
) .:‘“f compaosite function or compesition of f and g leads the notations: ,
/
() Fea)w=r(sm) @) |
j,:ifi; This means “f composed with g of x "or" f of g of x ™.
() (ef)@=2(fw) (2:6) [
4 Thisnnm“gcomposedwnﬁn fof x"or" gof fofx " '
" Example 1.2.1: [Composite Functions]: Let f{x)=2x-1 — g(::}— . J3x+35. Find [
each of the following: |
a g(f() b f(e@) c f(z(-2) !
Solution: '
a. The function' f{x) for x=4 is used to obtain f{4)=2(4)-1=7.Use f{4) in |
equation (2-b) to obtam
4
[ -
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=

b
by )

(F@)=g(7)=37)+5=26
b. The function g(x) for x=4 is used to obtain g(4)= \/3(4)-!-5 =+17.Use g(4) in
equation (2-a) to obtain:

flg@®)=fN17)=2J17-1
c.  f(8(~2))does not exist, since -2 is not in the domain of g.
ii)  Composition of two given functions
Let f{x)= 4x+ 1and g(x)= 2x*+ 5x. Find each of the following:

@. 2(f) ®). f(gx) €0
Solution:
a. Using the given functions to obtain: v s
g(f(0)=g(4x+1), fix)=4x+1 y
= 2(dx+1 )+ 5(4x+1) ‘-1{)
= 2167 +8&x+1)+20x+5 . A')
= 3257+ 16x+2+4 205 +5 X
= 3252+ 36x+7 v>
b. Using the given functions to obtam 7\
Fle@®)=F(2x*+3x), glx)=2x'+5% \ \7/
= 4251+ 53)+1 (A
= 8xi+20x+1 N

This example shows that f (g(x))is not usually equal to g(f(x)).

‘Example 1.2.2:[Composite Fanction]: Air pollution is a problem for many )

metropolitan areas. Suppose that carbon monoxide is measured as a function of the \

| number of ’ people according to the following information:

Daily Carbon Monn:ilk Level :x: ‘: /

NumberofPeople | (inpa_rls_]_)ermlllmn) )
100,000 1.41
200,000 1.83
300,000 243
400,000 3.05
500,000 3.72
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Further studies show that a refined formula for the average daily level of
carbon monoxlde in the air is

(Lp)= 0.7 J P +3

Further assume that the population of a given metropolitan area is growing
according to the formula p(r)= /+0.02¢’, where t is the time from now (in years) and
p is the population (in hundred thousands). Based on these assumptions, what level of
air pollution should be expected in 4 years?
Solution: The level of pollution at time t is given by the composne functmn

{ L(p(t)] L(’I-!-OOZH) TR

'\. i

iy ¥

The air pollutlon cxpected in 4 years is obtamed by putting t=4 in equation

Etinv‘é‘r"%et%%’ﬁmofﬁ)
x=f7(y)

The symbol f ' (y) means the inverse of f and does not meanl.

For example, if y=f(x) is one-to—one function, then the inverse of y=f(x) is the
functionx = f'(y) formed by interchanging the independent and dependent variables
xand y for y=f(x). Thus, if (a, b) is a point on the graph of f{x), then (b, a) will be a
point on the graph of the inverse of f{x). The domain and range of y=f(x) are also

valid for its inverse functionx = f”\(y).
Note that, if f{x) is not one-to—one, then f{x) does not have an inverse function.
Descnptwn of the inverse of composmon of two gzven functwns
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Solution: The function f{t) takes an output 3t-8 in response of input t. The inver o
function must take an output t in response of input 3t-8:

’ E . : ; ‘I Trve . . :.- . . ¥ % and .._:. =3x ar l.i 1:":-_2:1:_3" -_ ~ .ﬁ
ah(z) :
Solution: T eV .

a. 'l-'!.'.-. n

A T AT
' !‘}“.'_ -_‘ % 1. ,‘IP" .}'-._ [

=2(3%)+3

c.
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d. ibrf-}l{ﬁ'*“t-’?[fﬁ?}, R .

x=pX6x+3) _
=6x+3 = &e@_?__ﬂ_)

X mmmmmﬁmmmma

Solution: A
a.

Using the given functions to obtai,ﬁ:\’"'

© glfix)l=gléx+1]

 =2(dx+ 1)+ 5(4x+)
=2(1657+8x+1)+ 20x+5

=322 +16x+2+20x+5
E-‘EE'?’IC 'Ai‘!t}’(_’ |
- The functlon g[f(x)] does not have an inverse, since g[f(x)] is not one-to—one
(many—to—-one) function.
b. Usmg the given functions to obtain:

 flg(x)l= fl2x* +5x]
v =4H2x"+5x)+1

-_T_'-{:_.'t ﬂ-.,q_.: e+ 1

_The function fIg(x)] does not have an inverse, since flg(x)] is not one—to—-one

3 (many-to—one) function.
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a. P=64d b. F(c)= %c+32
c.C(F):%{F—j’Z) d.s= fir6)=r8

e.F=8(ma)=ma f. SA = 8(l,w,h)=2lw+2lh+2wh
ate the followi ng functions f -d independent variables:
a. ﬂ’x) 3x*+7x-5; ﬁ3),ﬁ-4) fla+h)

b. f(t)-ﬂ 20, f74). 37

X L L
N 5':'.' --a—'

. g(R)= i;‘%*q. 2(2),8(3), g(g)

d. fit)= 32+ 2t-t, f3.217), A5.613), fix)

~ The circumference of a circle is given by @h;azm.mh
ﬁ\lmr 1‘9’-&’-1 "hiaﬁ ':~;v‘Ht |[i"")1 _?)’i_‘;h_“ I;P-'-r]

‘FdE' 11{ El :ﬁJLﬂmCQ

-.a-itr “rv th '}4. . '} '_'l:'_ 'B

3 - el
b *‘ |
3 1
y ] |
- e e e A B e B e DN N e i o o, e o P o

-]

a. ﬂ3.75 m) b. ﬂ6.05 in) c.f{13.42 mm)

- = =) : e s
e measure of the angle @ in radians is given by
r)= > where ¢ is the length of the arc
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determined by Z8 and r is the length of the radius of the circle (see the graph).
Find:

a. f(471 3) b. 15715

af0  bf@  cf@

Indicate whether each table specifies a function y=f(x):

------- T L S
} a. IR rrerer: &
----- o it r
e SRR IEER D EH
¥ ¥ B q
........ T
.........
) TG T 0
HEDEnE
iperinmananpanEe LIS | s enpy. s EREE Enaan anEs IS s pRn s BT S0 5N
T LA ¥
} e T
nREr.sna
s T
Rr.AB0EED -
1 i I ARERAN
ks HAEDRpEON
’ TR

11. Deteinﬁne the domain and range of the following functions:

_ ay=3x+4 b. fi)=12+5 c. SA= fir}=4x=r’
) 12.\1\ . Find the composite functions f{g(x)] and g[f(x)] of the following functions:
S a. fix)=x*+1, g(x)=2x b. fix)=sinx, g(x)=1-x>
) ' : _ eJ
. fiy=+Mt, g(t)=+* s il
u+l I-u
)

. r
» L]
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e. fix)=sinx, g(x})=2x+3 f. f(x)=£, g(x)=tanx ‘
x -
/13.  Determine the inverse function of each of the following_-fuﬁctions: - ‘
a. y=f(x)=x+5 ' b. y=f(x)=2x+7 o

; : O
c. y=f(x)=2(x—4) d. y=f(x)= "‘;4 RS  dady {
14, Graph each of the following absolute functions: SOV, SRR {
a. y=lx-4| b. y=1-4-x| T ' ‘
A polynomial P,(x) is a function of the form {

S  fx)=FR(0)=a.x"+an __x'f" +...ta Praxta, (6) z8 '_ ]

with n is a nonnegative integer and g,, ap.p---d2anao 8¢ constants: If g, #0, then, ¢
the integer n is called the degree of the polynomial. The constantg,is called the

leading coefficient and the constant gis called the constant term of the polynomial !
function. In particular, the polynomial (6) is goingtobea

p——

f -cransta;i't"ﬁmct:iog.b;p“ﬁ‘tﬁng n=0:  f{x)=ao

B

e linear funetion‘lj;yvi:utting n=l: fix)=apxc+ao ’ !
! quadratic fﬁnétion by putting 8=2:  flx)=a; Y +axtap '

l .- e s .'"- . - I {

- cubic function by putting n=3: ﬁx):a;x’+42x’+g,x+ao =

Algebraic Function: A fiinction fix) is called algebraic if it can be:con_structed t_ls'ing' |,
algebraic ‘operations (such as adding, subtracting, multiplying, dividing, or taking
rootd) starting with polynomials. Any rational function is an algebraic function.

i - | ranscendental Function: Fusctions that are not algebraic are called transcendental. |
"\ ' The functions, such as all irigonometric functions, hyperbolic functions, expusential |
functions and logarithmic functions are called transcendental functions. B nrad
‘Trgonumetr :é'ﬂhjicﬁb':is:"lfﬁgdn‘ometﬁb functions are the functions sine, cosine, |
tangent, secant, cosecant and cotangent. The word trigonometry is derived from |
 Greek words which mean riangle measurement. Although trigonometry, has been |

organized into an abstract mathematical system, much of it s still concerned with
| trigngle measurement. This is.completely discussed in XI class course. :

]
|

i L |
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 many areas(of scicnce
m&&ﬁt—'ﬁ?’"“fl of mate
of a capacitor.

Ax)=p*, b>0,b#1,bisa positivé constant,

} defines an exponential function for each different constant b, called the base. The
domain of f{x) is the set of all real numbers, and the range of f{x) is the set of all
’ positive real numbers.

_ We require the base to be positive and to avoid imaginary numbers such
} as(~2)"* = V=2 = i/2. We conclude b=1 as a base, since fix)=1"=1 is a constant
b- function. :

The properties of exponential function are summarized in the box:
)

‘Exponent Laws : If a and b are positive real numbers, a+ 1,b + /, then,

ol '
I

¢ 9 X
e (T . x ..'::_ﬂ Y 7k X . a ) [
a‘a’=a” -'ﬁsf;ﬁ'ara Wa*) =a”(ab)i=a'p| — |

i _r.__I:

\

Riliat ) ; _ . )
Base e Exponential Functions: Of all possible bases b, it can use for the exponential
function y = p*, which ones are the most useful? If you look at the keys on a scientific

) calculator, you will likely see Jo* and ¢°.Itis clear why base 10 would be important,

because our number system is a base 10 system. But what is e, and why is it included
} as a base? It tums out that base e is used more frequently than all other bases
combined. The reason for this is that certain formulas and the results of certain
processes found in calculus and more advanced mathematics take on their simplest
form if this base is used. This is why you will see e used extensively in expressions
and formulas that model real-world phenomena. In fact, its use is so prevalent that

you will often hear people refer to y = * as the exponential function.

The base e is an imrational number (like 7) it cannot be represented exactly by
any finite decimal fraction. However, e can be approximated as closely as we like by
evaluating the expression

=
. ==
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(1+l)’r (D
X

for sufficiently large x. What happens to the value of expression (7) as x increases
without bound? The resuits are summarized in the following table:

x (l-l_-l)
X

1 2
10 2,59374...
100 2.70481...
1000 2.71692...
10000 2.71814...

100000 2.718217...
1000000 2.71828...
Interestingly, the value of expression (7) is never close to 1, but seems to be

approaching a number close to 2.7183. In fact, as x increases without bound, the
value of expression (7) approaches an irrational number that we call e. The irrational

number e to twelve decimal places is:
e=2.718 281 828 459
Growth and Decay Applications: Most exponential growth and decay problems are

modeled using base e exponential functions. The problems related to grow:h and
decay are as under.

Example 1.4.1: [Exponential Growth]: Cholera, an intestinal disease, is caused by a
cholera bacterium that multiplies exponentially by cell division as given
approximately by

N=N nej'm
with N is the number of bacteria present after t hours and N, is the number nf bacteria
present at the start (t=0). If we start with 25 bacteria, how many bacteria (to the
nearest unit) will be present in

a.1hour? .  b.3hours? c.4hours?  d. Interpret
Solution: Use the amount of initial bacteria §,= 25 in the given equation to obtain:
N=25¢"%, Ny=25 @®)

15

e
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Logaritlm_licﬁFt}nctions: Logarithms are an alternative way of writing expressions
which involve powers or indices. They are used extensively in the study of sound.
The decibel, used in defining the intensity of sound, is based on a logarithmic scale.

_ Until the development of computers and caiculators, logarithms were the
-only effective tool for large scale numerical computations. They are no longer needed
- for this, but it still plays a crucial role in many applications.
For illustration, if we start with the exponential function y=f(x) defined by
YE2 :
then the interchange of the variables is giving the inverse of y = 2*:

'
.

—
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XxX= 2! i

We call this inverse exponenual function, the logarithmic function with base
2, and write this as: _

y=logx  ifandoenlyif x=2' : ®

Definition 1.4.2: [Logarithmic Functions): The
inverse of an exponential function is called a
logarithmic function. For b>0 and b=zl the
logarithmic function is:

y=log,x, which is equivalent to x=p’

# V4

The log to the base b of x is the exponent to |/ "

which b must be raised to obtain x. The domain of the |
logarithmic function is the set of all positive real :
numbers, which is also the range of the correspondmg cxponentml function.
Obviously, the range of the logarithmic function is the set of all real oumbers, which

is also the domain of the corresponding exponential function.
Typical graphs of an exponential function and its inverse, a logarithmic
functlon are shown in the ﬁgure (1.5).

*Iﬁm@iﬂf‘ﬁ;@m logarithms) are

it o the bare 1021y = g, < mests 175 5
.'EEG """'[n{ﬂ* &md&‘ﬁﬁﬂ} L? er i l:l 1,- --}HLJQ'XI:

.'.-'r*nl[JL.-,r'*ggﬂ@“ ..::. ex 7
Example 142: (Lo

; fnme ons: :
amrduum: - c.log

a, This is equal to:
log 10000 = log10°=4logl0=4
b. This is equal to:

I "
log .01 =log-——=1log(10)?=—-2logi0=-2
og °g100 | g(10) g

s
i)

c. This is equal to:




Maths - 12 [N [ Funciiohs and Limits |

log V10 = log(10)"” = %log 10= é
‘Natural Logarithms: Natural Logarithms (also called Napierian logarithms) are
logarithms with base e:
Logarithm to the Natural Base e: y=In x means ¢’ =
"In x" is the answer to the question” to what exponent must e be raised to produce x" ?
Logarithm to the Base b : y=log, x meansb":I X
" y=log, x ", which is read "y is the logarithm of x to the base b", is the answer to the
question " to what power must b be raised to produce x? '

Logarithmic Notation: N\
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Solution:
10°=2

logj0*=log2, logof both sides
. xloglO=1log2, loglO=1I
x=0.3010, Calculator value
ef=3
b, Ing"=1In3, Inof both sides
xlnx=m3, Inx=/
x=1.0986, Calculator value
3=4 |
log 3*=log4, log of both sides
¢ xlog3=log4,

x= % =1.2619, Calculator value

ok

Solution:

%logbt{ —%10g58+ log,2 = log,x

3 2
log,42—log,83+log,2=log,x,
log,8—log,4 +log,2=log,x

(8)(2) _
B 4

lo log,x,

log,4=1log,x




Maths - 12 [ HEEE

This is one of several important applications
that involve combinations of exponential functions. In
certain ways, the functions we shall study are
analogous to the trigonometric functions, and they
have essentially the same relationship to the hyperbola
that the trigonometric functions have to the circle. For
this reason, these functions are called hyperbolic
functions. Three basic functions are the hyperbolic
sine (denoted "sinhx" and pronounced “cinch"), the
hyperbolic cosine (coshx; pronounced "kosh") and the
hyperbolic tungent (tanhx; pronounced "tansh"). They are listed as under:

cosh?x -sinh’x=1.
cosh(x+ y)= cosh x cosh y + sinh x sinh y
sinh(x+ y)= sinh x cosh y+cosh xsinh y

The name "hyperbolic functions” comes from the fact that the functions sinht {
and cosht play the same role in the parametric representation of the hyperbolic

e T A B OB KA wnves |

as the trigonometric functions sint and cost, do in the parametric representation of the
circle {

i
{ i

Eliminating the parameter t from the parametric equations {
x=cost, y=sint (

to obtain the equation of the circle:
{

are the parametric equations of the hyperbola. Squaring these equations and
subtracting the second from thie first to obtain the equation of hyperbola:

Explicit and Implicit Functions: So far we have met many functions of the

form y=f(x):
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) y=x*+43, y=sinx, y=e"” -2x (1)

If y is equated to an expression involving only x terins, then we say that y is
expressed explicitly in terms of x (that is in equation'11).

Sometimes we have an equation connecti.ng x and y but it is impossible to
write it in the form of y=f(x): -

it S G Gt B

x—t) " fmd “ yg(t)

pairs in the plane:

(x, )—(x(t) y(t))—(f (t) g(t)) (14)

{ﬁBEs’*ﬁﬁ?’fﬂér equ -_-._.;;{-"jfu - @;.m; T
 point P, (%, ¥,) and parallel to a direstion vector u=(a, b)! | |—

Solution: The parametnc equations of a hne through
B,(xy, y,) parallel to u=(a, b) are: ~

x=xy+at, y=y,+bt
The graph developed is shown in the figure (1.7). For graphical details, see

Example 1.5.6
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T T

-_..'l.tlul:l-.“' AL

.. . 102—3.\' : 05.(-6
d.79=72% e s=(x+2} f.(1-x)=(2x-1)
g (x-3)*=0 h. 2x¢*=0 i. 3xe”+x’e"=0

a. log, =—§-logb8+310gb9—logb6

b. log,x= %logb27 +2log,2-log,3

c. logx= %Iogbti -%long +2log,2

i

d. log,x+log,(x—4)=1log,21
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e. log,(x—1)—log,fx+1)=1
f. log,,,(x+6) log,fx-3)=1
7. Suppose the sales*c;%a_r;ertmn productare appro:amated by ’___j @&

S(t) 125+ 83 log (5t+1),

where S(t) is sales in thousands of dollars ¢ years after the product was
introduced on the market. Find

a. S(0) b. S(2) c. S(4) d. S(31)

¢. Draw and interpret the graph.

15| [Graphical Representation of Functions |

i) Graphwa_l“l_fz_efv_s_aft_h;*_gwen funﬂtmns :&N
The views of some particular functions are graphed in the following
examples:

‘ Example 1.5.1:] Graph of2‘] Sketch a graph of/y 2 i |

et

Solution: Many students, if asked to hand sketch graphs of equations such as y = 2*
or y= 2" would not hesitate at all. They would likely | "_ FEC B );]_T R T

make up tables by assigning integers to x, plot the | FITTTE 4 | |
resulting points, and then join these points with a smooth | |-t r—_f |
curve as in figure (1.8). The only sketch is that we have | /=T 1
not defined 2¢ for all real numbers. We know that
2,29 2%, 2%, 2" and 27" mean (that is, 2°, NNEmREEEAEERE
where p is a rational number), but what does 2% mean? | |H=1 IETL L
The question is not easy to answer at this time. In fact, a | TP Ll E
precise definition of 2% must wait for more advanced - X K ity & 3%
courses, where it is shown that 2* names a positive real oo .._Flg' i 4

number for x any real number, and that the graph of y = 2* is 1ndicated in figure( L.8). -

It is useful to compare the graphs y=2" and y=2" by plotting both on the
same set of coordinate aves. These are shown in figures 1.9(a) and 1.9(b). The graph
of

RSy b>l | Ggwredd@l
looks very much like the graph of y= : 2%, and thegraphuf

 fx)=5% 0<b<1 figure 1.9.(b) ol |

I PR—E——————

th
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looks very much like the graph of y=27%

\

JH*'
“:fjj

\\\\ |

B

H-— AL LT [T L -,4-

)

e

Fig. 1.9 (a)

The graphs in figures 1.9(a) and 1.9(b) suggest the following important
general properties of exponential functions that are summarized in the box:
Basic properties of the graph of fix)=p* b> 0,b %1
L Al graphs will pass through the point (0/1).

2. All graphs are continuous,curves, with no'holes or jum, m
3. Ifb>1, then p* increases as xin N0reases.

If0<b</, then p* decreases as x increases.

Solution: Use a scxennﬁc calculator to create the table of points. Piot these points and
then join them to obtain the graph of a smooth curve in the ﬁgure L.10.

"] [u-“'?f‘“'a.'i‘i of y=e' “*‘Lv"f

Solution: Use a scientific calculator to create the table of points. Plot these points and
then join them to obtain the graphs of smooth curves in the figure (1. 11) The domain
is (-00,00) ,while the range is (0,e) . »

-
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) 4
5 = y=¢" ;
b | ¥ ! *
.) 5 i Fi
i ] F &
) S 1S 2 1 5 o0y \*
=7 TR -5 L7 y
} Fig. 1108 ) Fig. 1.11 % 3
: ' ¢ ' 1§
) @) | Example 1.5.4: [Graph of log, x]: Sketch the graph of y = log, x. : < ;}
= : LU v
. . _ /8
9 Solution: We can graphy=log,x by plotting , wf’ r y=2 i i )
x=2",since they are equivalent. Any ordered pair | TT B2 f‘:(
> of numbers on the graph of the exponential function | H- 7 ¢ }
will be on the graph of the logarithmic function if 17 ) \“,Kx
) we interchange the order of the components. For i ';':l':'_g' - W)
example, ordered pair (3,8) satisfies y=2" and |« = r.a > 2 'fo
) (8,3) satisfies equation x = 2”. The graphs of y=2" B i { ‘;
and y=log,x are shown in the figure (1.12): S . \]v{
¥ Fig. 1.12 I/ \N
)» Example 1.5.5: [Graph ofy=1nx]: Sketch the ; \y/
b graphofy=inx X . A\
[ ]
1 -ff
» &
. '_‘.".J'F
: &
i
)

1;:“' .-\-
R
s £
. S
’ st Fig 113 \ :’
) Solution: We can graph y=Inx by plotting x=¢’, since they are equivalent. Any ﬁf}
ordered pair of numbers on the graph of the exponential function will be on the graph %
@t £
; = =4
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of the logarithmic function if we mterchange the order of the components. The graph
is shown in the figure (1 13)

m 1.5.6: [Graph of- Paramet
{L,_,, I:il:lj(rlgh “'Hf"f -ff,.pj"

‘Solution: The graph is the collectlon of all pomts (x, y) with x=3- t, y=2t for different
real values of t:
=0 = (x([),y(t))=(3,0)
=1 =  ((b)yn)=(22)

=2 =>/ (), y®)=(1,4)
The plot of the position vectors f, =(3,0),5, =(2,2),1, =(},4) in the figure

(1.14) dcveloped a straight line parallel to the direction vector u=(~1,2) and passing
through the pomt p(3,0).




x -3 =2
_ﬂx) 6 5

Use the function f{x)=x+2 for-2 < x < 2 to obtain a set of ‘points:

X -2 2
fi: 0 4 | ___ o
Use the function fix)=1 forx = 2 to obtain a set of pomts o)
x: 2 4 X
A2 1 1
Use these tabular points to obtain the graph of a compound function:

AY

- 8.— < | ; s
ﬂx)=3—\ 6+ f(x) =x+2 N\
. 4+ : g
/ f=1

Y -
A AL
j —— 4 3G
K : -6 -4 -2 2 4 6 Z;
"‘i":j' : F1g 1.15 )
: {{ This function is also called a piecewise continuous function which is A\
'V{> discontinuous (piecewise continuous) at x= -2 and x=2. ’.v?.
A e Exercise 1.3 _ A
h{ \ /4
A\ L1 Using a calculator and point-by—point to plot the following exponentlal A\
functions:
a. h(x) x(2‘) [ 5,0] b.m(x)= x(3*%[0, 3]
100 200
c.N=——;[0,5 d N=—I[0,
I+e™ 11x1 1+3e™ [
~ Using a calculator and point-by—point to plot the following logarithmic
~ functions:
a. y=lnx b.u=-Inx c.y=2In{x+2}
d. y=4In(x-3) e.y=4Inx-3

" Sketch the following parametric curves:
a.(x(1) y(t))=(3-1,21), t is real number.

b. (x(t), y(t)) = (4 cost, 3sint)
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c.(x(1), y(t)2(1)) = (3+24,5-31,2-41)

[ 15611 [imit oFa Fonetion: 177 51 1T RN TSN (

The algebraic problems considered in earlier sections dealt with static
situations:

What is the revenue when x items are sold?

How much interest is earned in 2 years?

Calculus, on the other hand, deals with dynamic situations:
At what rate is the economy growing?

How fast is a rocket going at any instant after lift—off?

The techniques of calculus will allow us to answer many questions like these
that deal with rates of change.

The key idea underlying the development of calculus is the concept of limit.
So we begin by studying limits after explaining the location of intervals on the
real number line

'Ehf‘xé

Ay b Ty NEL 7 gL A A il
4P 2 .l.....ua._‘..... g it s T F R TR Y 8 - = N o T e

Solution

a.

The various types of numbers used in thlS hook can be lllustmted with a
diagram called a number line. Each real number corresponds to exactly one point on
the line and vice-versa. A number line with qeveral sample numbers located on it is
shown in ﬁgure (1.16):

The number 6 is a natural number, whole number, inieger, rational and real
number.

The number 3/4 is rational and real.
Thé number+/8 is irrational and real.

—y

[
/)
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_Example m@i‘l_ﬂ m&mnamﬂ@

::ii‘i‘*ﬁmm e significant digits:
Solution:

a. The approxirhau'on to three significant figures of a given number is 29.2.
b. The approximation to three significant figures of a given number is —.571
C. The approximation to three significant figures of a given number is 1.05.

The comparison of two real numbers requires symbols that indicate their order
on the number line. The following symbols are used to indicate that one number is
greater than or less than another number:

“means s less than | Smacans i less fhan or equal 10

The following definitions show how the number line is used to decide which
of two g1ven numbers is the greater: e b

nple: mrﬂus&mw . Write true or mﬁgmaﬂﬂn

Hﬂ% 4‘.;"" ;—rrr IH_:F
aﬂp 5]

Solution:
a. 8«12 .
This real inequality says that 8 is less than 12, which is true. The graph ona

real number line is:

<'~~r—1r—'"*i.r——u—'u"—*L /——'v—“" fr—lr-—_""'r>

0 2 3 1012 W

b. -6>-3 ; ;
The real inequality —6<—3 says that -6 is less than —3 (-6 is to the left of -3).
The given inequality —6 >3 is false. The graph of -6<~3 on the real number

L _ﬁ;..,ﬂ SR e 'IH_J L.__ﬂ.—_‘
- 4 ! L




* Example 1.6.4:[Real Number Line}: Graph all integers x on the real number line

© such that 1<x<5.

Solution: The only integers between 1 and 5 are 2, 3 and 4. These integers are
graphed on the number line by solid holes in the figure below:

e
-3 2 -1 0 1 20, a3l 4 5
Fig.1.19

Example 1.6.5:{Real Number Line]: Graph all real numbers x on the real number
line such that 1<x<5.

Solution: The graph includes all the real numbers between | and'5 and not just the
integers. Graph these numbers by drawing a heavy line from 1 to 5 on the number
line, as in figure below. Open holes at 1 and 5 show that neither of these points
belongs to the graph.

L% i 7% 1 ] | 4K | [HAEE
1 T 1 ! 1 9 | | ==
-1 0 1 2 3_‘_ 4 5 6 7
Fig..l.i_ZO _ &

ii) Deﬁnitiori of closed, open, ﬁa{f oPen and half closed 'ir_ltervdls
A set that consists of all the real numbers between two points is called an
interval. A special notation will be used to indicate an interval on the real number
line. :
For example, the interval including all numbers x, where ~2<x<3 is written as
(-2,3). The parentheses indicate that the number -2 and 3 are not included. If -2 and
3 are to be included in the interval, square brackets are used, as in [-2,3]. The chart
below shows several typical intervals, where a<b:
Inequality Interval Notation ‘Explanation
o agsx<h [a,b): Closed Both a and b are included.
s asx<b [a,b): Half open/Closed a is included, b is not.
e a<x<h (a,bl: Half Open/Closed b is included, a is not.
» a<x<b (a,b): Open Both & and b are not included.

Interval notation is also used to describe sets such as the set of all numbers x,
with x> -2. This interval is written[-2, o).
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Example 1.6.6:[Interval): Graph the following intervals:
a.[-2,0) b. [4,20) c. [=2,1]

Solution:
a. Start at -2 and draw a heavy line to the right, as in graph. Use a solid hole at —

2 to show that =2 is itself a part of the graph. The symbol e, read "infinity”
does not represent a number. It simply indicates that all numbers greater than
—2 are in the interval. Similarly, the notation (-e,2) indicates the set of all

.real numbers with x < 2.

—+———t—t—F
4 3 -2 -1 0 1 2 3 4
. Fig. 1.21 )
b. The graph of the interval [4,e) is as under:’ \
T

4 Fig.122
C. The graph of the interval [-2,1] is as under:

= 1

2 Fig 1.23
’ Examble 1.6.7:[Interval]: Use gacﬂ_ of the gréph'to-%ndicm the interval notation:
@) e—e—a—>
_ =5 3
b) < f— ——
4 7 ]
© < 90— .

-1
Fig. 1.24

v AN 3
g

Solution: The given graphs indicate the following intervals:
a. (-5, 3) b. [4,7] c. (—eo,~1]

i) Explanation of phrases x>0, x>, x e

The answer to the phrase x tends to “0” is easy to see that the value of a
function
2
x -4
y=f(x)=

x-2
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gets closer and closer to a single real number *2”on both left and right sides of “2”,
when x is a number very close to “0” on both left and right sides of “0”. In this
situation, we are in position to say that x approaches to “0” or x tends to “0” and is

denoted by x — 0, when f{x) tends to a single number “say L=2".

The answer to the phrase x tends to “infinity” is easy to see that the function
 3x+42
f (x)=
x+1

gets smaller and smaller, when x approaches “mﬁmty” from either side of a number
say 3. In this situation, we say that the function f(x) gets closer and closer to a single
number 3 when x — oo from either side.

develop theconcept of a lnmt suppose the concentranon of a drug in a
patient's bloodstream h hours after it was mjected is given by

The questi to ask are the following:

e what is the drug concentration after h=0.5 hour?

¢ what is the drug concentration after h=1 hour?

e what is the limit of drug concentration at h=1 hour in a patient's bloodstream,
that is ]}fgll A(h)?
The answer to drug concentration in a patient's bloodstream after h=0.5 hour

) is obtained by puttmg h-O 5 in a function A(h): '

The answer to drug concentration in apauent 5 b]oodsu'eam after h=1 hour is
obtained by putting h=1 in a function A(h)

AT 02 T@ - 0.0 *f

; i ’J’ ,.'}
The answer to the limit of a drug concenr.ratlon in a patient's bloodstream at
h=1 hour is easy to see that the value of a rational function

T e W N g N e
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gets closer-and closer to a single real number-0.06667 (on both left and right sides of
0.06667), when h is a number very close to 1 hour (on both left and right sides of 1,
that lSh<l d h>1)):

The graph clears that as x gets closer and
closer to ¢ (on both sides of c), the corresponding
value of f{x) gets closer and closer (possibly are
equal) to L.

The illustration and the definition indicate that a limit exists only,

e when f{x) becomes arbitrarily close to a single number L as x approaches c
from either side.

e when the limiting value of a function from the left equals the hmmng value of
a funchon from the right. PEORRCH N

Solution: The graph of a given function is shown in the
figure (1.26).

What happens to the denominator of the rational
function, when x approaches 2? As the values of x gets
closer and closer to 2, the denominator approaches zero,

e




and division by zero is undefined. When x =2, f{2) =- 4/0, which is undcﬁned £
This means that the function is not defined at x=2 which is indicated by a symbol §
“open hole" in the graphical view of a rational function.

However, we are asked to show how the function behaves as x gets closer and
closer to 2. To do this, the tabular form of a ranonal function

‘

% . fm= " ; bt

. asx approaches 2 frorn the left and the nght,

x<2. £(x) 2  f()
/ 1 3 3 5
A 35 2.5 45
A\ | 39 2.1 4.1 ;
W, 199 . 399 201 401 W
) 1.999 3.999 2.001 4.001 ‘ 2‘*
}r{f 1.9999 3.9999 2.0001 4.0001 )4
(%)) 1.99999 3.99999 2.00001 -~ 4.00001 I(
) 1999999  3.999999  2.000001 4-0000001} M
A\ ?ﬁ

Svf} the function f(x) gets closer and closer to 4. Thus, the limit of a function, as x \\y
7\ approaches 28 1s 4, Symbohcally, thls leads the notanon
\

v/ -4 (x+2)(x ..) 2)=4
K (o Som S 7 e .’

v} _ Theorems on=bm:t$' aﬁfancaous. '

- S = e e £ SR e T e

e T —————

‘Theorem 1.1; mwt Theorem of a Function}: It ji’x) and g(x) are two functions of |
x, and the luzmts ofthese twofnncuons are hm _ﬂ‘x} A,,hm g(x) B. when enst,

.a:.'

1
"._ ‘then tbe lnmt*ru}es developedamthefollomngi' ity Bt AN

P ) ——.n.l

e o et e o o

1« ConstantRule.If ﬂ.m) k,krisanyconstant.then
hm ﬁwJ =Hm k=k

‘ ; T ] s _ﬁ | _\;.. e e R XN by e R LA S
.:_ | ¥ 2. LiinitR_ﬁle: ».--Tiim? _..x.—:.lc - ._._,...-,.I. L . _..;
' e T SN e ..w-ﬂ:_ e b T | S LD :

3. Multiple Rule: _hm kﬁw) khmj‘ij

Bl
o=}

-—
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The limit of constant times a function is the constant times the limit of a

function.
4. Sum/Difference Rule: ]m][rﬂx):t g(x)l= hmﬂx)ihm Efx) ', )
The, limit of a sum or dlfference is the sum or d:l.Eerence of t theltlmts 2o
5. Polynomml Rule- If p(x) is a polynom:al, then - 4 | n“::ﬂﬂ
lim p(x)= p(e) R
6. Product Rule: lim( %) o hmﬁxJ hmg(xJ : "_"‘1
: Thehmtnfaproductlstbeproductofthehnms B _‘_‘H_“ :
fog mfx) T
7. Quotient Rule: = ¢ , imgx)#0
e 80 fim glx) ST e

* The limit of a quotient is . the quotlent of the lnmts prowded the limit of the
denominator is not zero.

8. Power Rule: For any rational number n,
tm (AL = [lim AT

The limit of a power is the power of the limit.
9. Equal Funétions Rule: If f{x)=g(x) for all x, then s

lim fix)= hmg(x)

vi)  Definition afthe lmut of a sequence P a2 @

In previous sections, most phenomena we have considered occur W
continuously, but practically in every field of inquiry, there are situations that can be
described by cataloging individual items on a numerical listing. For instance, a drug
is administrated into the body. At the end of each hour, the amount of drug present is
half what it was at the end of the previous hour, A mathematician might refer to the
injecting drugs labeling procedure by saying the amounts of drugs are arranged in a
sequence.

A sequence is a succession of numbers that are listed according to a given
prescription or rule. Specifically, if n is a positive integer, then the sequencc whose
nth term is the number s, can be written as
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L. . S‘, 6‘2,53,...,.., Su,nl:'-:-- : i I !'. 3 e el 5 1
The number s, is called the general term (or nth term) of the sequence. We

will deal only with infinite sequences, so each term s has a successors,,, and for
n>1, a predecessor s, . For example, the sequence of each positive number with its

reciprocal 1%; is denoted by{ [ }wlnch represents the succession of numbers 1, 1/2,
I

HE e ,1/n,....whose general term is s, =—

“ far, we have been discussing the concept of a sequence informally, without
definitici. We have been observed that a sequence {s, } associates the number s, with

- the positive integc‘r n. Hence, a sequence is rcally a special kjnd of function, one

1 domain is a-ﬂet of all nonneganve mteg
\ ¥/ ‘numbers. The functional values .s,,.s‘2 Syseis
N/ J_

/AN {s }now takes the functional nota PR
Y _ P

VS
o
S8\ two dtmens:onal spa

._l:..a._.d

- , ; n - 8n
[, Selation: The sequence {s,,}m terms of function notation is s(n)=-——3,whose
\ n+

domain is the set of nonnegative integers. The functional values of s(n) develop
‘n:In tegerbsﬁiﬁﬁncﬁ n: ’s';fn)ﬁ i

CTE .. g
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b. the two dimensional view :

It is desirable to examine the behavior of a given sequence{s,}as n gets

arbitrary large. For example, we can plot the terms of the given

sequence{s, } = {8—’13} on a number line in Fig. 1.27. The sequence is also viewed
n+ ’ :

on a two dimensional space in Fig. 1.28. By looking at either graph, we see that it
appears the terms of the sequence are approaching 8. In general, if the terms of the
sequence approach the number L as n increases without bound, we say that the

sequence converges to the limit L and write
lims, =L

For instance, in our example, we would expect

di'f",':?.:“;‘:f ——_— TT"'_""{‘T"‘" e ..-.-'_'... - .. e - .

i e (14)

Lne S asep o+ 3 ;

Definition' lﬁJ_F[lJmitof a Sequence]: A sequence s, }is converging to a real

L A

number L: i N :

T P2 11 § fi) L Rore - : - (15)
P e BTN

£ : ] If;fogie’ir_?e‘r’i h>0, there is an integer N, such that

~ |s,=L|<k  whenever = n2N (16)

i.-q".'_-;ar!' st by g Sl 2ole il |
ISERRNOherwisc e soqyence qiverges:

ol T T

i R, s

Vil :Detequofahmztofa sefy'z;e*nm; when the N-th term is known

The N-th term of a sequence {sn}={ﬂt-§, n=],2,3,...}is % How to ¥
n

S P P}

n-+
show that the sequence is converging to a number 8?

‘Elam .1 -hl__ e —
)

—
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[n-thts-srvatton;the-convergenceordivergenceof-wrsequenee-can-be-formd-by—

the rules developed in the following theorem 1.2.

—— e r——— - _——

ITheorem 1.2:[Limit Theorem of Sequence: If hma -Land hmb =M, then the

*lmm exlst are ﬂie following:
1. Linearity rufe: lilm#(ran +sb)=rL+sM

| 2 Productrule:  fim(ab)=LM

Lot ; 'r"_ 3 '.. i n-.lv-' 2k

}'”3 Qﬁdtie’ntmle' i r = By |

: G X : n_._..,_.bn "M ) :
4. Rootrule: limgfa, =9

» Example 1.6.10: Find the Limit of each of these couvergent!dwergent sequences

B (e gy SR )
ek Jom R et Mt 2L R [
'_f"_-a'. {"+.3} ' {.7"““".2*3} “.c. ‘}{(‘ )}

8
lim{ 8 }=]im i )3 =%=8, sequence is converging to 8
n—em
n(l + —)

n.
b. Divide the numerator and denominator by »° to obtain:

n5[1+l+2]
5Y 10y oy e
lim{n+n+2}_]. sylNEndln
=y

Tnt 42 +3[ o 5[7+ 1513] 3]

, sequence is diverging

nn n5

The numerator tends toward 1 asn - oo, and the denominator approachés 0.
Hence the quotient increases without bound and the sequence must diverge.

‘c. The sequence defined by{(—-l}"}is -1, 1,-1,1,....This sequence diverges by

oscillation, because the nth term is always either 1 or -1, so the sequence
cannot approach one specific number say L as n grows large,

-
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‘vii) Evaluation of limits for different algebraic, exponential and
. trigonometric 'ﬁmctions
The idea of limits in the above sxtuat:lons is glvcn in the followmg examples:

- --3x+7
" Example 1.6.11: Evaluate =
‘ p" 3 ]5‘.15;; 24 05+6

=

Solutlon.

; . 3
X =347 _ lim(x ~3x+7) 1-3+47 _ 5 1
b ML S H0re6 15 g, S+9+6 20 4
* .:-)l
¥ =g AN
A | ExamplelG.lZ[Powermeﬂﬂn] Evaluatehm N )
’ d =1 4
I Solution: /N
r lim Vi-3x-2=Hm( - 3x-2)"
5 =2 =2
I{ = [lim( 52~ 3x- 21" =(-2) - 3(-2)-2)"=(8)" =2
1 x==2
}\) . Example 1.6.13: [Trigonometric Function]: Evaluate the limits
!’"\‘ a. limsin®x b.lim(l—cosx), when limsinx=0 and limcosx=1.
V x=0 =40 y ; =+ -+ :

Solution:

<>

2
2. lm sinz.t:[]im sin.x] =0
=0 x=0

b. lim (1—cosx)=1im1_—limcosx=l—1=0

% ’ Erample1614 [Fractmn Reduchon}: Evaluate ll_l}%‘ux';é

x= 2
RO e et : -
Solutlon If you are l:rymg to substltutc dJrect thls hmlt, then you w1ll obtam

X+x-6_4+2-6_0
o x-2 7 2-2 ~0
The form 0/0 is called indeterminate form. In other words, we cannot evaluate
a limit for which direct substitution yields 0/0.
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If the expression is a rational expression, then the next step is to factorize the
function after simplification to see if the reduced form is a polynomial.

2
xr+x-6 :ﬁm(x+3)(x—2)=h.m(x+3)=2+3=5

2 X2 =2 (x—2) 2

Solution: Once again, notice that both the numerator and denominator of this rational
expression are 0 when x=4. We cannot evaluate the limit by direct substitution.
Instead, we need to mulnply and divide out the expressmn by the conjugate of the
numerator: g AN

Solutmn BoLh the numerator and dcnomlnator of this quotient are going to be 0,
when x=0. We need to multiply both the numerator and denominator of fix) by 1+cos
x (conjugate) to ‘obtain:
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- continuous for all values of x and as such its limit, when x—a must equal to its

Evaluation of the limits of the following functions
x—a '
L lim| ——= |=2Va
@E(I_Ja‘)
Whenx —a, the limit of a function is of the form (0/0), which is &
indeterminte. In this situation, we need to rationalize the given function to obtain the §

required limit:
- e e T e M i
Loy : '_.,
o ﬁ)g A e
X=Na ‘:“"i a x:h

: ﬁa‘!‘ 1 b ey '-"-?f'-':' L, i:":‘l." ‘_"_a. B I }‘ it
| -f.:_f'-\f-n e i R 1l el X a x+ia i‘*«‘\ f ; o
B i

2. lim(x ~4 J=na("'l)

I3 X—a

Again the limit is undefined.. In this situation, we need to divide out the.
numerator by denominator to obtain:

n n B
1" -a . _ ; _ r
= rax" +ax" P e ad (17

x-a
Being a polynomiul, the function to the right of the above expression (17) is

value at x=a. Thus, the limit of the expression (17), when x tends to a is:
n n

. X' —a . . - - 3 -
lim =mGx™ +ax" 4@’ " Ftad x+a" )

X=hil x—a I=3a

-3

=an—1 +aan-2 +a2an - +an-—1

=a""+a" +a" +........ +a' +a" " =na
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3. m[l-i- ]1

The base “e” is an irrational number (like z), it cannot be represented exactly
by any finite decimal fraction. However, e can be approximated as closely as we like
by evaluating the expression

[1+l)x - vl s
X

for sufficiently large x. What happens to the value of the expression as x increases
without bound? The results are summanzed in the following table:

100
1000
J_\AAJ.l

]Y"f'f'v'
J_.-A.J..AA

1000000  2.7182
Interestingly, the value of expression (18) is never close to 1, but seems to be /|
.’} approaching a number close to 2.7183. In fact, as x increases without bound, the

)\ value of expression (18) approaches an irrational numbcr that we call e. The irrational
number eto twelve decimal places is: -

AN

- lm 1+ J =2.718281828459 =

4. nmu+xy-e

If we put y=1/x, then y —> oo, whcnx — 0 and the left-hand ';1de of the lmnt
thus gives the right-hand side:
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y

_1—1}1a'a>0

-0 x

4

933(1+x)% =)1’i_13(1+-1~)’_ =e .
> 4
{

Ifweput a*—1=y, thenx is obtained by taking log of both sides:
a*-1=y :

a'=1l+y v
log(a®) =log(1+ y)
xloga=log(l+y)
_log(1+y)
F loga “

Use this x in the expression (a* —1)/ x to obtain:
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=loga

loglim(1+ y)”*
y=0

1
loge

=loga

=log,a=Ina

The new result deduced from this result is:

Use these expressions in thc left—hand 51de of the hmit to obtain the right-hand
side:

(1+x)"-1_z
x x
4 log(1+z)
x log(l+2)
= z nlog(l+x)
 log(i+2) x
1 L
= ————Xnlog(l+ x)”
log(1+ z)
Taking limit z — 0, when x = 0:
n 1
111359%'1 hm—l-———x limnlog(1+x)*

Iog(1+ z)z

p—

A i o e I A i NG N e e
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1
=——Xnloge=n
loge

7. lim ——=1

x—0 X

. . sinx .
The given function flx}= —— isaneven function, because

This means that we need only to find the right-hand limit, because the
limiting behavior from the left will be the same as that of the right-hand limit. These
values are shown in the following table:

x: 01 0.05 0.01 0.001 0
f(x):0.998334 0.999583 0.9999833 0.099999983 undefined
The table suggest that hm EE= 1. The limit is thereforehm EP—Y =1.

-lb_

i) Recognition of left-hand and right-hand limits

Definition 1.8.1: [Right-hand Limit of a-Function]: A function f{x) has a right-
hand limit if f{x) can be made as close to the number L as we please for all values of
x>c: ’

im fx=L . - 20)

Definition 1.8.2: [left-hand Limit of a function]: A function f{x) has a left-hand
limit if f{x) can be made as close to the number L as we please for all values of x<c:
lim f(x)=L _ 1)

=y

Thc relationship betwcen one-sided and two—sided limits is summarized in

{
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...

Enmple 181: [Lﬁmt T exist] What is hm '__‘ > ‘

Fig 1.29 j

The function f{x) is not defined for x=0 (open hole) When x>0, the function

I8 f(x)-m=£-1 When x<0, the function is ﬂx)—l-‘—:l——i-_-w-l. The graph of
X ox x X

fix) is shown above. As x approaches 0 from the right, x is always positive and the
corresponding value of f{x) is 1. But as x approaches ( from the left, x is always
negative and the corresponding value of f{x) is ~1. Thus, as x approaches 0 from both
sides, the corresponding values of f{x) do not get closer and closer to a sangle rea]
number. Therefore the limit docs not exist. fl

" Example 1.8.2: [L"’iﬁiit ‘does not exist}: How m
' determine the hm——" &
-l ey o\

Solution: The graph of a function f{x)= Ll is shown | —,- ¥
x—
in the Fig. 1.30.

P O Y Y

The function f{x)=1/(x-1) is not defined for x=1 (poles). However the tabular ..

form of the given function fix)= Ll

{ S x:0 05 09 09 099 1 1001 101 11151
\f@: 1 =2 -10 -100 —1000 e 1000 100/ 10 2 1 D

s i Sn W e R e b R O pe T

suggests that.
e as x approaches 1 from the left, the function f{x) gets smaller and smaller. In
fact f{x) decrenses without bound, and we write:
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 as x approaches 1 from the right, the function f{x) gets larger and larger. In
fact f{x) increases without bound, and we write:
T

o x=1
The limit on the left is not the same as the limit on the right. Thus, the limit
does not exist.

From the graphical view of a function, we can see that as the curve
approaches 1, it does not approach the same functional value on both sides of x=1,
the limit does not exist (since poles are developed). Also we note that the line x=1 is
the vertical asymptote to the curve and y=0 is the horizontal asymptote to the curve.

The steps to define asymptotes, are the following:

1. If 2 number k makes the denominator of a rational function 0, but the"
numerator is nonzero, then the line x=k is a vertical asymptote for the graph.

2. Whenever the values of y approach, but never equal, some number k asl x|
gets larger and larger, the line y=k is a horizontal asymptote for the graph.

3. The horizontal asymptote of a rational function y = % (with (c#0) is the
X :

Solution: If the rational function is difficult to simplify, then we need to take out x’
from numerator and denominator to obtain:
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Use this graph to indicate the following limi by inspection, if they exist:

a HmA® b limf® climAx 4 limA®

-3 x=3-2* ‘x- Xeep=i

Solution: i
a. lim 1f{x} is the value that f{x) approaches as x tends towards 3 from the left.

The figure indicates that this value is —2. Thus, we can write lim fix)=-2.

=3
i
o



)
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b. ]inzl. fix) is the value that f{x) approaches as x tends toward -2 from the right.

The figure indicates that this value is 4 (which is related with a hole, this
means that the point (-2, 4) does not lie on this curve). So, the limit of a
function at a hole exists and is therefore lim f{x)=4; but the function value

=2

at a hole is not equal to the limit of a function at x= -2. This is because of *

discontinuity of a function at x=—2. Thus, we can write lim flx)=4+# f{-2).
. ==

c. ling fix) is the value that f{x) approaches as x tends toward from both sides the

left and the right. The figure indicates this value is 1 which is related with the
hole. Thus, we can write ]irgx_ fix)=1 and lim f{x)=1, so0 li_x}& fix) exists and
13 = x

lin&ﬂx): 1. But liinp Jfix) £ f0)..
d. h-ﬂ fix) is the value that f{x) approaches as x tends toward from both sides

the left and right. The figure indicates this value is 2. Thus, we can write
lim fix)=2 and lir_l‘}' fix)=2, so IiH_l‘ fix) exists and is therefore

x=—4

IHP4 fix)=2. The function value at x= —4 is also equal to the limit of a

function at x= -4. This is because of continuity of the function at x=-4. Thus,
we can write Iir£14 fix)= {—4)=2.
I+

Remember, the function on which open hole occurs is valid to exist a limit.
But the function with pole do not exist a limit. In each case, the function is always
distontinuous.

A function is continuous at a point if you draw graph of the function near that
point without lifting your pencil from the paper. Conversely, a function is
discontinuous at a point if the pencil must be lifted from the paper in order to draw
the graph on both sides of the point.
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c. The limit of a function is equal to the value of a function when x=c; that is,
lim f ()= fie)

Geometricaily, this means that the point (x, f(x)) on the graph of f{x) converge
to the point (c, f(c)) asx — cand this is what guarantees that the graph is unbroken at
{c, f(c)) with no "gap" or "open hole," as shown in the Fig.1.33.

- In other words, a function f{x) is continuous on the open interval (a, b}, if it is
continuous at each point on the interval. If one or more of the three conditions in the
definition fails, then the function is discontinuous at x=c. The three common ways for
a functmn to be discontinuous at x-c, are the holes (open) poles and Jumps

g b
= - - pummy - - el
v 3 - g
Lo s 10 r._9 ."ll LSS
¥ T T . ;
L t ILY OI'Gal i TOHOWINE [UNCUOn: . - = L
L

Solution:
a. - The given function f{x) is continuous at x=2, since
limfix}=2+2=4= f2)
=42

This is shown in the figure (_1.34(a}}:

n
L —
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~ Fig. 134(c)

b. The given function g(x) is not continuous at x=2, since g(2)=0/0 is not
defined. The discontinuity is shown by "open hole" on the graph of this
function. This is shown in the figure (1.34(b)).

c. The function h(x) is not continuous at x=0, since h(0)=0/0 is not defined; also

Iim h{x) does not exist. But h(x) is continuous at x=1, since

lim——=1= (1)

This is shown in the Fig. 1.34(c). Functions have some useful general
continuity properties. These properties enable us to determine intervals for some
important classes of functions without having to look at their graphs or use the three
conditions in the definition.

The properties of some specific functions are the following:

¢ A constant function f{x)=k, where k is a constant, is conunuous for all x. For
instance, the function f{x)=7 is continuous for all x.

» For n a positive integer, f{x)=x" is continuous for all x. For instance, the
function f{x)= x° is continuous forall x.
o A polynomial function is continuous for all x. For mstance. the function

2x° —3x* +x=35 is continuous for all x.

o A rational function i* continuous for all x except those values that make a
2

1 .
: is continuous for all x except
x —imy

x=1, a value that makes the denominator zero.

denominator 0. For instance, the funcnon
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-

e For n an odd positive integer greater than 1, the function §/ fx) is continuous 1
whenever f{x) is continuous. For instance, the function {/3? is continuous for ‘
all x. :

o For n an even positive integer, the function m is continuous whenever f(x) ‘
is continuous and non'ncgativc. For instance, the function {x is continuous
on the mterval [0 oo) ‘

{
{
{
(
(
¢

f‘:fi?n  the following funct

RO =

(% w-Ea ‘F*JJ

Solution:

a.  f{x)is continuous for all x, since f{x} is a polynomial function.

b. fix) is continuous for all x except ~2 and 3 (values that make the denominator
0), since f{x) is a rational function,

¢.  The function fix)= Ux* -4 is continuous for all x. Since n=3 is odd, f{x) is
continuous for all x.

d. The function f(x)= =+/x-2 is continuous for all x and nonnegative forx2 2.
Since n=2 is even, f{x) is continuous for x2 2, or on thc interval [2,¢0).

and is confinuous from the ‘..Lth?’fffﬂ*__t

 li o 9 e

=4
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fraction thereof) up to 11 ounces. If p(x) is the amount of postage for a letter &
welghmg in x ounces, then we write: '

a. Graph p(x) for 0<x<5 b. Find ﬁIlI_ll p(x), lilll;l1 p(x) and p(1).
c. Find xllglj p(x) and p(4.5) d. Find lm} p(x) and p(4).

e. Is p(x) continuous at x=1? x=4.57 x=4?

Solution
a. The graph of p(x) is shown in the figure (1.35).

b. From the graph of a function, the left, right limits and the value of a function
at x=1 are:

liq! plx)=0.32, lix}} p(x)=0.55 and p(1)=0.32.

c.  From the graph of t;he function, the limit and the value of function are equal:
lilfs p(x)=124, p(4.5)=1.24

Thus the function is continuous at x=4.5.

d. From the graph of a function, the limit and the value of a function are not € -

equal:

K . 3 .._.".H."- x| e




Maths - 12 RS _ Fuaclions and Limits | ‘

111_& p(x) does not exist and p(4)=1.01 ‘
Thus, the function is discontinuous at x=4

e. The function p(x) is discontinuous at x=1 as well as at x=4, but continuous at
x=4.5. :
Sometimes functions need to be defined in pieces, because they have a split ‘

domain. These functions require more than one formula to define the function,
and therefore are called piecewise continuous functions.

ks ALY

a.lim(x* +3x~7)  b.lim(x+5)2x~7) clim®* f l_é
X X3 ol z
: ) ] *
d.lim[i-p_'g_ T +3x+2 f.limJ; 1
=l xr x-5 il 242 e
Al g
g limx+3. 3 h. lim 2 — | i'uml—SI:lx

N D i, i . e

-

1 1

-6 (x+3)) 3
T g e Eor E
c.limJ;_\/E hmJ; 2
5 x—5 =35 x-25

{ 5n } {4—7n} {Sn—SOOJ;}
a. b. C{—
e T - [ e S e |

§(x)= 5000+ 5%
x+2

i A i i A . s, ., D
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Find the sale for the indicated weeks limits :
a.S(2) b.ﬁms(x) ¢. lim S(x)

e Gﬂmhmv to test the continuity and

b. g(x)=3-5x

x-5
(x 3)(x +2)

e. g(x)=

N
Dﬁfjﬁjulj

S EEEEEE
LQDDHD’

G‘(@}::’ 2+ 2x+2

a. Is p(x) continuous on the open interval (-1,2)? '
b. Is g(x) continuous from the right at x=-1? Is linll’ glx)=g(-1)?-
T

c. Is g(x) continuous from the left at x=271Is lil:'l_ glx)=g(2)?

d. Is g(x) continuous on the closed interval [-1, 2]?
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a Function: A function y=1(x} is a rule that assigns for each value of the independent variable x
a unique value of the dependent variable y:

y=Jix
« Compound Function: A function defined by more than one equation is called a compound
function.

s Graph of a Function: The graph of a function f{x} consists of all points whose coordinates
(x, y) satisfy a function y=f(x), for all x in the domain of f{x).

« Inverse IFunctions: Let y=f(x) be a function of x. This function takes dependent variable y in
response of independent variable x. The function that takes x as dependent variable in
response of y as the independent is then called the inverse function of f{x) and is denoted by:

x=f(y)

s Algebraic Functinn: A function fix} is called algebraic if it can be constructed using
algebraic operations (such as adding, subtracting, multiplying, dividing, or taking roots)
starting with polynomials. Any rational function is an algebraic function.

= Transcendental Function: Functions that are not algebraic are calfed transcendental.

&  Explicit and Implicit Functions: If a function is defined by an equation of the form y=f(x),
one says that the function is defined explicitly or is explicit. The terms "explicit function” and
“implicit function” do not characterize the nature of the function but merely the way it is
defined. Every explicit function y=i{x) may alse be represented ns an implicit function
y=[(x)=0. '

+ Parametric Equations]: If f{t) and g(t) are continuous functions of parameter t on an interval
D, then the equations i ;

x=A1) and y=g(1)
are called the parametric equations for the plane curve C generated by the set of ordered pairs
in plane: .
(x y=(x(t), y()=(f(t}. (1))

« Limit of a function: If {x) is 2 function of x, and c, L are the real numbers, then L is the
limit of a function f{x) as x approaches ¢ :

lim fix)= L

=

« Continuous Function: A function f{x) is said to be a continubus at x=c, if all three of the
following conditions are satisfied: :

o The function is defined at x=c; that is, f{c) erists.

o The function approaches a definite limit as x approaches c; that is lim f{x} exists.
E=4

5 The limit of a function is equal to the value of a function when x=c; that is,

lim fix)= fic).

-

5

—




2 ) DIFFERENTIATION

e .

_ This unit tells us how to:
; » distinguish between independent and dependent variables.

> estimate the change in the dependent variable, when the independent variable is incremented
or decremented.

» explain the concept of a rate of change.

» define the derivative of a function as an instantaneous rate of change of variable with respect
to another variable.
define derivative or differential coefficient of a function.

» differentiate y=x" and y = (mt+b)'l by first principle rule.

3 introduce the theorems of differentiation, such as the derivative of a constant function, the
derivative of any constant multiple of a function, the derivative of a sum or difference of two
functions, the derivative of the product of two functions and the derivative of a quotient of
two functions.

apply theorems of differentiation in solving problems.

introduce chain rule of differentiation in different situations.

introduce implicit differentiation of a function.

introduce differentiation of trigonometric and inverse trigonometric functions.
introduce differentiation of exponential and logarithmic functions.

introduce the differentiation of hyperbolic and inverse hyperbolic functions.

Derivative of a Function
- T this unit, the main ideas of differential calculus are under consideration. We
* begin by defining derivative, ‘which is the central concept of differential calculus.

- Then we need\to develop a list of rules and formulas for finding the derivative of a
: vafie;’y - of expressions, including polynomial functions, rational functions,

. exponential functions, logarithmic functions, trigonometric fupctions and hyperbolic
- functions. The question is how the derivative can be interpreted as a rate of change.

T .
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i’) Dwnngutsh in between Indcpendent nnd Dapendent Vanables

To understand the origin of the concept of vanables some real-hfe situations
in which one numerical quantity depends on, corresponds to, or determmcs another
are considered. For example,

1. The amount of income tax (output/dependent variable) you pay on the
amount of your income (input/independent variable). The way in which
the income determines the tax is given by the tax law (rule).

2. A person in business wants to know how profit (output/dependent variable)
changes with respect to advertising (input/independent variable).

3. A person in medicine wants to know how a patient’s reaction to a drug
(output/dependent variable) changes with respect to dese (input/independent
variable).

In each case, the change in dependent variable requires the definite change in
mdependent variable through a definite rule which i is called a function.

ii)  Estimate the corresponding change in the dependent vanable,
_ when the independent variable is i mcremented or decremented

A familiar situation related to change in dependent with respect to change in
independent is that a driver makes the run of 120, mile trip from Peshawar to
Islamabad, in 2 hours. The table shows how far the driver has traveled from Peshawar
at various ti.mes:

e ] | e e

oNE 2 T |G sk T [ e | 2o

If f is the function whose rule-is f(t)=distance from Peshawar at time t, then,
the table shows that f(1.0)=54, f(1.5)=88 and f(2.0)=120 miles. So the distance
traveled from time t=1.5 to t=2.0 is £(2)-f(1.5)=120-88=32, the change in dependent
variable (change in distance) in response of incremented independent variable t,
while the distance traveled from time t=1.5 to t=1.0 is £(1.5)-f(1.0)=88-54=35, the
change in dependent variable (change in distance) in response of decremented
independent variable t.

N !:t) Conoept of rate of change

— ——————— —_——— -

— s e R LS SR L L R —

The idea of average rate of change is somethmg we encounter every day. For
example, if a car accelerates from Q to 96 km/h in 8.0 s, then we say that it accelerates
at an average rate of 12 km/h. If a spaceship climbs from 0 to 10,000 m in 2.5 s,

S — e P E— st




Maths - 12 RSN | Difterntiaion |

then we say that the ship climbs at an average velocity of 4000 m/s. If corn grows a
total of 28 inches in 2 weeks, then it grows an average of 2 inches per day.

In these examples, the indicated average rate of change is obtained by
dividing the change in the dependent variable by the change in the independent
variable. X

Let us examine the process of finding the average rate of change of a function
A y = f (x). If we select any value of x and increase it by an amount Ax, then a new

value of the independent variable is x+Ax. As x changes from x to x+Axy will
change to a corresponding amount of y+Ay.The ordered pairs P (x, y) and
O(x+Ax, y+ Ay) developed must satlsfy the functlon y f (x). This is shown i in the

figure (2.1):

If the function value at a point P (x, y) is

y=f) N
then, the function value at a point Q is
y+Ay= fix+Ax) ' 2)

The difference of equations (1) and (2) gives the change in y;
(y+Ay)-y= f(x+Ax)- fix) @)
Ay= f(x+Ax)—f(x)
The change in X is
Ax=x+Ax—x 4

The average rate of change in y per unit change in x is the slope of the secant
line PO, - equation (3) by equation (4):
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T p— FF YTty

EDefinil:ion 2.1 1 [Average the of Change] The average rate of changc y per umt 1

j change in x is given' by: SR
e Ay fix+Ax)- fix) . - N
L R e ORI
PRSI g | S0 5 e Lo ety st L S W e |
The slope of the secant is the average rate of chugewhmh mm alway‘gb
“the approximate Tate of changeinphenomena." ' A\(’.} :

Example 2.1.1: [Average Rate of Change]: Determine the average rg;cmf d;ang of |
yper umtclmnge inxfor y=x*- 6x+5 asx mcreases from-x— 1'to'x '33
Solutmn‘ The average rate of changc through deﬁmtmn 3 L 1 is:

Ay fix+Ax)- fix)

A A
_ [(x+Ax f —6(x+ Ax)+ 5] - (x> - 6x+35)
= 3 Ax
P+ 2xAx+(Axf ~6x-6Ax+5— 5 +65-5
B Ax
_ 2xAx+(Ax ) -6Ax _ Ax(2x+Ax—6)
- Ax AT Ax

The average rate of change (6) is used for x=1 and Ax = 2 to obtain the average

rate between 1 and 3:

, ¥y=flx)= ' —6x+5

(&

=2x+Ax-6

I \<:F”md' the average rate of dmng: of thc followmg flmmons over ﬂle mdlmt:d

=K
'::»} mtcrvals . ' N
a y=1'+4 ! fromx=2t0x--3
b. y=x* +-:1;.1: from x=-3 to x=3
c s=27-5t+7 fromt=1tot=3

d h=y2r=7. 05 fromt=8tot=8.5
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3. Use definition 2.1.1 to find out the average rate of change over the specified
interval for the following functions: '
a 5=2t-3 fromr=2tot=5

b, y=x*-6x+8 fromx=3tox=3.1

c. A=’ fromr=2tor=21

d h=+1-9 fromt=9tot=16
3. A ball is thrown straight up. Its height after t seconds is given by the formula

Y h = —16¢* + 80t.Find the average velocity % for the specified intervals:

v a. From t=2 to t=2.1. b. From t=2 to t=2.01.

B\ [4! The rate of change of price is called inflation. The price p in rupees after ¢
\ /4 yearsis p(t)=3t*+14]. Find the average rate of change of inflation from 1 =
7\ 3 to # = 5 years. What the rate of change means? Explain.

‘: iv)  Definition of derivative of a function as an instantaneous rate of
: change of a variable with respect to another variable

P In the previous sub-section, we discussed the average rate of change, and
. learned that the average rate of change is the slope of the secant line joining two
Y/ points on the curve y=f(x). More commonly, we are asked to determine the exact or
~ instantaneous rate of change at a particular time. For example, for an airplane, whatis
the instantaneous rate of change of the distance that occurs at a specific time? This %
can be dealt by the slope of a tangent line to a curve y=f(x) at a specific point?

y :

F'y - !
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To illustrate this idea, let us examine the graph of & function y =x? at a particular point
P (0.5, 0.25) with different secant lines PQ,PQ,,... that developed from the secant
line PQ:

AR

O ) N s a7

[ X1 3!%} : , | ‘10 2.00.
2,(L1) 05 075
’*32-3) 1 oj(0:8,064) TR 0531 0199 1138

The tabular form contains coordinates for thc points P, @, the change Ax in x,

the change Ayin y and % the slope of thc secant lines PQ, PQ, PQ,...... Notice (i

y that the slope of the secant line PQ is 2.5 (Ay/Ax=3.75/1.5=2.5). If we take values
of g closer to P (i. ¢, to Q,,0,,0,.....), then, Ax gets smaller, and smaller, and tends
to zero.

The tabular form clearly shows that, as ( approaches P Axapproaches 0, and

the slope of the secant line approaches the slope of the tangent line at a particular
point P (0.5, 0.25) which is 1.

Geometrically, the slope of the tangent line to a curve at a particular point //°

/P is the instantaneous (or exact) rate of change at that particular point.

This terminology develops the idea that the slope of the secant line becomes a
better approximation for the slope of the tangent line to the curve at a particular point
P. -
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From our discussion on limit, it follows that the exact/actual slope of the
tangent line to a curve y = f (x) at a particular point P corresponds to the
instantaneous rate of change at that point. That is,

A
Ey = slope of the secant line PQ

. Ay Q a . . 3
gTo oo slope of the tangent line at a particular point P

The statement Eu% 2 is read “the limit as delta x approaches zero of delta y

divided by delta x.” If the limit exists, then the result is the slope of the tangent line
or the instantaneous rate of change of y with respect to x which we call the
derivative of the function.

| v)  Definition of derivative or dzﬁerentzal coqﬁicwnt of a funcuon _

Definition 2.1.2: [Derivative of a Function]: The,ggstantaneous _rate of change of a
function f (x) at a point P is the derivative of a-fggigtidn S (x) at that point P, R

7=lim w if.ﬂkisg*igﬁii exists @

| _ O, .
: This is called first princi_ple-fi;lé of derivative of a function f (x) with respect

tox.

. Ify-f(x) isa functlon, then its demalm: or differential coefficientis denoted by f'
‘ory'. If x is a number in the domain of y=ft) such that y' = £ (x)is defined, then the |
function fis said to be differentiable’at x. The process that produces the function f ‘from

. the function fis called differentiation.
/'B) | Example 2.1.2: [First Principle Rule]: Determine the derivative of a function

ﬂx)— : —6x +5 by first prmcxple rule at a point P (4, -3). - ¥ .

Solution: The derivative of a given function by first principle rule (7) is:

ﬂ't-i-Ax) ) a2
f'(x)=lim ENE AT y= fix)= x*—6x+5
L [(x+Ax  =6(x + Ax)+ 5]—( £’ —6x+5)
= o Ax

= Im x+2xAx+(Ax) —6x—6Ar+5-x"+6x-5
A0 Ax
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2

Him 2xAx+( Ax ) —6Ax

Ar—D Ax

= lim Ax(2x+Ax-6)
Ax

= lim (2x+Ax—6)=2x—6
Ar—0

Ar—0
The result f'(x)=2x—6 represents the slope of the tangent line at any point
P (x, y) on the curve f{x)=x’—6x+5. Thus, the slope of the tangent line at a
particular point, say P (4, —3) on a given curve is: '
f(x)=2x-6
¥ ' (4)=2(4)—6 =2, at P(4,-3)
) From this problem, we conclude that

¢ the slope of the secant line (the average rate of change) is called the
approximate rate of change.

the exact rate of change.

.‘-. @.ﬂ:ﬂmﬁ 'L:rl_ﬂl‘):‘g!l ] L.l‘_. *fg ile f}'{ _

called the differentiation and 1ts result,2, is the differéntial coefficient of a function
- fix)=x*—6x+5 at aparucular point P(4,-3).

( Symbol f'(x) is used to indicate the derivative of f (x) with respect to x.
Sometimes other symbols are used to indicate the derivative. Each of the symbols in

the following box indicates the derivative of the dependent variable y with respect to
the independent varlable x:

s the slope of the tangent line (the instantaneous rate of change) is called )1

The process used for findmg the denvauve of a function in Example 2121is {{
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mz 13 [Tangent line]: The tangent line to the e graph of a functiony = £ (2)

ﬁ?mﬁifﬂﬁﬂﬁﬁﬂﬁffm slope
(8)

P vnded mmmmﬁmmmmum@&m agent (no
derivative . :

&@mmhm e, gives ''the exact
ﬂB ;

&w.@ﬁm@mm@m gse;f a mﬂa@ﬂ)ﬂ;ﬁﬂﬁ

Solution:

a.

By first principle rule, the derivative of a given function is:
e e XA}
)= lim . , y=fix)=x

2 2
= lim (x+Ax) —(x)
Av=0 p AI
U +2xAx+(Ax) _x

= lim

Axr={

= lim (2x+Ax)=2x (9)
Ax—{

Result (9) is used to obtain the slope of the tangent line at a P (3,9) on a curve

- y=x:

f3=203)=6 (10)
The tangent line on a curvey=yx’at a pointP(3,9)develops a
nonhomogeneous line:

y—y,= f(x}(x-x), Point formof the line

y—-9=6{x-3), P(3,9)

6x—y-9=0

—
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If fix)=x",n is any rational number, then, by ﬁrst pnnctple rule, t.hc
derivative of fix)= 1" w.r.t xis:
ﬂHAx} fix)
f' (%)= lim Ax
= lim (x""Ax)""x"
Ax

. y=fix)=x"

,» by binomial expansion

Ax—=0 i
xn ! n-le +
Ax-30 Ax

=mi[ n—IAx+n(n ])
ax0 Ax 2

"(”2 N SR

Y Ax )2+...}

= lim E[n;xﬂ-’ + —---—n(n =l) x"—zA.‘(-i- :|
830 At Z

= lim[nx"™'] +lim [MHT—U;C'_"JAJ:+...]
nxn-I + 0= -1 \ | (1 1)

_1:‘@.?_451}; _ 'r*' @’é}‘aﬁ—‘f‘“@ ,sf m.m Edb

If y—,(ax+b) ,n is any rational number, then, the derivative of

y= (ax+b): is:




A=l Ax

- a’(x+ Ax P+ 2ab(x+ Ax)+ b —( @’ x* + 2abx + b* )
Ax—0 Ax

- lim a’( x*+ 2xAx+( Ax )’ )+ 2abx + 2abAx + p* — g x* - 2abx - b*
Ar— Ax

- lim (2g%c+2ab)Ac+( Ax

Ar=30 Ax
2
= lim 2(ax+b)Ax +(Ax)
Ax Ax
=2(ax+b)+0=2(ax+b)
This will help the students using power rule of differentiation.

(i T T Bxercise 20V T IR

Ax—0

s,

Maths - 12
f' ()= lim f-(f‘-"f:-'-ﬂf—) . y= fix)=(ax+b )
- - [a(x+Ax)+b] ~(ax+5b )

> ke Use first principle rule to determine the derivative of the following functions:
‘> a. fix)=3x b. ix)=5x+6 c. fix)=x*+1
.> d. fix)=12-x* e. fix)=16x* -7x f. ﬂ’x):z
x
3 5 2
. fix)=—— h. i fix)=3x"+4x-9
b g fix) —3 o fix)
P y' 3 Estimate the slope of the tangent line on a curve at a point P(x, y) for each of £
the following graphs:
HEERE R o
) ERERE nE
N
’ DA RAE 1__' y 10PN
AR EETEE B
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3. a. Draw a tangent line on the graph of the _ ' 5 : Al
function f(x)=x"~7x+6 ata point (1, 0) of ' _I A 5 zC|
the function and estimate its slope at the same RN E: \\_l/ | |

T I
point graphically. A 9

b. Draw a tangent line on the graph of a function f(x)= X —Tx+6 ata pomt 5, 4)

and estimate its slope at the same point graphically.
c. Is your estimation about the tangent lines at the points (1,0) and (5,4) equal the actual

derivatives of a function f(x)=x"—7x+6 at the same points (1,0) and (5,-4)?

[22 | ) [THidirem of Differentiation | n
In previous section, the derivative of a function f(x) was defined :

f’ (x)= lim f (x'*'AX)—f(El
P Ax
We leamned that the derivative is found by applying the first principle rule. ‘
Now, after doing the exercise for the previous section, you may be wondering
whether there is a shorter way of finding the derivative. In this and the next several
sections, the discussion on the theorem that provides easier ways of finding 4

derivatives.

‘Theorem 2. 1: [Theorem of Dlﬂ'e%nﬁatmn] If. f {x)uand g{x) are differentiable at all | ‘
T'Sf d a, b and c are. any realtmﬁbers then the functions ¢ f(x), ft gx), f (x}g(x)
n f{x)/g(x) are als?; deferenuable, and their dcnvatlves sausfy the following rules: {

il

| Name of RuleQW - Leibnitz Notation 1
Constant. rﬁle" i_(c):'a
NN dx
K

Tl NS d df
Lo%xstant multiple rule —(qf) = c—

-

o o a_‘f dg
Sum rul -

| um rule ( f+g)= dx %
Difference rule —-—-(f g)= fifx ':i

The constant multiple, sum and difference rules can be combined into a single

rule, which is called the linearity rule.

a g + bd—g
dx

d
Li i A —laf +bg)=
inearity rule , (af g ) /

—
rﬂt
il
_—

b, e, e e . o S
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d dg -df
Product rule — =fSyp
S iroad Jon
df dg
=g === ff
Quotient rule i('—f—] = Li‘—-——zir———
dx\ g g

The proofs of these rules in detail are as under:

If f(x):c where c is any constant, then by first principle rule, the derivative of a
constant function is:

fix+Ax)- fix)
£ ()= Jim 5

. €=cC_ B
—AI:TOE-—O, fix)=c

This calculation develops the rule that the derivative of a constant function is zero.

_;-'?_m j’ﬂfﬁ_u ferentiate the following constant functions:
=13 bf@=3 c f=7x d fn=149

Soluhon. The graphs of the functions are horizontal lines parallel to x-axis, since all
function are constant. The derivative in each case is therefore going to be zero.

If fix)=cx", wherecis any constant and n is a positive integer, then

by first principal rule, the derivative of a constant multiple function is:




This calculation develops the rule that the derivative of a constant multiple
function is the product of the constant function and the derivative of a function f(x).

ConstantMultiple Rule

*If glx)= r and ﬁx) cgij, cis any constzmt, then: ; R
o

f (= cg’ (x] cnx® ' '_ ¢ : L Qf" )

. f(x) 4 b. 0.555x° : Q
Solution:
a, If fix)=4x’,then, the derivative of a given function is:

fix)=4(3)" =12x*
b. If fix)=0.555x", then, the derivative of a given function is;
f'(x)=0.555(6)x%" = 3.33x°

o Proof Sumrule
To determine the derivative of a polynomial, such as the derivative of the sum /A

{

or difference of two or more functions, we need to deve]op a rule that could be used ,:?‘
in the determination of a derivative like fix)=3x"+25"+3. In this situation, 1f

h(x)= fix)+ g(x), then, our task is to determine A’(x) by first principle rule of )E:

differentiation: N
NI

H(x)= hm [f(x+AIJ+g(x+Ax}] |=1f (x)+ g(x)]

Ax
= lim SEFA)=f%) o $lE+Ax)~ g(x)
Ar— Ax Ar—) Ax
= f(x)+g(x)

This calculation develops the idea that the derivative of a sum is the sum of |
the derivatives of two functions. The difference of two functions f(x)-g{x) can be
written as the sum of f(x)-g(x)=f(x)+[—g(x)]. Thus, the derivative of the %
difference of two functions is the difference of their derivatives.

T

4 ey

B SIS FTER il g
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Sum Rule

If u = f (x) and v = g (x), then, the sum rule can be restated using the notations:

—(uiv)-gu—:tév—
dx dx

'I]ns rule generalizes to the sum and difference of any given number ofifunctions.

o Proof of Product rule

If h{x)= fix) g(x), and f(x) and g(x) are differentiable functions of x, then by
first principle rule, the derivative of h(x) is:

h’(x) — }Eﬂ, ﬂ'x+Ax}g(x ZxAx)'_ﬂx)g(x) (12)

The subtraction and addition of fix+ Ax)g(x) to numerator of (12) is giving:
fix+Axjg(x+ Ax)— fix+Ax)g(x)+ fix+ Ax)g(x)— fix)g(x)
Ax
__mnﬂ%+AwMﬁ+Aﬁ—gﬁH+mﬁﬂh+Aﬂ—ﬂﬂ]
Ar—30 Ax

: Ax)- ; Ax)—
— lim flx+ Ax)[g(x+ A: g(x)] +lim g(x)[ﬂx+ A: ﬂxl]

fix+Ax)— fix)
Ax

h()hm

4T 8
= lim fie+ ) Jim,
= fix)g(x)+g(x)f " (x)

The ]‘11_1.10 fix+Ax)= fix), when Ax approaches 0. Also, Algnm g(x)= g(x), when

(x+Ax)—g(x) .. :
~ +lim g(x) Him

Ax approaches 0.

This calculation develops the idea that the derivative of a product of two
functions is the first function times the derivative of the second, plus the second
function times the derivative of the first. .
Product Rule
Fy=f(x)gx)=uvwithu=f(x)andv =g (x), then the product rule can be
restated using the notations:

an - —_—

B

S

e

L
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If h(x):-—%, g{x)#0 and f (x) and g (x) are differentiable functions of x,
g(x

then, the derivative of h(x) can be found by first principle rule:

K= lim {f(x+Ax) ﬂx)}
a0 Ax | g(x+Ax)  g(x)

_ i {f(-T+Ax)g(x)-ﬂx)g(x+At)}
20 Ax g(x+Axjg(x)

(13)

\Y

I(x)= 11m Jlx+Ax)g(x)— fix)g(x+ Ax)
i 8(x+Axjg(x)
The subtraction and addition of f (x) g (x) to numerator of (13) is giving:

' { fix+ Ax)g(x)~ fix)g(x)— fix)glx+Ax)+ ﬂx)g(x)}

ar-0 Ax g(x + Ax)g(x)
- lim | [f{x+Ax)— fix)]g(x)—{g(x+ Ax)— g(x)]f(x)
a0 Ay glx+ Ax)g(x)
Slx+Ax)- fix) g(x+Ax)—g(x)
. [ Ax ] L [ Ax ]ﬁx)
= lim
Acl g(x+Ax)g(x)

Sx+Ax)— fix) .| 8(x+Ax)—g(x}
s

lim [ g(x + Ax)g(x)]
_ S (x)g(x)= g'(x)ftx)

[g(x)

\ ,‘?.Eg;"-ajr"(fﬁ: él”r"?rw%ﬂ with | m;ﬂﬁ?)’:ﬂw mg(ﬁ‘k{"‘mﬁhcﬂﬂa‘ﬁﬁﬂ—"@
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'Example 223: [Sum/Product/Quotient Rules): Differentiate the following

functions: 2
a, y=4x =2 +5x b. y=(x? =2x)(x* -3) S 13x+9
. r+11x+3
Solution:
a. Ify=u+v+w=(4y’ )=(2x* )+(5x), then the derivative of a given function is:
jdl: i1—(u+'v-}-w)
dr dx
d 3 2
=-—[(4x" )= (2x" )+ (5x)]
dx
d d d
= — (4 ) (25" J+—(5x)= 12 —4x+5
dt(x}d.\:(x}it() X —4x
b. If y=uv= (x* =2x)(x* =3), then, the derivative of a given function is:
dy dv du
L =gy—tv—
dx dey dx
=( =253 )+ (- 3)(2x=2)
=3¢ =6 +2x 20 —6x+6 =55 -8y’ - 6x+6
c. If y= 3 tz—H—%ﬁ?— then, the derivative of a given function is:
v x +11x+3
du _dv,
dy _dx _dx
dx X
_(2x+ 13)(x° +11x+3)-(2x+1 D(x* +13x+9) —2(x* +6x+30)
(x* +11x+3) (+* +1x+3)

23 o [ Apleationsof Difeentiton Tore |

Y T = s e I 0 '
»‘ ’_I:]iample 2.3.1; The cost in (million) dollars to'.p__rdg_lucc X uRits of;Wheat is given by
C(x)= 5000+ 20x+10/x. Find the marginal cost, when :

s

R TS S

a. x=9 units b. x = 16 units

¢. As more wheat is produced, what happens to the marginal cost?

Marginal Analysis: In business and economics the rates of change of such variables
as cost, revenue and profit are most important. Economists use the word marginal to
refer to rates of change. For example, marginal cost refers to the rate of change of

=
J

—_—
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cost. Since the derivative of a function gives the rate of change of the function, a
marginal cost (or revenue of profit) function is found by taking the derivative of the
& cost {(or revenue of profit) function. The marginal cost at some level of productlon X
7 is the cost to produce the (x+1)st item ( i.e., one more item).

If C(x)is the cost of producing x units of some item, then the cost of

producing x+1 units is C(x+1). The actual cost of the x+1 unit is therefore

Lo+D=C0 . crsny-c.

} x+l-x
\ Solution:
f 2. To find the marginal cost, find the derivative of Cfx)= 5000+ 20x+10x with
, rz:pect tox: e e kb . _; 522‘* e, §
X 20+J‘ =20+—= NS LSS, |
A w”’.ﬁ Ll _
The approximate cost of x=9 units are:
’ - . e RS L e
C(9)=20+-"=, x=9 X
9 . &
5 65 AN

=20+==—" = 2].67 dollars )
3 3 &

The actual cost to produce 1 more unit is:

Clx+1)~C(x)=C(10)-C(9)=5231.62-5210=21.62.

The actual cost is 21.62 dollars.

The approximate cost x-16 units are:

5. ( 3
Cli6)=204=20 S
_zo+i£§—._21 25 dollars
Td 4

The actual cost to produce 1 more unit is:
Clx+1)-C(x)=C(17)- C(16) =5381.23—-5360 = 21.23
The actual cost is 21.23 dollars.
It decreases and approaches 208$.
In business and economics terminologies,
e the instantaneous rate of change of cost (or revenue or profit) is the margmal
cost which treats "as the approximate rate of change in business/ economics
phenomena “.

o the average rate of change of cost is the “exact/actual rate of change in business/
economics phenomena.”
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: 1. Use‘thé pl"dduct rule toﬁnd out the derivative of the following funcnons
B ym( =23+ © b, ym{65°+2)0x=3) o
C. y=(7_x +2x)(x'—4) d. }’=(z_t'+4.\:~3)(5_1' +x+2)

e. y=(2x-3Vx~1) £ y=(-3x+6)4Jx-2)
y i_i___. : Usé'the guonent rulc to ﬁnd ‘out the derivative of the. followmg }xncygons :

3£ b) 2 £+t
b. y= c.
x—4 Ix=5 -1

d r_-—x2+6x g _3x+6 L X472
Ay SRR TN -2

_(2p+3)4p-1) . X+l
& fp)===2"0) h 8= et 2)

3. Find an equation of a tangent tine to {tf}mgraph of the function at the pazncular |
_ point in the following problems EAL

a. fix)=3x-7 at(3,2) b. ﬂt‘)—\ atxH-1/2

a. v=

c. ﬂx)=~--!-— atx=2 d. f(.t}=i at(3,3)
.1+3 -2

"‘{{""_ —w

assemb.le TR s Gt s T N
M(d)= 2004
3d +10
bicycles per day after d days of on-the-job training.
a. Find M'(d). b. Find and interpret M {2) and M'(5).
25! {Suppose that me.temperatme T of food plac placed in a freezer drops according to the
hS equntlon ;
700
TP 4dr+10°
Determine the rate of change of T with respect to t for the following
a.t=lhr b. Zhr
ElcSi "_'For “a thin lens of constant*focal' length' %, the object d:stzmcc x d 1 the image |
T dlstanccyarerelatedbytheformu]a e (o Y |

T N bk kil

ol iy e e TP

where t is the time in hours.

- v, |




a. Solve the above equation for y in terms of x and P.
b. Determine the rate of change of y w1th respect to x.

F. : .Sh'ﬁiﬁbe}johlﬁﬁemegk a trucki ﬂrm,mdtoneém

3
~ according to her ca]culauons -"her.truck bums fuel at the rate of

1 {800 1 800
Jj=— —+ X, = e 1
Gix) [ n +r) G'(x)= 200( 7 + ]

gallons per mile when traveling at x miles per hour on a smooth dry road.

a. If the driver tells you that she wants to travel 20 miles per hour, what should
you tell her?

b. If the driver wants to g0 40 miles per hour, what should you say?

24 | [ ChainRule T T

Suppose you are asked to find the derivative of

h(x)=In(2x+1) or  h=+¢

We have formulas for computing derivatives of Inx and x’,but not in the
indicated combinations. The chain rule is used to compute derivatives of functions
that are compositions of more elementary functions whose derivatives are known.
The chain rule is therefore considered with a brief review of above composite
functions.

Consider the function /1 {x) whose rule is h{xj:Jx_j . To compute h{4), you first

find x* = 4’ = 64 and then take the square toot /5" = /64 = 8 The rule of / (x) may
be rephrased as:

h(x)= f(g(x))

where g(x)=x and fix)= J? . We may think of the functions f (x) and g (x)
as being "composed" to create the function h.

To see this more clearly, If

y=fw)=u and  u=g(x)=y’

then we can express y as a functlon of x as follows:




Maths - 12 [JEEEEEE

The function k (x) is said to be the composite of the two simpler functions
£ (x) and g (x). (Roughly speaking, we can think of h (x) as a function of a function.}
Here is a formal definition of this idea.

' Definition 2.4.1: [Composite Function]: A function h(x) is a composite of functions

| fGx) and g @) if o&
h(x)= f(g(x) . IR
The domain of & (x) is the set of all numbers x such that x is in thef"g_ii;?n]iin of :
| g@adg@isintedomainoff.
) | Example 24.1: [Composite Functionsl: Let f()=¢’,g(x)=3x*+1and |
m(v)=v*2. Find the following composite functions: K \ f : |

2.f(g (x)) be(fW)  emGE@)

Solution: o e T

a. f(g(x))= g8 = g7
b g(f@)=3(f)) +1=3(") +1=3¢" +1
c.  m(g®)=(g) =0 +D"

!i T I ) * . i 1"‘7\“‘:’;- = .- ; dy dy ;fl_‘ .
i Differentiation of composite functions: —=-——
W G b e e e 0 e

The word chain in the name chain rule comes from the fact that a function
formed by composition (such as those in Example 3.4.1) involves a chain of functions
(that is, a function of a.function). The chain rule will enable us to compute the
derivative of a composite function in terms of the derivatives of the functions
making up the composition. :

Suppose

y=h(x)= f[g (x)] (14)
is a composite of f and g, where
y=f(u) and u=g(x)
The derivative dy/dx of (14) in terms of the derivatives of f(x) and g (x) by

e —— e _ =

first principle rule is:
ﬁ)_!_ _ .. h{x+Ax)-h(x)
o L e

Substitute h(x+Ax)= flg(x+Ax)], h(x)= f[g(x)] to obtain:
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dy_ . Jﬁ[&(L]_ﬂ&L] (15) :
dy a0
Multiply and dmde out (15) by g{x+ Ax)- g(x)to obtain :
L. [[flatx+An)-f [atx)l] [ glx+Ax)— g(x)
ar-01) Ax g(x +Ax)— g(x) (16)
_ i | [F180c+A0)] - flg(x)] (g(.t +An)~ g(x) J
A=l glx+Ax)—g(x) Ax

The second factor in (16) is the difference quotient of g (x). To interpret the
first factor in (16) as the difference quotient of f (u) if we put k= g(x+Ax)— g(x),
since u=g(x), then, we can write

u+k=g(x)+ g(x+Ax)— g(x)= g(x+ Ax)
Substitute this in (16) to obtain:

D iy Fet R = fw) ( 8(X+Ax)'~g(x))
dx A_x-IPO k Ax !

If k=[g(x+Ax)-g(x})] 50 as Ar-50, then we can find the limit of each
difference quotient in (17):

dy _ lim (f(uﬂ) ﬂu))(g(-HAx)—grx)J
dx A:—)(l Arx

(17)

[ f{u+k) f(u)“ g(xmx)-g(.q] (18)
k—+0 A-"_’O Ax

) du
= flw)g'(x)= e

This result is correct under rather general conditions, and is called the chain

rule, but our “"derivation" is superficial, because it ignores 2 number of hidden
problems




Suppose xis changed by a small amount Ax ThlS w1]l cause u to changc by
an amount Au, which in turn, will cause y to change by an amountAy. If Au is not
zero, then we can write

Ay Ay Au

Ax Audx

By letﬁng Ar— 0, we force Au to approach zero as well, because

Au= (z)m o lim Au= (j:)(o)ﬂ)

(19)

With this assumption, the equation (19) takes the form:
1im 2 [nm Ay](umﬁ)
A0 Ay A=l Ay J\ A0 Ax
& ddu (20)
dx dudx

This can easily be extended to compositions of three or more functions. For
example, if y = f (1), u = g (v) and v = h (x), then:
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gy dydu u=(I5x+1)

dy  du dx .
15x 15x

d 1
= —(u'") (15 *)=— (u2 ¥oon =2 - L%
di Vi 156 +1
J_&l'"l‘“" '“‘r'_qﬁ”o:]rfﬁmiiu '.

ted to ps r*‘#*‘gm
are :-Ii! L_J _n:“,ﬁ-.g“ﬁ'?
he [7"'_-1 ['.-f‘ "a |t mm‘,

Solution: We need to find dR/dr, the change in revenue with respect to time f. The

chain rule is used to obtain dR/dr :

i@zé‘iﬂ W (22)
dr dx dt

First find dR/dx as follows.
dR (x+2)((8000) 8000r(]) 16000
dx (x+2) (,1 +2)

R(x)=—

R'(30)= ip000 == 15.625, atx=30
(30+2)

dR/dx=15.625 and d/dt =
ar_ i’ﬂiji-_- (15.625)(~6)= ~93.75
Ay

-6 are used in equation (22) to obtain:

dt
This tells us that the revenue is being lost at the rate of approximately $94 per

N by o1 ¢ FEES S0 o TEETSRION Flx o -l
j!."i];'.;?n.-_pz.ﬁf n of inverse function

Let x= f(y)be a one-to-one differentiable function. The inverse function of a
function x=f(y)is y=f"'(x). If x=f(y)is differentiable aty= f'(x)and
f'=f ’( f "(x)) is not equal zero, then y= f~'(x)is differentiable at x and leads

{m
iy
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the diffcrentiation formula

In case of a function y = f(x), the differentiation formula (23a) becomes:

1
’fa y =f(x)
T te)
&__J ‘e (23b)
dy f(x)

=l, Leibnitz's Notation
dy

d v
Ef n=

» WLF%EM%“Q@RQ@ = @ham&ﬁm*’w fems:
1 RN el
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Can we find the derivative of fix)=(4x-3 )?? The answer is yes, if we expand
the given function by binomial to obtain

fix)y=(8x-3) =16x*-24x+9,
then the derivative of f(x) is

The derlvanve of fix)=(4x-3 Vis obtamed by expandmg the glven function
again by binomial

fix)=(4x=3) =64 - 144x" + 108x-27,

then the derivative of f(x) is

However, when we try to find the derivative of fix)=(4x-3 )6, the process of
binomial expansion is time consuming task. The easier way other than the expansion
of binomial is the generalized power rule.

For generalized power rule, we need to re-examine the result (24)

flx)=(4x=3)’,  Original function

f'(x)=32x—24, - Derivative of a function

= 2(16x=12), Cmmon factor 2
= 2(4x—3)4, Common factor of 4
that leads the special notation

Ax)=Le(x))’, g(x)=4x-3

=2g(]g' (x), g'(x)=4

Similarly, the reexamination of result (25)

—u
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fix)=(4x-3 s, Original function

f'(x)=192x*—288x+ 108, Derivative of the function
= 3(64x* -96x+36), Common factor 2
=3(4x-3 )2'4, Common factor 4

«  that leads the special notation

£ (x)=Hg@l*4=Hg(OF &' (2).

These results develop the general term f "(x)=n[g(x)]"" &' (x), - when
f(x)=[g(x)]". In words, if f(x} is equal to an expression in x raised to a power of n,

then f’(x)is equal to the product of n times the expression to the n-1 power times the
derivative of the expression with respect to the variable. The statement is known as
the general power rule.

gt

e e W

Solution: :
If y= fix)=(11x*-7 )! then, the first derivative of a given function is:

d.
D ot o S5
=8(11x* -7 )‘”%(sz ~7), n=8 fix)=(11x*-7)

= 8(11x* =7 J(22x)= 176x(1ix* -7 |

()
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b. If y= fix)= /25 +11,then, the first derivative of a given function is:

L ooy 1)
= %(zf +11 )7’—(2;:’ +11), n=122, fix)=2x"+11
—i(Zx L) )=

23+ 11

Derivative of a parametric function

= oy A ) = 4
Consider two differentiable functlons x= f (t) and y=g{n of parameter tIf
= h{x) is an inverse function of x = f(¥), then

y=gllh(x]}

is a function of x.

By chain rule, the differentiation of y = g[h(x)] w.rtxis

% %%’ multiply and divide out by dt

_dvdt _dy | _dydt g ‘(t) (28)
dr dx dtah dt dx - f(1)

Solution: Th cain le fr dy!x S' =¥

dy_dyd _dy 1, )( ] Uy &
de dtdc dtdx 2at dt

a s=35(7- 1’)"E ' b.w=4(x’—4x+2)’,if-"i=?
dx
c. x=d-115), 2 =7 4. y= Bz ],
5 : 5 et
e u=3Y1-37,— 2 =? f,_;--_-_l.._}_,‘_ff,_-:?
dt (3t+1) dt
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I

diy

c. fix)= (Zx 5} ’ d flx)=xv2x' +11

x—4

e. fix)=3x Y3x+7 f fix)= V2x+ 11

(3x-8) "
3x-8Y
g fix)= 0 h. fix)=(2x-9 f3x+7
+
| 3. Find dy/dx of the following function in terms of param

a x=1+, y=0+200+1

a(] t*) 2bt
,¥y= CX=E——
I+ 1+t 1+r _1+t o

4 ~ Studies show that aﬂcr t hours anxthc jOb the number tems a zmpermaqu
zcashlerican'rmg upmer mmute 1s gl\’ﬁﬂ]byl“i ; A ' !?

vvvvvvvv

il ]

S R bt 50
} F(t)=60-
\ V841
a. Find F’(1), the rate at which the cashier's speed is increasing.
) b. At what rate is the cashier's speed increasing after 5 hours? After 10 hours?

After 20 hours? After 40 hours?
) |5 At a certain factor, the’ total cost of manufactunng g q uni
: 2371

-
L

‘g‘g'iige'tj‘
~ productionrunis RN o T

P L s e o s s e
) Clq)=0.2q% + g+ 900
dollars. From experience, it has been determined that approximately
’ g(t)=1*+100¢

units are manufactured during the first t hours of a producuon run. Compute
the rate at which the total manufacturing cost is changing with respect to time
one hour after production begins.

T
1 - . ]




Maths - 12 ST [ Dittirentiation | |

i e i KLl

Whether y is expressed explicitly or implicitly in terms of x, we can still
differentiate to find the derivative dyfdx. If y is expressed explicitly in terms of x,
then dy/dx will also be expressed explicitly in terms of x. If y is expressed implicitly
in terms of x, then dy/dx will be expressed in terms of xand y. .

Fortunately, there is a simple technique based on the chain rule that allows us
to find dy/dx without first solving the equation for y explicitly. This technique is
known as implicit differentiation. It consists differentiation of the both sides of the
equation with respect to x and then solving the resultant equation algebraically for
dy/dx.

Solution: The implicit equation is

Xy +2y’ =3x+2y. (29)

The implicit differentiation of (29) is obtained by differentiating both sides
w.rtx:

%(x2y+2y3)=%(3.r+2y)

doagdos iy, 4
b2 S L A G

g,

dy . 2dy
2+l =46y —=3+2
AV %l a dr

dy
246y°-2)—==3-2
{(x'+6y )! Xy

dy  3-2xy

Solution: The slope of a tangent line to the given curve is dy/dx that can be found by
taking the derivative of x°+ y’ = Sx+4y with respect to x:

‘

- e e . e e el D T

e Sy e i,
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gx—(x2+ y2)= %(5x+4y)'

2x+ 2y9'2,—= 5+4iy—
dx

dy
(2y—4) X

d_y_5—-2x
dx 2y-4

At a point P(5, 4), the slope of the tangent line is:

dy 5-2x _J5- 2(5) —5
dx 2y4 2(4)4 4

Note that the expression is undefined at y = 2. This makes sense, when you
see that the tangent is vertical there. Look at the graph and see if you should exclude

any other values.

—

dx for the following functions:

c. fy(21x+3y)=2
e. (x+y)3+3y=3 f. —+—=1

a. x2+y2=25
- d x2+3xy+y2=15

2.

Ed




2
3 Let —+— =1, where 2 and b are nonzero constants Find
2 5 B : .
v - du ] i i 2 S el
4 Let (a—b)u -(a+l;)v = wherea,bandcareconstmvts Fmd. C;;Zv
a, "“ig b. — i ;ji?:i :
dv  du I
5. Determine the slope of the tangent lmc to the curve 3x* -—7yw+14y 27 at
the poth =3 ()) - (\\;

- - — e s p——

6. The' graph offy +4y= 3:%is a cnrvcﬁxat passes. through the pomt P(2, 1)
‘What is the slope of the curve at that pomt? ) ‘3:-J'

7. In biophysics, the equanon (L+m)( Vin)= éc is called the fundamental equation
of muscle contraction, where m, n and k are constants, and V is the velocity of
the shortening of muscle fibers for a muscle subjected to a load of L. Find
dL/dV using implicit differentiation.

Dgﬁ'eremaaom of Mgonometnc Junctions
Derivative of sinx: If ¥ = sin x, then the derivative of y = sin x hy first principle rule".'

is:

f(x+Ax) ﬂx) e -
dx AHD Ar , ¥y= fix)=sinx

_ 1. Sin{x+Ax)—sinx

-31_1)10 Ax

= im sin xcos Ax+ cos xsin Ax — sinx

T a0 . Ax i
.|t (cosAx (sinAt] sinx

= lim | sinx +Ccosx -
4r30 Ax Ax Ax

r v ,:;--: ._-'—:
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. ) cosAx ) sinx sin Ax
= lim|sinx ——4cosx| —
Ar=) AI Ax Ax

... [cosAx-=1 . sinAx
=sin x lim| ——— |+cosx lim
Ax—0 Ax Ax0  Ax

=sin x(0)+cosx(I)=cos x,

Decivativeof o0 x I y = cos , thonthe desivaive of y = cos x by firstpri

dy _ -m_ﬂi"'.é"l_ﬁ.).’ y:ﬂx)-=cosx

dx 40 AxAx : _ : (30)
T cos(x+ Ax)—cosx
Ax—0 Ax .
The expression cos(x + Ax)- cosx is replaced by
cos(x+ Ax)-cos x = —2sin (x + %J sin (%] €1))

27 °Cy2
Equation (31). is used in equation (30) to obtain:’
dy _ lim cos(x+Ax)-cosx

ZT-- Ax—0 Ax

. Ax) . [ Ax
=2sin| x+— | sin| —
: ( 2 ) ( 2 )
= lim

Ar—0 Ax

o Ay,
RO e o)

"ﬁve of ta

MESLS. ..
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-

/
ox
2+ Ax)COS X

AXCOS X COS

COS(x+ Ax) cosx

x by first principle rule
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o T iy

‘y'i-ﬁi ;..\“‘..l.- \_,(
principle rule1s:

b _ lm m‘ﬁ-’f}—_mﬁ’-c-—, y= fix)=cosecx

m cosec(x + Ax)—cosecx
Ar—0 Ax
o oo
: iy sin(x+ AAJ;) sin.x
_ lim sin x —sin(x + Ax)
ar-0 Axsin xsin{x+ Ax)
— lim sin x—sin xcos Ax —cos xsin Ax
Ax0 Axsin xsin(x + Ax)
= lim —sinx{ cos Ax 1 )—cos xslin Ax
ar—0 Axsin xsin{x + Ax)
— lim —sinx(cosAx—1) lim cos xsin Ax
a0 Axsin xsin(x+Ax) 40 Axsin xsin{x+ Ax)
. cosAx-1I . 1 cosx .. 1 . sinAx
_lim m — —— lim — lim
a0 Ax  As-o0sin(x+Ax) sinx a—0sin(x+ Ax) a0 Ax

( )(——) cotx(-——)(I)- —COIX COSEC X,
sin x

ren

ative
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ﬂ.___ lim'ﬂ_xtéx_)__@, y= fix)=cotx
dx 4Ax—0 Ax
' _ .. cot(x+Ax)—cotx

cos(x+Ax) cosx
. sin(x+Ax) sinx
= lim
Ar=y0 Ax
- __sin.xcos(x+ Ax)—cos xsin(x + Ax) 1
A0 Axsin xsin(x+ Ax) Q

: Sin(x-x—.Ax) “" v
= lim > = N
40 Axsin xsin{x+ Ax) Nt '
] 1 —sinAx sin(mqi'):—ﬁiﬂAx

a-0gin(x+Ax) sinx  Ar
. i ' I . sinAx
=—lim — lim—Mh
a0 Sin(x + Ax) ac-»0 Sinx &-0 Ay
1mls! 1 2
=—————(l)=———F-=—cosec’y,
sinx sinx Sin "X ¢
These trigonometric formulas are listed in the box:
AT ST O T ALY L B QARZ 2 N 7

&7 SiR X)= COS X
. _L_E,E(i_- i X)= COS.

A v st AlE L A

The chain rule can be used to derive the generalization of the power rule and the rules

for differentiating the trigonometric functions, as summarized in the box:

n Sk 7 =R
Iy &0
 (sinw)= cos

ax
A

H L

s

S e

o
e
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Solution:
a. If the given function is p(t)=uv=(t* +1)sint,then the product rule of
differentiation w.r.t ¢ is used to obtain:
o _ b i
dt ddt

={;’+t)%(sin t)+(sim‘)%(r2+t)= (1 +t)cost+sint(2t+1)

u I+sinx

b. If the given functionis flx)=—= ,then the quotient mle of
v

2-cosx
differentiation w.r.t x is used to obtain :

4 _douy_de de
de dc v vz
( cos x)(2 —cos x)—(sinx)(1+sin x)
(2- cosx )

ZCosx ~cos*x—sinx— sin’x
(2 cosx)

2cosx - sinx—~ (cos X+ sin x) 2cosx— sm:c -1

. 2
,sin’x+cos’x=1

vf-"rh'—r 11\ u:. "

Solution:
a. If the given function is f{x}= uv=secx tan x, then the product mle of

differentiation w.r.t x is used to obtain:

—)
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df dv du

d d
= sechx-( tan x)+{ tanx)}}-(sec;)

= sec x{ sec’x)+ tan x{ sec x tan x)= sec’x + sec xtan’x
x’+tanx

3x +_2 tan x

differentiation w.r.t x is used to obtain :

b. If the given function is fix)= ,then the quotient rule of

& = COsy
dy
Take its reciprocal to obtain the derivative of y w.r.t x::
dy 1
dx cosy
=% ! , sin’y+cos’y=1siny=x
\/1 sin y \/1 P
Here, the sign of the radical is the same as that of cos y. By definition of
sin”x
—gssin“xsg or —gs ysg,

Hence, cos y is positive:

L
l




Maths - 12 [ IS | Differcntiation |

W Rg&ﬁ
——==5in
dy i’
Take its reciprocal to obtain the derivative of y w.r.t x:
- ﬂ— B 1
“ dx siny
-1 + -1

=-l;\/1—_c-_$ —-ﬁ sin’y#cos’y=1,cosy=x
Here, the sign of the radical is the same as that of sin y By deﬁmtlon of
cos x: - -
0<cos™x<m or 0Sy<T,
Also, if y lies between 0 and , then, sin y is necessarily positive. Hence

d |
:b:"(cos x)= T
Derivative of tan™ x: If y=t tan"! %, then x = tan y. The differentiation of x=tan y
wartyis:
——— 2
dy sec’y
Take its reciprocal to obtain the derivative of y w.r.tx:
B>
dx  sec’y
. sec’y=1I+tan’y,tan y=x
I+tan?y I+ x’ ' ] '

Derivative of sec™ x : If y = sec P*.rr%% The differentiation of x=se

w.rty'is:
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_q?:__ = secy tan
2 ylany
Take its reciprocal to obtain the derivative of y w.r.t x:
dy I
dx secytany .
1 I 2 2
=+ ——=1 ,+tan"y =sec’y,secy=x
secyJsec’y -1 xx?-

We take + sign before the radical sign to obtain:
d ] ; ,
—(sec”x)=
ax x\fxz-l .

dx
— = —cosecycot y

dy

Take its reciprocal to obtain the derivative of y w.r.t x:
4yl sl

dx cosecycoty

-1
=+ = . 1+cot’y = cosec’y
cosecyJcosec’y—1
-1

=t cosecy=x
X\/_xz—]

We take + sign before the radical sign to obtain:

9 (cosec’s)
= | COSeC =
dx X\’ xz-f
Derlvative of cot ™' - x, then x =cot'y. T entiat] ;r:}’?f**’i{f:‘m

wrtyis:

ey
dy cosec

Take its reciprocal to obtain the derivative of y w.r.t x:

r‘
.
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:.n—-n.-.--r.-—m'd-l-...

1i .u-q..-..j

dy 1 = = z z
== — = , =I+ , coty=
dx cosec’y I+cot’y I+x° cosec Y CoL T S
These inverse trigonometric formulas are listed in the box:
T s e ]

d ) 1 oatd -1 0
I-""‘(Sind'x)= U—- ¥ 4.—(cosec"x)= ”f‘ ”t

dx I'IZ dx be ’xl’_] . "y):?

d -1 d 1 : My
2.—(cos"x)= 5.—(isec’x)= R

dx vi-x A xfx-1 SHES i

d 1 d -1 : N B *1 ..
3 —(tanx)= 6.—( cot™x)= 5 EX
.dx(tan ) T dx(mt x) Bl A

The chain rule can be used fo derive the generalization of the power rule and
the rules for differentiating the inverse trigonometric functions, as summarized in the

box:

d
L }x“(sm u)= JT—(H)

d b=
2-E(cus e

d
3. —(tan
dx(

E( 1}

*u

u)= ———fuJ

Example 2.5.3: [ Inverse Trigonometric Function ]: Differentiate the follomng

. mverse trigonometric functions:
a,_fa‘ )= tﬂn-l\l;

Solution:

a.

If y=fix)= tan-Wx = flu)=tan™u with u=+lx, then the chain rule of
differentiation w.r.t x is used to obtain :

d “lid
4.—' 4 =— ===
dx(cosoc_u) W, dx(u)
d 1
5.—(secu)=
dx(sec I
6.— Y
dx £

o B \
SLat & 1Y
b' ﬁx)=008 1[ _IJ )

X+X




d 4

’ (J:u’* JG"MJ

SR T (I R P | Tl
2x(1+u?) 2Ix(1+x)’

- T N
b. If ﬂx):cos-{“‘_,J with =252 X1 hen the chain rule of
1 X+ X x+x x +1 K2 \¢
differentiation w.r.t x is used 1o obtain :

dx  dudx

=
ALEELFLL. 3%

a. y=|lzcosx b. y=cos[x+'IEJ C. y= sin{sinx)
l+cosx 2

I Use any suitable rile of di

‘
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. sinx ;
) d. y=sinxcosx e y= f y=sin¥(®x?)
cos x

) I 2. Use any suitable rule of deferenuauon to performﬂfor the followm

-j
po fmetions: =
ay= 2cot3x b. y=secmx c. y=4cosec2x
’ d. y=2tan(x+3)° e y=4cotvx*—1 £ y=sec’s’
I+tan2
> g. y=2cosec’(x+2) h. )’=—u
— — cosec3x
i 7 g .
9 3 Use any suitable rule of differentiation to perform % for. the -follo_u'ring'?
2. y=cos (x+4) b. y=tan'(11x)
b c.y= (sin"x)z d. y= X’sin ‘2%
,> e. y=cosec '(x+3) f. y=(1+cot"3,:r)3
[':l:.‘-* _FS;lpp_oseproﬁts on the sale of swunmmg suits in a depamnqnml store are-gii;en-':
) IS opproaimatelyby I T .. i |

P(t)=5-5cos—, 0<1<104
26

v S S

where P(t) is profit (in hundreds of dollars) for a week of sales t weeks after

January first.

a. What is the rate of change of profit t weeks after the first of the year?

b. What is the rate of change of profit 8 weeks after the first of the year? 26
weeks after the first of the year? 50 weeks after the first of the year?

A normal seated' adult breathes in and exhales about 0.8 liter of air every 4
seconds. The volume of air 'V (¢) in the lungs t seconds afterexhalmgzsglven

appronmately by
(r)=o.45-o.35cos’-‘2‘-, 0<1<8

'-nﬁ

| SEPES L N

a, What is the rate of flow of air t seconds after exhaling?
b. What is the rate of flow of air 3 seconds after exhaling? 4 seconds after
“exhaling? 5 seconds after exhaling?

=]

&
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26 =y | Differentiation of Exponéntial and Lojarithmi Functions |

The goal of this section is to develop the differential calculus of logarithmic
and exponential functions. We shail begin by deriving differentiation formulas for

Inxand ¢“.The derived formulas w1ll be applied to a number of differentiation
problcms and apphcatlons

+Ax)
et — g

Derivat eof a': 1 5?- %‘ then the derivative of y=g* 5aﬁ st principle
511 A= f0) .,
- MM y=fix)=a

a(x+Ax) ax
= lim
Ax—0 Ax
x Ay o x
= lip %4 _—a
Ar—0 Arx
im & (a%=1)
T a0 Ay
av-1
= lim g lim
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dx A0 Ax ( 32)
lim In{x iﬂ—ﬂlﬂ d
Ax—0 Ax

dy_h ﬂx+Ax)ﬂ’ _. )

= lim 1o (”A"} Lograithmic - rule
A0 Ay x
x1

= lim =—1In (1 +H) multipy and divide out by x
a0 x Ax

Ax-a() x

= lim Lin [1 +£)m,. Logrithmic rule

Ar=0 1 X
Let 5= Ax/x. For x fixed, if Ax — 0, then s — 0. Equation (32) with
these substitutions becomes:

oA '
E)i-—-]—hmln[1+—A—x] . [ .
dx xax=0

~Limmesy -
x 30 , h_’r%(l-!-s) ‘=g, Ine=log,e=1

L himezes )™

x . 1=0

M, y= fix}=log x (33)

. log, (x+Ax)—logax hm—l—loga(x+Ax],
Ar—=0 Ax Ar=0 Ay x

—

'
—_
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= lim — lcbgtI (1+£)

Ax-iO x

= lim ——I—log (I +£J, multiply and divide out by x
x

A0 y Ay
1 Ax

x Ax=0

: A
= —I— lim log (] + é-EJ , Logrithmic rule
x

Let s= Ax/x. For x fixed, if Ax— 0, then 5 — 0. Equation (33) with these

substitutions becomes:

X Ax
DL imie og, (1+§) : lim(I+s)"=e
X

dx x A0 =0

] . s
—l% log, (I+5)

! log‘I lim(l+s)”’=llogae

| LE(-e )=e 4?3?"'" 3.—(-1_nx)=; e A w::#*;‘;i |
BACFAE :,2\:\.: 31l Vi 1 e
V2. —(a")=qglo 4—- ! -—lo == =
. E-i'ﬂxi{'?} q{\g,a | (og,,x) g., a6 EnE e

The chain rule can be used to denve the generahzahon of the power rule and
the rules for differentiating the exponential and logarithmic functions, as summarized
. 3 inthe box:

— = b — - e

A e R s
L dx e')=¢ dx{u) .3.&11111“)— (u)

L

2—(;;) a“log,a—fuJ '—d—rlng.,a)-—log.e )

| .:Jl

s g TSP - —_—— DS — LR A
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Hffaratntint

:__J_',_,_;_;.!,_.._._; sz

).} Example 2.6.1: [Exponential & Logarithmc Functions]: Differentiate the

J
b

_

- g e e RS o o o

following functions:
o f=1021 b. fix)=log,, v’ =i
2x &
c. fix)=In(e™ +e™) d. f(x)=—— \LE
Solution:
a. If the given function is f{x)= T(H”) , then the derivative of a-.gi{vén function '_ _ :
W.Itxis: - PN
_ti _ i [7(4—32)]
dx dx
d d
=L L
i (7) dx(u)
. 7"10g¢7i(4 -3y, u=@-3x%)
dx
= 1% )og 7(-15x")
=-15x* 7(4-39)10&7
b. If the given function is f{x)=log m/( ¥*-7x)+ »°, then the derivative of a given
function w.r.t xis: !

L g 751+

dx

=%[logm/(x2-7x)]+%(x3)

= ilogmei(u)+3x2, u=(x’-7x)
u dx
1 d
= 7 e gl X T

=ﬁ;k’glo e+3x

c.  Ifthe given functionis fix)=In(¢™+e™ ), then the derivative of a given |
|
function w.r.t xis: : 0 i
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L = Sl ee™)
=‘;—u(1fl")'&x—(e"“+e'"). u=e"+e™

=—(me™-meg™
hw(me =)

B 1

(™ +e™)
_mfg™-e™)
- lﬂ(e""‘*'e'"“)

'_'l J;.ﬂj

(mi(e™-e™)

ﬂsegivmﬁmcuonls{sﬁx)'- “llnf"thenhthe vauve"a'i given function
e ”ﬂ; YR TR W TR

2¢% Inx -l-ez'
= x
(Inx)’
_ 2xe”Inx—e* €’ (2xlnx-1)
x(in x)z‘ Jc(ln:c)2

Loganthnuc differentiation is a procedure in which logarithms are used to
trade the task of differentiating products and quotients for that of differentiating sums
and differences. It is especially valuable as a means for handling complicated product
or quotient functions and power functions where variables appear in both the base
and the exponent.

P W W W W P R P G Ny NGy NG Ny Y
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Solution: In examining the function, we see that inside the brackets, we have a
product, a quotient, and a power. Thus, to find the derivative, we would apply the
rules for finding the derivative of Inu and then find the derivatives of a product,
quotient and power. This all seems rather compllcated but can be simplified, if we
use the rules of logarithms and write the function in the following manner:

a -_ mm&ﬂl’“ﬁuwm e

..c h

E“E'
ﬁdnvjﬁ

_uLLnfn mr‘] nf( x*—4)2], W

é&m:*-«rwfm;w ﬂ‘*fg?wﬁ)}% ;

b. If the given function y= x*** after simplification is:

Iny=In( x**), Taking In of both sides
In y=sinx Inx

then on differentiation w.r.t x, it becomes:

[1os)
ol )l
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dy riindde)
z(lny)—dx(smxlnx)

l% =sin x%(lnx)ﬂnx%(sin Xx)

¥y

14 i

——y=w+lnxcosx r

ydx x
Q:y[g—n—{+lnxcosx] ""‘I:wﬂnxcosx]
dx x x

The concept of hyperbolic functions is completely cleared in previous section.
The differentiation of hyperbolic functions can be found as follows:

'i)- D;ﬁerenaauon ofhyperbohcfunc '}F e ) N sl o

T o I77 A v T e .

' Derivaﬁve of sin hx :If y=sin hx:\\:;r ,then on diﬂ’unnhatlon wrtx ,rlt ‘becomes

A s ST VTR oo Fig W

& _4d|e-e”
dx dr| 2

HdaNAidr Y e ol
_E[Z(“") dx(e )]-2(6 +e " )=coshx

RS e R ey

! . |
[ PR A aieye § e e | e ma

.!‘ =X

Derivative ofcoshx. " Ify cos hx = ;e

£ (
| becomes

LaND

, then on differentiation w.r.tx, it '

&y_d|ete”
dx dx| 2

=1[--(e) -(e'1] 2 (e =) = simhx
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- =

R— --u i T ——

rquoucntmle. 1t becomes TR ,_“”*-' e

!!!!! LR TS T

dy coshx ( sin Ax)— smhx ( cos hx)

o N , cosh?x—sinh® x=1
cos

_ cos hxcos hx—sin hxsinhx
- cosh’x
_ cosh x—sinh’x _ 1
cosh’x coshzx

=sech’x

—_— ——————— —

Derivatlve of sech.x If y= sechx- L , then on. d1fferent1at10n w.r.t x through
cos

quotlentmle, it becomes - EUs f;r‘( :

d d
dy coshxdx(I)—(I)E(coshx)

dx cosh’x
_ cos hx({0)—sin hx
cosh’x
—sinh x sinhx 1

= === = —tanhxsec hx
cosh'x coshx coshx

[Dénvaﬁve of&cosechx sIf y casecfur =~ B
{ sinkx

,then on differentiation w.r.t x
through quonentﬂrule, 1t becomes 4

—--—__-ddh-—vl: A L o =

. d d, .
dy smhxzx(l)—(l)zfsmhx)

dx - sin j2x
_ sinhx(0)—cos hx
- sin %x

_—coshx
=—
sinh‘x




Maths - 12 (DR =~ | Differentiaon

=-00th _J = —cothx cosechx

d sin hxi( cos hx)—cos hxi{ sin hx) . O ¥
LA dx dx , cosh’x—sinp’x=1"
dx sinh’x Qr

_ sin hxsin hx —cos hxcos hx S \‘

sinh’x QF
_~cosh’x—sinh’*) 1 _ 2 ‘:,\g\
= TR =————=—cosech’X
sinh“x sinh’x //Y
// v

These hyperbolic formulas are hstecl m\thc box:

?_

a,%@m}awﬁ
&#ﬁm&:ﬁb eC h'x ﬁ'“f?’f cotx)—cosec’s

N/
The chﬁm rule can be used to derive the generalization of the power rule and

the rules for diﬂ'erentlahng the hyperbolic functions; as summarized in the box:
o~

— mﬁh{%ﬁ) (ﬁﬁ:ﬂﬁﬁa —cosec'U ""z"ﬁﬂ
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: a. y cosh(] 2;{"] b. y= sech( ]
_ 1+

Solution:

- a.  Ifthe given function is y = cosh(] —'2x2' ), then the derivative of y w.rg‘tfiﬁ:
Er . . ~ON

, .d ,
=—[cosh(I-2
¥y , fcosh(I-2x")]

= di(coshu)%(l—zx2 ), u=1-2¢"=sinhu(-4x)= ~dxcosh(1-2x*)
u

b. If the given function is y = sech[; ] then the derivative of ywrtx is:

! d (I'x)
y' = —|sech| —
dx I+x
I-x) 1-x

=i{sechu)i(u)=-mnhusechui(-—— , U=——
du dx dx\1+x) I+x

+Xx

(-I)(1+x)-(1- X))
(1+x)

__2 zmnh[l-x)swh(l-x)
{l1+x) I+x I+x
{

E T Dlﬁ'ercnttanon of:merse hyperbohc funcuons P

e
t Deri::vative of smh x:If y = sinh X, theux smh y the dlfferemmtlon of x= smhy
| wrtyls

- ke L e

= —tanhu sech [
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Take its reciprocal to obtain the derivative of y w.r.t x:

Here, the sign of the radical is the same as that of coshy which we know is

always positive. Hence,

d
£ (sinp )= ———
dx I+x2

Y. = CO! higx i“'-""L:LL'l =050 )

e e
X, EH

&

' = A 3

/| i __._ﬂ'- l ! ; \ e . : |
- "-—**—L-aéjh, ~coshy=x, cosh’y—sinh’y=1
JCosBRy ST T
1 sa, ¥ ; + y

 Here, the sign of the radical is the same as that of coshy which we know is
‘always positive. Hence,

d. .
dxt‘cosh x)= =
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- Derivative of tanh™ x: Ify = tanh™'x,thenx=tanh y, then the differentiation of ‘
x=tanhy wrtyis:

dx _ oy
dy-scchy

" Take its reciprocal to obtain the derivative of y w.r.t x:

dy 1
dx sech’y
_ 1
"~ I-tanh’y
1

PN sech’y=1-tanh’y,lxI< ] tanh y = x
o

- e T T |
Derivative of sech™'x:If y=sech'x, then x = sech y. The differentiation of x=sechy
! W.l'.t.y is: : P 3 _&{:} ;

dx
— = —sechy tanhy
dy

Take fts reciprocal to obtain the derivative of y w.r.t x:

dy -1

dx= sec hy tan hy

-1
=z
sechy [1-sech’y

,sechy=x

=t———, I-sech’y=tanp’y
X \/I—xz

Here, the sign of the radical is the same as that of tanhy which, but we know
} that sec ' is always positive, so that tanhy is always positive. Hence,
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£ ( sech™'x)=
—( sech” ' x)=—F——=
dx N x -5

Take its reciprocal to obtain the derivative of y w.r.tx:

d__ Al |
dr cosechycothy
-1 1 2 ' &
, cosech'y-I=coth"y
cosec hy \ﬁ:osec By-1

=%

cosechy=x

Here, the sign of the radical is the same as that of cothy which. Here cothy is
positive or negative according as x is positive or negative.

ifx<0.

d ( h'x) X if x>0 and d ( h'x) =
—( cosech x)=—5——=— —( cosech 'x)=—F—=
dx X \’x2+1 dx =X \’xz-}'f

Thus -4-( cosech’'x)= -—-{—-— for all values of x.
dx x| x?+1 :

ﬁl’l’"’ﬁfm Gﬁ’ﬁﬂ;‘.}jiﬂ I_s“— coth 'x, thenx=coth }. ‘The differentiation of

:ﬁm WH@

&, —cosec i’y
dy

Take its reciprocal to obtain the derivative of y w.r.t x:

-8~

-—
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dy -1
dx  cosech’y
_ 1
coth’y-1 e
. 1 '
=27 cosech®y = coth’y-11xI> 1, cothy=x

Thcse inverse hyperbohc formulas are llsted in the box

The cham mle can be used to denve the genemhzanon of the power rule and the rules |

for dlffcrentmung the inverse hyperbohc functions, as summarized in the box:

| Example zm m a..,,j:-ﬂ:

e e
J! |"+-| |:|

...... ' y=- =T
- airf 'w-,r P4
Solution:

a. If the given function is y = sin 4”( x’ ), then the derivative of y w.r.t x is:
3y -

1 357=
\/]-I-uz \/I+x6’

b.  Ifthe given functionis y = sinh™ x/cosh™ x, then the derivative of y w.r.t x is:

y,_i(smh-'x)' Ly
dx\ cosh™x

-

oo B g A -li.i:
y'=—lsinh (2 ))= du(Sl‘nh u)dx(x)

g

)1
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cosh 'x ;T;r’ sinh %)~ ( smh"x)-g;( cosh %)

g 2
(cosh'x)
cosh™'x sinh X

= ‘f JT -1 __\/ Icosh'.x-\fl--r s‘inh"x
(coshx 1 V1+x 2[5 I{ cosh 'x i

¢ y=In5x/x"

f y=n(d-2)

a. y-—-).llnx2 b. y=In{x*+3x+2)
a. y=In{ #+1)” . e y=1/{n1+x")]

a, y=log,f3x%+7] b. y=log,[x’+3x+2]
c. y=log m{/{ 2-7x)+x d y= ldg[sin{ log x)]

LS

2.y ='10g m[sin"lxzfl f. y=logtan [..;.. x+i_n:|

a y=In 23] b. y=(cosx)"“®* c. y=Q1+x")

‘ x-]

oy dzares ) J__,;/" Ve ‘
(3- x)4(4 x)s ' ‘

(-1 {
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a. y=cosh(2x?+ 3x) b. y.= P
= log( cos hx) d. y= sech(x* +1)+tanh(x® +1)
e y= co*seah(x3 + 1)‘ f. xcosh y= ysinhx+5

: LA,*‘t;g:iﬂL“a e of diffen

a. y=tanh '(sinx) b, y=sinh '(ranx)
c. y=cosh'(secx) d. y= xtanh~'(3x)
e. y=xcosh™ x-/x?-1 f. log(cosh™ x)+sinh™' y=6

) (7 A rescarh growp (e hospial
iy mathem 1@m@:‘-i ﬁfs; .
p(x} 40+25In(x+1), 0<x<65
where p (x) is the pressure measured in millimeters of mercury and x is age in
years. What is the rate of change of pressure at the end of 10 years? at the end
of 30 years? at the end of 60 years?

gﬁ&_{_‘ﬂ* rd‘r*"" T'* terin

N g " iy -~ 1

|_.1r—\3r”15"- ] ,:7;;!7'--?1“'

e e i g i
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T Pt g
[n. { - & o
I

ssary

r

= Averuge rate of change: The average rate of change y = f(x) per unit change in x is given by:
Ay fix+Ax)- fix)
A, y=fx) ,
Ax Ax

s The slope of the secant is the average rate of change which measures "the approzimate rate
of change in phepomena."

» Derivative of a Function: The instantapeous rate of change of a function y=f(x) at a
particular point P(x, f(x)) is the derivative of a function y=f (x) at that point,

ff(x )= E%ﬂﬁxﬂ)’ y= jrx)

provided this limit exists. This is named by first principle rule of derivative of a function f(x).
»  Slope of a Tangent line: The tangeat line to the graph of a function y=£ (x) at the point P {x, f
(x)) is the line through this point having slope

vy FOHAD)=F(x)
f/(0)= Jim FEECEEEE, y = flx) 1
if this limit exists. If this limit does not exist, then there isno tangent (no ~ derivative) at . the
point.
» ‘The slope of the tangent is the instantaneous raie of change which measures “the exact rate
of change in phenomena."
+ In business terminology,
o the instantaneous rate of change of cost (or profit or revenue) is the marginal cost
which counts "as the approximate rate of change in business phenomena”.
o the average rate of change is the exact rate of change which counts "as the actual rate of
change in business phenomena”

. TI s Power Rule: For any real number 1, if f{x)= x", then:

+

f{x)=nx"!
+  Chain Rule
- If y = f (i) is a differentiable function of wand =g (x) is a differentiable function of x, then ¥
= f[g (x)] is a differentinble function of x and
dy d d d dydu , ., . :
2 r = —[ fu)l—I[ g(x)]= ——, Leibniz notation
I dx[ﬂ ) ” (A )]dx[g( ) T

»  Differentiation of Parametric Functions: Consider two differential functions x=f(andy =g
(1) of parameter ¢, If = & (x) is an inverse function of x=f(?), then y = 2[h(x)] is a function of

X

Generalized Power Rule
Let f(x) be a differentiable function of x. If y = [f{x) ]", then:

% = n[ﬂx)]"'j.zdx-[ﬂx)], where n is any real number.
T R S e e

. = rmz
— ==

=3 i
PP G LA#*&A\/A&MMMM



This unit tells us, how to:
find higher order derivatives of a function such as algebraic, trigonometric, exponentlal and

logarithmic functions.
find the second order derivative of implicit function, inverse trigonometric and parametric

functions.
define Taylor's and Maclaurin's theorems and the use of these theorems to expand sinx, cosx,

tanx, a*,e” ,log, (1+x)and In{1+ x).

consider applications of derivative and its geometric view to develop the tangent, and normal

equations and the angle of intersection in between the two curves. ]
.introduce maxima and minima and the topics related to maxima and minima, such as increasing
‘and decreasing functions, extreme values of a function, first and second derivative rules and the
use of second derivative rule to examine the extreme values of a function.

solve real life problems related to extreme values.

¥ -

g e A s Py a T 3 R f i b

If a f_r...::m'ﬁ y=f :wa'l, s afirst derivative y’then the derivative ofy’, ifiit
¥l

exists, is the second derivative ofiy 'Ei]rf":r‘}\ mitteity” . The d eriv *’nqn-rf'u"-; * if it exists, -
is called the thi ;*Jim‘r*rvy;.:fg_,’rféd& ten as y** . By continuing thi mg*«"“ﬂ:* we
G:ﬁ {:f"rrl III|RI.' r} 1 ‘(’ 5 mﬂ tﬂ:;l_ﬁr"' !'l(‘ __;.I:‘ ‘*"F-nt‘_k‘*_& 1ﬂ0?‘ :s_, __’_! -'?i:‘

] Ty T e T gy
{‘r\'d"'u -,,.-:E-],; -{_Ir' fﬁ" "\‘JL"I& 1 '1‘ L_' "l i -""“LL ")ﬁr "h "5.!:1_.. F.4Qﬁ'i.g

.;;ft,m"u afy

segond derivative of 'y

# =

Lt i ) I

t'.l.‘:.l‘

r‘(c -«uﬂ 1t are d "1"9' L..-m 1l ﬁv b

erivativ u'*f'i/
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dy Wyrderscse 3 <
—=—(8y'-95°+6x+4)=24x" - 18x+6
PRAE )=24x :

; :
ﬂ:i-_(ﬂf - 18x+6)=48x-18

2
Lo

-

Ot dv
dy d(EJ:E;V'Eu=(4)(3x-1)-(3}(4x+2)_ -10

v V2 (3x-1) T (3x-1)

vz
_{0)(3x-1)-(-10)(2)(3x- 1)(3)
i (3x-1)
_60(3x-1)_ 60
T (3x-1)'  (3x-1)

=]

-§E
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In the previous unit, we saw that the first derivative of a function represents
the rate of change of the function. The second derivative, then, represents the rate of
change of the first derivative. If a function describes the position of a moving object
(along a straight line) at time t, then the first derivative gives the velocity of the
object. That is, if y=s(t) describes the position (along a straight line) of the object aX
time t, then v(t)= s'(t} gives the velocity at a time t.

The rate of change of velocity is called acceferation. Since the_ second
derivative gives the rate of change of the first derivative, the acceleration/is the
derivative of the velocity. Thus, if a(t) represeats the acceleration at time f; then

av 4’ : -

a(r)=-;=d—r2—=s (f)

Example 3.1.2
feet) at time t (in

PR TR S
acceleration at an)

(3¢-7)t+1)50, t=-1,7/3
The object will stop at 7/3 seconds, since we want time 2 0.

L Ry A PR B e RAY r~ i i - L f ~Tlapai
JrGcs 4er { AL . PR

£

et

The successive derivatives of some functions are gathered to obtain the general
form of nth derivatives in the following cases:
The nth derivative of f{x)=(ax+b)": If fix})=(ax+b )", m is a positive integer

* then the successive cerivatives of the given function developed a general term for the

nth derivative of a function:
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If m = -1, then the nth derivative of fix)= = 'ns is obtained by inserting m
(ax+b) B :
= -1 in equation (1):

=R (i @ Nax kb
= ('I )n ﬂ.’a" < (2}

(ax+b)u+1 ’

f %)= (-I)-2(-3K-4)....(-(n- 1)) (a" fax+b )"
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a Lﬁm‘ TJ.-IJJE'F}—f%JEﬁ ﬂE Iﬁr fr .“":'_ SCE j:.' r-‘.mn
eral terma for. the nth derivative:

é iy
ga (mx) @

ﬁﬁ}z‘-ﬂv ?83':{!?" }‘— mloga(a™ ')
' Eaﬁ-“;_ﬁia,gﬁ?n"
¥ :
£ QEW&.JJJF %
If a = e, then the nth denvatlve of f(x) ™ is obtained by inserting a=e in
equatlon 4): :
fix)=e™
- F0)=me™
:’f%)r = m(m)e"™ = m’e™

T

: *;Jfra:-a)amﬂ?' ¥ rs
The nth cmm o e mz’a;a ¥ fin)=sin(ax+b), then the
£ 'Wmﬁ‘.’@?ﬁi@) _ |
§ ﬂﬁb*mﬂ"ﬁjﬁ - asin(ax+b+— = i

= f

r%*aled‘mﬂm%’w —})aLrti:fm'Mb = J)

ﬁr t@)a,; ‘:’p&}{{é}fﬂa;ifﬁfﬁﬁﬁ#ﬁé}-%ﬂ

B

i [ el - I,
F(x)=g"sin ':?H"H‘}ﬁ}-iz%ﬂ
siskon
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The nth de :_,"*"; ;' r";,'-’.'. = cos{ax-+b):If fix)=cos(ax+b), then

L

T L L oY
T t 41"&7“. | et ...'i-..a_'_

)—Cs(ax+b}
f’(x):—asil’l(ax+b)= aCOS(ax-f-b-i-—;E)
fx)= _azsin(ax+b+.g_)= azCOS(axq-b.;.%)'

”

1 3
£ (x)= ——a’sin(ax+b+l’3-2’—t)=gjcos(ax+b+—ZEj X

nw NG
ftx)= a"cos[m+b+7] N

‘Example 3.13: [5th Derivativel: Find the Sth derivatives
a. fix}=(6x+4) b. fix)=1/4x+3 " c. flx)= Iin(4x+7)

d fx)=6"

" Solution:

L;-.J then the 5th deri

i:;'inm&

-4°51
(4x+3)

(-1) st
(4x+3)

: r_v. 5-th derivat
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-1)414 441

)=

(4x +7)’ - (4x+ 7y
IF flx)= 6% witha=6 and m=4,

._:“th,z::di“ﬁ u:z—-'-ﬁ‘p | equation
F(x)=£6"(log6 )
If fix)= ¢ with m=4, then the 5th derivative of the given function

e sybo_{r\ag:r& Function]:  Find

n-poly Fﬁv—ﬂ'ﬂ m;ya;f +65° a‘}%. +4x’+2x+ 1, then the first three |
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= v
dr dt dt

=(r* +t)%(sin t)-i-(sint)%(tz +1)=(t* +t)cost +(2t+1)sint

= :]d?[(r2 +1)cost +(2t +1)sint]

d. . 2 d -
= Z[{t +1)cost]+ - [(2t +1)sinr]

= —(1 +t)sint +(2t + 1 )cost +(2t+ 1 )cost + 2sins
=—t* +1 - 2)sint +(4t + 2)cos!?

dzf- (0)(:3"'!'(3")2 -Z(ez+e")(e’-e")(4)
7 ()
_B(er+e”)(e"—e”)
e
a -S(e’—e") Pk

(e' + e'x)z.
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iy gb.;, = ._J"I;

L g S S S,
mverse i igonomeiric and

PN ey T, e 2R

derivative r'_;?

Solution:
a. The equation is
Xy+2y’ =3x+2y ; (8)
The first implicit derivative of (8) w.r.t x is: '
d d ;
Z(x’y+2y3)= —(3x+2y)
—(x y)+ (2y )= —(3X)+—(2y1
(9)

,dy 2dy dy
2xy+x +6 =34+2—=
EARI PR iy dr

(54652} =3-257

A 2, 52 nd|(_d o
dx[(x +6y Z)dx] dx(3 2xy)

4 | dy,_d 5 d
[(x +6y7-2)]2 +(x +6y’-2)— dx( —)= dx(3) dx(z"”’

dy . dy ., .2 ,dY dy

e+ I2v L (246 -2) L =0-2y- 202

(2x Y )[ (x"+06y -2)— Y
dy dy dy
2x+12 +6 -2 =—2y-2x—
2x y[) +H i ) y x[

IRY & Y _ dy
_ (x2+6y -Z)E-——Zy (2.t+2x)—-12y(dJ
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w15 \J[ﬂ *-1‘.]} Lﬂu
{L“'%m:: crak

Solution:
a. The given equation 1s
cos 'y +y=2xy
The first implicit derivative of (12) w.r.t x is:

(10)

d ort? d
il Nz (2
[ (cos J’+}) , ( XV)

i : by i - i
dx(cos ))+dx()’)—2dx(xﬂ

-1 dy dy (d d‘i) (an
_....._..._.-.*._ —— i
1_3, dx dx d.t(x)y+xdr(Y)

[ ! +I]£}i=2){t2xd—y
dx . dx

Ji-y*
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» Example I!_v_z_:’-“ﬁ ¢ Functions]: Fin

parametric functions are x(t)=1+£%, ()= +2* + 1.

The second derivative of thc pararnetnc functions is obtained by taking the
denvanvc of equatlon (12):

 Multiply and divide out by

The quotient rule of differentiation is used to simplify the right hand side of

equation (13): .
()
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dy E”_‘i(.d_)’)_ dyd [g)

d| dr|_dtdi\dt) dtde\dt
dt E e
dt ‘E;

dx 4%y dy d* -

i 2 I3
functions x (7) and y (¢):

dy dx d*y dy d’x

dr

a’

& AN a3 - e \:fl,.,.._.- T gy g gin
the first and second derivatives of the paramy

=2 il — =30 44 = =0t
dt det ;
are the following:
dy dy dt
dr dt dx

3t 44t

2t

_K3t+4)

i 7

_3t+4

-2
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dxd’y dyd’x
dt dt’

_(2t)(6t+4)-(31° +41)(2)

- 8¢’

_ 1204 81-6 -8t

= 5

_6_3

_ T8 4t

Result (15) is obtained through right click on the last end of the expression by
selecting "Differentiate < x" on the context menu. For second derivative, click on the
last end of the expression of result (15) by selecting again "Differentiate < x"to

obtain the required second derivative. For derivatives higher than two, repeat the
process again and again to obtain the required higher order derivatives.

d. s(t)=5t+7, s"gt)

f y=(x+3)(2+7x+2}), y”

S L N T L

c. y=+/sec2x, y™
e. y=sin(sinx), y”

a. y=x+arc'tan y

. A
” x y —
c. y-2xy=0, y d. -;2-+?-1—-Q




L C AN —

e. secxcosy=C, f.e"+x=¢'+y,

a x=4r"+1, y=6r' +1 b. x=3ar*+2, y=6¢'+9

c. x=a(t—sint), y=a(l-cost)  d. x=acos2t, y=bsin2t
Jat 3ar’ 1-t 2t

e x= yy= f.x=a—=, y=b—
1+r i+ 1+t I+t

-lb—

Often the value of a function and the values of its derivatives are known at a
particular point and from this information it is desired to obtain values of the function
around that particular point. The Taylor polynomials and Taylor series allow us to
make such estimates.

If £ (x) and its n derivatives atx=2x, are f'(xo), £ xohos f (x0), then the
n-th order Taylor polynomial p (x) may be written as:

This polynomial provides an appromation to f (x). The polynomial an its n
derivatives are very much matched with the values of f (x) and its first n derivatives
evaluated at x = y;-

P, ()= 1 (x), pr(xe) = £ 2, () = £7(x5) vy PRR0) = £ (%)

sval .[’f'qﬂ{jﬁ. =0 are

f __l..._"_i'l Use I‘Lﬁhg_‘ order

Solution:

The fourth order Taylor polynomial p, (x)is obtained by terminating the
Taylor polynomial (16) after fourth order derivative term:

=
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f
g
)
)
)
b
>

The Taylor polynomial (18) is used to obtain apprommatlon of a funcuon
y—f(x)—e at x=0.2:

Notice that the he Taylor polynomial approximation equals the actual function
value y = £(0.2) = % =1.2214 at x=0.2.

e

ﬁfmaﬂf-a nes

1. How accurate Taylor polynomials generated by y = f(x) at.r0 to approximate y =
S (x) at values of x other than x; ?

2. If more and more terms are used in the Taylor polynomial, then this will produce
a better and better approximation to y = f (x).

To answer these questions, we introduce the Taylor series. As more and more
terms are included in the Taylor polynomial, we obtain an infinite series, known as a

ey

- :
T—
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n!
For some Taylor series, the value of the series equals the value of the functlon
for every value of x. That is, the Taylor series approximations of g%, sinxand ({

cosxequal the values of ¢*, sinxandcosxfor every value of x. However, some
functions have a Taylor series which equals the function only for a limited range of x ¢
values. For example, the value of a function f{x)=I1//+x) which equa]s its Taylor

series only when -/ <x< 1.

) :_"|tJ- VEA ‘J _H'J ,;; -. |ﬂl?_::.-§"ii L‘\Hk'm.ux*'mj ﬂ@ EQ)

WAL cryes o ; ) .y.{r r!"r'vq“l i,ﬁ{m“-ll‘"w?.
at the 1-*“;_’1 X “m This s -_"1L condition i r{?} Taylor '

ops the Maclaurin's series:

. course:

flx)= fix, JF,?L r— X, \1,.’ (x, u* =

f{x) =

If we use x— x0~ h then equations (21) and (22) take the popular notation for the
Taylor and Maclaurm s series of order n:

n ;e -J_]-
g +h)= = f{0) +hf if ' (0) + ':, 2 il
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le}-h % X th
Fig. 3.1

= S

N\

The popular. notation formeTaylor &Maclaurm s series of order n are:
R R s
f(xo+h) f(xu)"'hf(xo)"' f (xn)+—f ()t — f"{(\xu) pal i
\
14 ” L h" )“
J(x +h)= f(0)+hf (0)+-—-f'(0)+—f O)+.... +—f’"(0) |
If a function y=f (x) is known at a parucu]ar pomt x,,;’:O then the Taylor
series (23) at a forward or backward point x= x,+ /4 “of a function y=f(x) are:

2 3
flg+h)= f(.t0)+hf'(x0)+%f'(xo)+%f'(xo)+...., x=x,+h

2 3
SO +R)= FG) = ()4 5 F )= f () 5= 2y

» Example 3.2.2; [Taylor. Senw of e }: Use Taylor's series to appmxunatc thc valuc of
a function fix)=¢ atapomt:a:0 =2

P W i e el At e e

Solution: The function and its derivatives at t,, =2
fix)=€", fi2)=€"=7.3891, f'(x)=¢", f'(2)= e’ =7.3891
f(x)=¢€, f"(2)=e* =7.3891
are used in Taylor series (21) to obtain the Taylor series approximation of ¢*at a
point x,=2: _

3
S 2) f(2)+(“‘C 2 )4

31
3
=2 ;2801 =D,
21 31

=f@+(x-2)f' (2)+

=7.3891+7.3891(x—2)+7.3891
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Soluhon Thc funcuon d its dcnvauves mx0 0 .
fixp=et, O=1, fo=¢, f'(O)=1 ["(x)=¢, ["(o)=1

are used in Maclaurin series (22) to obtain the Maclaurin’s series approximation of
e atapoint x; =0:

Solution: The function us denvame “ Xo= 0
fxj=a’. fi0)=1,  f'(x)=a"logg, f'(0)=loga
f(x)=a’(log, a), f(0)=(loga)

are used in Maclaurin series (22) to obtain the Maclaurin series approximation of a‘at
apoint x;=0: .

a'= FO)+xf rau-fif o)+ &

Solutmn. The function and its denvanves a_t Xo= O
fix)=sinx, fl0)=sinf0)=0, f'(x)=cosx, f'(0)=cos(0}=1
f"(x)=—sinx, f"(0)=—-sin(@)=0, f”(x)=—cos.x, f”(0)=-cos(0)=-

are used in Maclaurin series (22) to obtain the Maclaurin series approximation
ofsinxatapoint x,=0:

(x)

sinx= f(01+(x)f(0)+(” 10+ 17 0)+...
3 7
=0+x-0-£—)-—+ ......... =x i+x—s-£
30 50 71
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ple 326 [Madaurins Seie o cas )¢ e Wi s
_ mate ﬁ_:'\lihmm‘j;ﬁdﬁﬂi xatapoint x, =0.
Solutlon The function and its derivatives atx, = 0,
fx)=cosx, f0)=cos0=1, f'(x)=—sinx, f'(0)=-sin0=0
fi(x)=—cosx, f"(0)=—cosO=~1, f™(x)=sinx f™(0)=sin0=0

are used in Maclaurin series (22) to obtain the Maclaurin series approumatlon of a
function cosxatapoint x,=0:

cosx:f(0)+).f'(0}+2—-'f"(0)+;;—::fm(OJ'*'

x o}
= 1+x(0)+a(—1)+§(0)+

> fix)=tanx, F0)=tan0=0, f'(x)=sec’ x, f'(0)=sec’ 0=1
F7(x)=2sec® xtanx, £7(0)=2(1{0)=0, f"(x)=2sec* x+4tan’ xsec’ x
) £7(0) = 2sec* 0+ 41an’ Osec* 0 =2

are used in Maclaurin’s (22) to obtain the Maclaurin’s series approximation of a
function tan x at a point x; =0:

o ed e

= I"'i"‘u—-—- 'S s e

) Soluhnn function 1ts denvauves aty, = : =0
Ax)=In(1+x}, f0)=In(1)=0, f{x)=1/(1+x), f(0)=1
FI(x)==1Q+x), f(0)=~1, f"(x)=2/1+x), f"(0)=2

(i)
‘ s J
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are used in Maclaurin’s series (22) to obtain the Maclaurin’s series approximation of
In{!+ x)ata point x, =0:
x

In(I+x)= f(0)+xf(0)+ f”(0)+ f"’(0)+ .....

Solution: The function and its dcnvatlves atx, =0
fix)=log (1+x), A0)=log (1),

f'(x):—-—‘r—logue,f’(0)= log,e=log,e
I+x

rim= Flog, . "(0)=-loge

(+

fm( )= log, ! f:rr((]): 2]ogae
(I+x )

are used in Maclaurin’s series (22) to obtain the Maclaurin's series approximation of
a function f(x)=log (I +x) at a point x,=0:

2 3
log (14 x)= £ (0)+(x) £(0 )+%—f— £(0 )+%% F7(0) ..

(x) x
=log (1)+xlog e -—2~’—logae+2§'-logﬂe+ .......

(33w [Application of Defivatives |

In this section, we shall see how to use derivatives to determine the tangent,
and normal lines, the angles in between two curves, the maximum and minimum
values of a function as well as the intervals where the function is increasing or
decreasing.

-




Higher Order]

i) Geometrical interpretation of derivative
Consider a function y = f(x) as shown in the Fig. 3.2 below:

4y Normal line y=f®
Secant line
YotA Yy 4] Tangent line
dy =
y . 9| P
Yo e Ax_,
dx 3
0O x, X, +Ax
Fig. 3.2

Let P( x;,y,) be a point on a curve y = f (x). The change Ax in x develops a
change Ay in y. The coordinates of a point Q are therefore Qf x,+ Ax, y,+ Ay). Notice
that the siope of the secant line PQ is:

By _ AxotAx)- fixe) 25)

Ax Ax
If we take vaiues of Q closer to P, then Q approaches P, and Ax approaches 0

and the slope of the secant line PQ automatically approaches the slope of the tangent

line at a particular point P and is denoted by:
7 AN o+ Ax)— .

dxMAx Ax—)D Ax

i) Equations of tangent and normal lines at a given point
If the slope of the tangent line on a curve y=f (x) at a particular point
P(xp.¥y) is f'( x0), then the tangent line on this curve at a particular point P{ x,,y,)
is the nonhomogeneous line (developed from the definition of the point form of the
straight line): _ §
- — 4 x=
Y-Yo=f (% Nx-2) ' @7
Y- Yo=mx-X%; ), m=f(x)
The normal line is the line perpcndicular to the tangent line on this curve at a

particular point P( x,, y,) with slope —— ff )
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(¥-Ye)= (x-x)

f(J'

(y-y,)= —-—(x X ) m=f(x) (28)

Solution: If the given curve is y= z*, then the slope o[" the tangent line is the first
derivative of the given curve at a particular point P(2, 4).
f(x)=2x
fi2)=2(2)=4=m, say, atthe point P(2,4)
The equation of a tangent line (27) on the given curve at a particular point
P(2, 4y is:
Y-y, = mx-x,)
(y-4)=4(x-2)
~dx+y-438=0=> —dx+y+4= 0:>4x y—4=0
The equation of a normal line (28) on the given curve at a particular point
P(2,4)1s:

£}
(y-y,)=—(x-x)
m

O 4= -2)

4(y-4)=—x-2)
x+4y-16-2=0

Solution: The coordinates of a particular point P at which the given curve y=9- ¢
crosses the x- axis are

y=0

Put y=0in y=9-xto obtain a set of points:

0=9-y" = '=9 = x=x3>(3,0), (-3,0)

)

L=
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If the given curve is y=9-42, then the slope of the tangent line is the first
derivative of the glven curve at a particular point P(+3,0):

6 =m, {_j(_j,r;gﬁ" r P(- ~£’}. C)}

8'31'{"?{31‘*’*"’? Eﬁ:.ﬁiﬁ“@ sp)ér:icse X

~1
lmﬁ-ﬂi‘;ﬁ Hs o ¥, o) is |.I"'r ¥ = —-;-10!—5- ).

If m, is the slope of the first curve and py, is the slope of the second curve, then
the angle of intersection in between these two curves at a point of intersection is the
angle in between their tangents at that point. This angle takes the notation:

tanf=-"""

I+ mm,
The proof is available in Unit-6

(29)

=

-
v




ample 3.33: [Angle of Intersection: Find the angic of interscction in be
e curves wﬁ*ﬂﬁﬁﬁmmw atthe point of intersection (2,5).

Solution: The required angle of intersection in between the given two curves is:

tan @ = 12 (30)
I+mm,
For point of intersection, solve the system of nonlinear equations for the
unknowns x and y:
y=x-2x+l, y=x'+l (1)

Using first equation of the nonlinear system (31) in second equation to obtain:
x-2x4i= x4l N\
P-xt-2x=0

xx-x-2)=0 = x=0-1,2

The set of x values is used in first equanon of the nonlinear system (31) to
obtain a set of y values:

Putx=0toobtainy=x'-2x+I=1
Putx=-1toobtainy= ' -2x+1=-[+2+1=2

Putx=2toobtainy=y’'-2x+I1=8-4+1=35
This process developed a set of point_s of intersection: (0,1), (-1,2), (2,5)
The slope of the first curve at a point (2, 5) is:

The slopcs m an,d mz are sed in (30) to obtain the angle of intersection in

between the given two curves:
\(
J
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i,

m—m,
1+mm,
_10-4
T 1+(10)(4)

tan0=

a.y=vx+l, x=3 b. y=sin2x+x), x=0.

c.v=y%" x=1 d. y=ﬂ, x=2
x+2
e y= zx , X= f. y=3sinx-cosx, x=%
x+1
g.y=2nx, x=e hy 3e +e * x=0
ay=gxe', x= b.y= 2s1n3x, X=T
c.y=2lhx, x=1 d y=(2x+1), x=0
+1
e.y= * , x=1 f. y=cos(x-%t), x=mn/2

b. Find an equatlon of the tangent lme to t.he curve sm(x y) xy at ( O )

c. Fmd an equauon of the normal line to the curve x 2y 2xy= y at (1, -1).
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b. Show that the first four terms in the Taylor series expansion of fix)=/x

aboutx—4 are:
24— (x 4)*--(1: 4) + (x 4)

c. Show that the first four terms in the Taylor series expa.nswn of
fix)=x+e*about x=1 are:

4
(1+e)x+e|:(x-“ +(x-1) +(x-1) +]
2! 3! 4
1 )
a. flx)=—- b. fix)=sin’x .
I+x
c. fix)=coshx d. ﬂ’x):ln(! -4x)

T
on 2 Pl e Bl e A Ty

34| %) [ Maxima and Minima |

Always the maximum and minimum values of a function can be read from its
graphical view, For a quadratic function (whose graph is parabola), the maximum or
minimum values can be determined without graphing by finding the vertex
algebraically. For functions whose graphs are not known, other techniques are
needed. In this unit, we shall see how to use derivatives to determine the maximum
and minimum values of a function as well as the intervals where the function is
increasing or decreas'mg

). Definitions of increasing and decreasing fun i
Suppose an ecologlst has determined the size of a populatlon of a certzun
species as a function f of time t (months). If it turns out that the population is
increasing until the end of the first year and decreasing thereafter. It is reasonable to

-
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expect the population to be maximized at time t=12 and for the population curve to
have a high point at t = 12 as shown in the figure (3.3).

TR M BT T TR %

If the graph of a function f(r), such as this population curve, is rising
throughout the interval O<t<12, then we say that f(r) is strictly increasing on that
interval. Similarly, the graph of the function in figure (3.3) is strictly decreasing on
the interval 12 <t < 20. These terms are defined more formally in the figure (3.4):

R x1) < flx2), whenever x,<x, for x, and x, in(a, b).
o The function f(x) is strictly decreasing on an interval (g, b}, if
S x;) > flx;), whenever x,<x, for x; and x, in(a, b).

Honl: F ‘l|rr';:-._'_-__' &

(&) = X 1S INCreasing o r‘|;::l||

Solution: The function f(x)==x’isa parabola passing through the origin. Take any two
points x, and x, in the interval (g, b) for which:

g

(1)
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D) - fy)=x) - x =(x - x) X, +x)
If x,, x, € (0,0) with condition x, > x;, then the function f(x) is increasing in the
interval (0,e):

f(x)=f(x)>0 :
f(x)> f(x), both (x,—x)and (x, +x)are +ve, when x, > x,
If x,, x, € (—o,0) with condition x, > x,, then the function f(x) is decreasing in
the interval (—oo,0):

f()—f(x)<0
flx)< fx), (x2 x,) is +ve while (x,+x,) is—ve, ,when x, > x,
p—— =4 T b - ‘_“_@ -""-"1 %
A function f(x) is said to be smctly monotomc on an mterval (a, b), if it
is either strictly increasing on (a, b) or strictly decreasing on (a, b) for ail x.
Monotonic behavior is closely related to the sign of the derivative fi(x). In
particular, if the graph of a function has tangent hnes w1th only positive slopes
on (a, b), then the graph will be tilted & = = 5 Ty
upward and f(x) will be increasing on(a, | "E" ) TR .
b). The siope of the tangent at each point |
on the graph is definitely measured by =
the derivative f'(x): It is reasonable to |
expect f(x) to be increasing on intervals il
where f'(x) >0and decreasing on an |
interval where f'(x) <0.

These observations are established :,_ 7
formally in Theorem 3.1:

Theorem 3.1: [Increasing & Dec
on the mmJ@dmmaﬁm@_ ,

1. f(x) is strictly increasing on (a, b) if f ‘(x)>0 for a<x<b.
2. f(x) is strictly decreasing on (g, b) if f ‘(x)<0 for a<x<b.
This means that a differential function f(x)

—

1]
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* is increasing on an interval (a,b) if the tangent lines to its graph at a point (x,f(x))
makes positive slope (f'(x) > 0).

 is decreasing on an interval (a,b) if the tangent line to its graph at a point (x,f(x))
makes negative slope (f'(x) <0).

* is neither increasing nor decreasing on an interval (a,b) if the tangent Line to its
graph at a point (x,f(x)) makes zero slope (f'(x) = 0).
The proper proof is beyond of this text, since the proof is based on mean value

theorem. s

»l ExampleSA.z.[Ina'easingandDea-eesingthcﬁon] Determine the values of x at
. which the fanction f(x) =—-x*—10x— —5is increasing or decreasing. Alsoﬁndthcpomt

l at which the given function is neither increasing nor decreasing,

Solution
For graphical view, the given function through completing square

f@=x+2x-3=x"+2x+1-1-3=(x+1)" =4

is compared with the general equation of parabola f(x)=a(x- h)2 +k to obtain a
parabola with vertex (-1,-4) that opens upward (a= 1 is positive). The graph of a parabola
through the points (-4,5) and (2,5) is shown in the figure (3.6):

-~
4

The derivative of a given function w:th respect to x is the slope of the parabola:
Flx)=2x+2
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If the slope of parabola is f(x) > 0 (positive), then it gives

gl

o ) "1—‘".-.“ i
is shows that the given function f{(x) is decreasing in the interval {—eo,—1).
If the slope of parabola is f ‘(x) = 0(zero), then it gives '
F=0= 2x+2=0=>2x=-2=>x=-1

This shows that the given function f(x) is neither increasing nor decreasing at a
vertex (—1,—4).

Typically the extrema of a continuous function occur either at endpoints of the
interval or at points where the graph has a "peak” or a "valley" (points where the
graph is higher or lower than all nearby points). For example, the function f (x) in
figure (3.7) has "peaks” at B and D and "valleys" at C and E. Peaks and valleys are
what we call the relative extrema.

The exact location of a relative maximum or minimum rather than a graphic’s
approximation can normally be found by using derivatives. The concept developed is
as under:

Let f (x) be a function as a roller coaster track with a roller coaster car moving
from left to right along the graph in the figure (3.7). As the car moves up towards a
peak, its floor tilts upward. At the instant the car reaches the peak, its floor is level,
but then it begins to tilt downward as the car rolls down toward a valley.

At any point along the graph, the floor of the car (a straight-line segment in
the figure) represents the tangent line to the graph at that point. Using this analogy,
we see that as the car passes through the peaks and valleys at B and C, the tangent

P .
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> line is horizontal and has slope 0. At peak D and valley E, however, a real roller
coaster car would have troubled. It would fly off the track at peak D and be unable to
make the 90°change of direction at valley E. Here is no tangent line at D or E,
} because of the sharp comers.

Thus, the points where a peak or a valley occurs have this property: the
} tangent line is horizontal and has slope 0 there or no tangent line is defined there. The
slope of the tangent line to the graph of the function f(x) at a point P(x, f(x)) is the
’ value of Lhe derlvatlvc f (x)

; @

> Relative Maximum and Relative Minimum: The function f (x) is said to have a

)> relative maximum at a number ¢ if f{c)2 f{x)for all x in an open interval containing .
Also, f (x) is said to have a relative minimum at a number d if f{d)< f{x) for all xin
an open interval containing d. In general, the relative maxima and relative minima are
called relative exirema.

Critical Values and Critical Point: Suppose f (x) is defined at a number ¢ and
either f ‘tc)=0 or f /(c) does not exist. Then the number ¢ is called a critical value of
f(x) and the point P(c, f (c)) on the graph of f(x) is called a critical point.

Note that if f (c) is not defined, then ¢ cannot be a critical value. If there is a
relative maximum at c, then the functional value f {c) at that point is the maximuem
value. Similarly, if there is a relative minimum at c, then the functional value f(c) at

)
)
)
)
’ | t.hat point is the minimum value. T
)
)
)
)

3.43 [Criﬁcal Values]: Find the cnncal valtes fi for the fouomg; unctions:

Solution:
a. The first derivative of the given function is:

—

147

—

e

Jl
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flx)=124*-10x-8

fix)=12x*-10x-8is defined for all values of x. Set f'(x)=0 to obtain the
cntlcal values

.Pu

fl(x)= 12x —10x-8=0 = 2(3x- 4}(21+I,im'0 = X= 5 %]
b. f.Thc first denvanve of the glven funl:uon is:
4) .
A= 2E0. -
A2 ] e
The denvanve is not deﬁned at x=2, also the original function f . t,I is not defined
at x =2. So x =2 is not a critical value. Set f (x}: {} to obtain the other critical
values:

. e

i f()-;(xz?—o = x(x 4} 0 = _1-_04 \

c. The first denvaﬂve; of the given funcuon 1s:
flx)= 6x V2 =342
The derivative is not defined at x =0, but the original function f (x) at x=0 is
f10)=12(0)"-2(0* =0, which is defined. So x=0 is a critical value. For
_other critical values, set f (x) 0 to obtain:

L T

—! !' /'“§~ =l |
f(x)= 6x2-3x2—0=>3x2(2 x) 0=> 2-x= 0:>x 2

Thus, the critical va]ucs alex-O 2

f :Thenrem 3.2: [Gritical Value Theorem] Ha contmuous function f (x) has a relauve .
. extremum atc, thcn ¢ must be a critical value off(x)

» Example 3.44..[Determinahon of intervals on which a Euncﬁon is mcreasing or
I decreasinﬂ The function f (x) is defined by f{x)=x’-3x?-9x+ 1. Determine the
' .mti:ﬂa]s at which the function f(x) is strictlyiincreasing or decreasing.

Solutlon
First, we need to find out the derivative of the glven function, which is:

fl(x)=3xc*-6x-9
For critical values, set f (x)=0 to obtain;
I ~6x~-9=0=3(x+1)(x-3)=0=>x=-13
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These critical values divide the x— axis into three parts, as shown in the fig.3.8.
Next, we select a tyyical number from each of these intervals. For example, we
select -2, 0 and 4, evaluate the derivative at these values and mark each interval as
increasing or decreasing, according to whether the derivative is positive or negative
respectively. This is shown in Fig.3.8

[
DL A
2 3 4 5
= *  Fg3s G2
: R
Thus, the function f (x) increases in the intervals for x< -1 and x > 3, but / )
decreases in the interval —1< x <3. xﬁ. {

@) Example 3.4.5: Draw the function fix)=x"-3x%-9x+1 and its derivative g )
fix)= 3x*-6x-9. Use these graphs to tell about the following questions:

2. When flx)is positive, what does that mean in terrus of the graph of £ (x)? <W._,-
b. When the graph of f(x) is decreasing, what does that mean in terms of the graph y/
of f{x)? x}\‘({;’
Solution: The graphs of fix)=x"-3x*-9x+] and f{x)=3x’-6x-9 are shown in ({ '-;}
figure (3.9): ) ) ,I\.
&/
\¥/
/A\
(&
III:_.-' AN .}

.
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These graphs develop the idea that the critical values of f (x) are always
intercepts for the graph of f/(x)= 3x*-6x-9:
o If f{x} is positive, then f (x) is increasing.
s If f{x} is negative, then f(x) is decreasing.

F}) hfﬁ’i;j ‘tidmvaave rule to find the extrome values of @
g E L; = k3 5 - i’ ‘ﬂ' ."“’! ' '\F:Eh Fﬁﬁ_ﬁ bl—.:.:.-uf:;-.:’ "

The first denvatlve of a function can be used to determine whether the
function is increasing or decreasing on a given interval. We shall use this information
to develop a procedure called the first derivative test for classifying a given point as
a relative maximum, a relative minimum, or neither.

The steps involved in first—derivative test for relative extrema are the
following:

1. Find all critical values of f (x). That is, find all numbers ¢ such that f (c) is
defined and either f{c)=0 or f{c) does not exist.

2. The point (¢, f (c)) is a relative maximum if f{x)>0 (rising) for all x in an
open interval (g, ¢) to the lefi of ¢, and f{x)<0 (falling) for all x in an open
interval (c, b) to the right of c.

3. The point (c, f (c)) is a relative minimum if f{x)<0 (falling) for all x in an
interval (@, c) tothe left of ¢, and f{x)>0 (rising) for all x in an open interval
(c, b) to the right of c.

4. The point (c, f (c)) is not an extremum if the derivative f{x} has the same sign
in open intervals (a, ¢) and {c, b) on both sides of c.

In light of first-derivative test, the function f{x)=x’-3x*-9x+1 (example
3.4.4) has the critical values -1 and 3. The function f(x) is increasing when x <-1 and
x>3 and decreasing when —1<x <3. The first derivative test tells us that there is a relative
maximum of 6 at x= —1 and a relative minimum of ~-26 at x=3.

Solution:
The first derivative of f (x) is:
flx)=6x*+6x-12= 6(x+2)(x-1)
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Set f{x)=0 to

FRE TR

obtain the critical values:

ity by

} _ To test the critical values —2, 1, we can use the test values -3, 0 and 2. Man
& y
) other choices of the test values are also possible, but we try to select numbers that

} \\, - will make the computations easy. This is shown in the figure (3.10).

The test values -3 and 0 are used for the critical value x= —2 to obtain:

A The value of the derivative is positive (rising) to the left of -2 and negative /A
") (falling) to the right of —2. Thus, x= _2 leads a relative maximum point (&
A-2)=2-2)+3(=2f—12(-2)-5=—-16+12+24-5=15. :

The test values 0 and 2 are used for the critical value x=1 to obtain:

Vr

* £10)= 6(0+2)(0-1)=~12 (negative)
| fl2)=6(2+2)(2-1)= 24 positive)

J The value of the derivative is negative (falling) to the left of 1 and positive
_ ) (rising) to the right of 6. Thus, x=1 leads a relative minimum point.
fil)=2(1)+3(1)—-12(1)-5=-12

Thus, the arrow pattern in the figure suggests that the graph of f (x) has a
relative maximum at (-2, 15) and a relative minimum at (1,-12).




") The Second-derivative rule to find the extreme values of @
Junction at a point

4 Concavity: A portion of a graph that is cupped upward is called concave up, and a

' portion that is cupped downward is concave down. Figure (3.11) shows a graph that is
concave up between A and C and concave down between C and E. At various points on
the graph, the slope is indicated by “arrows,” and we observe that the slope increases
from A to C and decreases from C to E. This is not accidentally, but under the rule “the
slope of a graph increases on an interval where the graph is concave up and
decreases, where the graph is concave down”,

Conversely, a gfaph will be concave up on any interval where the slope is
increasing and concave down where the slope is decreasing. The slope is actually the
derivative f‘(x)of a given function f(x). It is reasonable to expect that the graph of a

given function f(x) is'concave up when the derivative f'(x) is strictly increasing and
concave down when the derivative f'(x)is strictly decreasing. Through theorem
(3.1), the graph of f(x) is concave up when the second derivative i)
satisfies f“(x)>0.The graph is of course concave down when f(x)<0. This
observation is used to define the concavity.

Definition 3.4.1: [Concavity]: The graph of a function f (x) is concave npward on/an | | .

open interval (a, b) where f(x) >0 and it is concave downward where £(x) <0.
Inflection Point: In general, an inflection point is a point P(c, £ (c)) on the graph of a
function y = f (x) at which the concavity changes from upward to downward or from
downward to upward. In order to change the concavity at a point, the derivative
Jf{x)must changes sign at that point. ! |L.e
‘Theorem 3.4.2: [Inflection Points}: If y=f (x) is continuous on (2, b) and has an
inflection point at x=c, then either £*(c) = Oor f*(c) does not exist.

]

s
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Note that the inflection points can occur only at partition numbers of £ (x), but
not every partition number of f“(x) produces an inflection point.

A partition number ¢ for f*(x) produces an inflection point for the graph of f
(x) only if:
®  f“(x)changes sign at partition number c.

* partition number c is in the domain of £ (x).

Thls is summanzed ina box :-; #
1 ApointP(c,f(c))onthegraph of a differential fanction y:f(x} where the ¢ 5
_ mnmwtychangwisuﬂdapumtofinﬂecﬁon. S
2. If a function has a point of inflection P(c,f(c)) at & partition ¢ and it is possible { )
b dlﬂ’erentjafﬂle function twice, then f*(c)=0. P §
Y Enmpk 347:[C 7"[Concavity] Test the function ﬂx) 76 % 25 9et ] for concavity? : :.,_'I;'
| Is there any inflection point? ©
Solution: The first and second derivatives of the given functmn are the following: IR
fix)=3x*-12x+9 /A
f7(x)=6x-12=6(x-2), partition point is 2 x{
If x<2, say, x=1, then f"(1)=6(1-2)=-6 <0, s0, the graph of f(x) is concave "‘{vv- /
down forx < 2. ; {»il“-.' \
If x>2, say, x=3, then f°(3)=6(3-2)=6 >0, so, the graph of f (x) is concave A\ /4

up forx > 2. - - A\

—_

Thus, the graph of f (x) has an inflection | f{,r)
point at x=2. Put x=2 in the given functlon|

fix)=x"-6x"+9x+1 to obtain an inflection point |

(2, 3). This is the point at which concavity changes. |
This is shown in the figure (3.12).

=
.-"F”h‘\

e -».,_,f".“u-"""\l' .
b
.-._
- .

classify a critical point P(c, f(c)) on the graph of f(x) |
by examining the sign of f"(c).Specifically, if
f(©)=0 and f"(c)>0, then there is a horizontal |
tangent line at P and the graph of f(x) is concave up |
in the neighborhood of P. This means that the graph |
of f(x) is cupped upward from the horizontal |

} The Second-Derivative Rule: It is often possible to




L

e

Similarly, we expect Ptobe a relative maximum, if f(c)=0 and f "(c) <0, because
the graph is cupped down beneath the critical point P, as shown in Fig. 3.13(b)
fl©)=0 %@

el
tangent at P and to expect P to be a relative minimum, as shown in figure (3.13(a)). %
4

| Unit-3 | ' Tﬂﬁgﬁﬁi?w{mﬁvqﬁggd;éppﬁlicaﬁoﬂs.3’ ﬁ
: . _ —e——l

e

-L

P
FO<ON\fx)<0

&

L L%

' f'x>0
<0 f(c)>0 (x>0

)
4
\
] ,
f &) " :
£

g T = ; )}

m c n
(a) f'(c)=0and f(c)>0 (b) f'(c)=0and f(c)<0 {
implies f (c) is a relative minimum implies f (c) is a relative maximum ‘1
Fig. 3.13 . y/
In other words, A\ |

The Second Derivative Rule for Relative Extrema: Let f(x) be a function such that
ftc)=0and the second derivative exists on an open interval (a,b) containing c.

1.

3.

vi)

o The point P(c, f (c)) is said to be a relative maximum, if the slope f {c)of the /

tangent line from left to right along a curve through P, is decreasing from '\
positive to zero to negative and the second derivative f”(c)is negative.

The point P(c, f (c)) is said to be relative minimum, if the slope f ‘(c}of the
tangent line from left to right along a curve through P, is increasing from
negative to zero to positive and the second derivative f(c)is positive.

These observations lead to the second—derivative test for relative extreme.

-

> N

o

If £7(c) > 0, then there is a relative minimum at x=c and the graph of

fi(x) is concave up in the nei ghborhood of P{c, f(<)).
If £(c) <0, then there is a relative maximum at x=c and the graph of

:?:wﬁ:\d.’_

f(x}is concave down in the neighborhood of P(c, f(c)). \ |
If f7(c) =0, then the second derivative test fails and gives no information. 5;'1"
\

Use of second-derivative rule to examine a given function for
extreme values ‘

Example 3.4.8: Use the second-derivative test to determine whether each critical value ‘
of the function f(x)=3x° -5x’+2 cormresponds to a relative maximum, a relative
minimum, or neither. ‘

-
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Solution: The first and second derivatives of f (x} are the following:
Flx)= 15x" - 15x% = 15x%(x- 1 ){x+ 1), f*(x)=60x" - 30x = 30x(2x*- 1)
Put f{x)=15x*-15x = 15x*(x-1)(x+1)=0 to obtain the critical values 0, 1
and -1.
The second derivative f7(x) at a critical point x=0 is:
F(0)y=30(0)0-1}=0
The critical value x=0 declares the failure of second derivative test.

The second derivative f“(x)at a critical point x=1 is:

SfH=30>0

The critical value x=1 leads to a relative minimum of f{)=3(1)-5(1)+2=0.

The second derivative f”“(x)at a critical point x= —1 is:

F(-D=-30<0

The critical value x = -1 gives a relative maximum of f{-/)=-3-5(-1)+2=4

The second derivative test works only for those critical values c that make
ftc)=0. This test does not work for those critical values ¢ for which f’(c) does not

exist or that make f“{c)=0. In both of these cases, use the first derivative test to
pmceed the pmcess of relative extrema.

Solution: 'I'he total cost of the tnp in dollars is the product of the( number of gallons
_ per mile)(the number of miles)(the cost per'gallon) that develops the rule:

2 2
C(x)= 1 [800+x" (1000)(2) = 8000+ 10x”
200 x X

The independent variable x represents speed, only positive values of x make
sense here. Thus, the domain of C{x) is the open interval{0,oo )and there are no
end points to check.

The first and second derivatives of C(x} are the following:

. 10x” - 8000 ]6000
C(I)=0JCT, Cx)=

Put C’(x)=0 to obtain the critical values:

10x? - 8000

xi

=0 =10x*-8000=0 = x*=8000 = x=1283mph
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The only critical number in the domain is x = 28.3. The second derivative test
at a critical value x=28.3 is:

C*(28.3)= 16090 -=0.72>0
(28.3)

The second derivative test shows that the critical value x=28.3 leads to a
minimum value. The minimum total cost is found by inserting x=28.3 in the cost

function : 8000+ 10(28.3 )

C(28.3)= = 5635.69dollars
28.3
1. a Whatisthe fist-derivativetest?
b. What is the relationship betwccn the graph of a function and the graph of its
derivative?

c. What is the second—derivative test?
d. What is the relationship between concavity, points of inflection and the
second—denvahve tcst‘? o

Fmd' thelcnuealivalueslof the giVenﬁ,mlcmns mdishomkwheﬂﬂxerfuncnon is
‘mcreasmg andiwhere it is dex asm le;-each  critical pﬂmt and label it as a ‘

 relative) maximum, a rclauvg: :mum%or peither. j___g_‘__#_
a fix)= X +35°7+1 b. fix)=x’+355%-125x-9.375
3. Find the critical values of the f RO VR e |
a. fix)=2x"-3x%-72x+15 b. _ﬁx)=§x’-x -15x+6
c. fix)=6x*7-4x d. fix)=3x"-12x"

T

Determme whuﬂmrame glven mnc:tion has.aaurelanve maxlmum, a relative .
nnnmmm, orr nelther at' the - given cntlcal'values for the followmg problems

a. fix)=(x'-3x+1) =0atx=1;x=-1
b. fix)=(x*-4x+2) atx=1
c. fix)=(x*-4)(x*-1) atx=1;x=2

d f(x) {/x 48 atx-4

F'md all‘relatlvc extrema of theifollowmg funcuons il ]_ il ' :

a. fix)=x"-3x+1 b. fix)= 'c3+6x +9x+2




a. Suppose f(x) is a differential function with derivative
fla)=(x-1)(x-2)(x-4)(x+5 )’ '

Find all critical values of f(x) and determine whether each corresponds to a
relative maximum, a relative minimum, or neither.

A company has found through experience that increasing its advertising also
increases its sales up to a point. The company believes that the mathematical
model connecting profit in hundreds of dollars P(x) and expenditures on
advertising in thousands of dollars x is:
P(x)=80+108x-x*, 0<x<10
a. Find the expenditure on advertising that leads to maximum profit.
'b. Find the maximum profit.
The total profit P(x) (in thousands of dollars) from the sale of x hundred
thousands of automohile tyres is approximated by ;
Plx})=—~x"+9x*+120x-400, 3<x<I5 .
Find the number of hundred thousands of tyres that must be sold to maximize
profit. Find the maximum profit.
The percent of concentration of a drug in the bloodstream x hours after the
drug is administered is given by:

4x
x*+27
a. On what time intervals is the concentration of the drug increasing?
b. On what intervals is it decreasing? '
c. Find the time at which the concentration is a maximum,
d. Find the maximum concentration.

Kix)=

A diesel generator burns fuel at the rate of

G(x)= i[i?g + ZxJ
48

X

gallons per hour when producing x thousand kilowatt hours of electricity.
Suppose that fuel costs $2.25 a gallon and find the value of x that leads to
minimum total cost if the generator is operated for 32 hours, Find the

minimom cost.
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Glossary

= The second denvative of y=f{x} can be written with any of the following nétations:

‘;x’, . ¥ £1%, DILAX]

The third derivative can be written in a similar way. For 2 2 4, the nith derivative ts written as f M x).

= The second denvative of parametric functions x(1) and y(t) can be found as follaws:

dt d® dt dr’ dr_ 1

px 5 , Put—=
(%)

= (@)
dt
= The popular notstion for the Taylor series of order n is:
Azt W)= M x0)+ [ xo I+ £ (x.,)—+ o)
s ‘The popular notation for the Maclaurin's series of order n is:
2 n
1l xo+ hy= f1O)+ f’(O)h+f”(0)%+...+ f"m)%;af...

&  If two lines are parnllel, then their slopes are equal.
ii, I two lines are perpendicular, then the product of their slopes equals —1.

{ii. The tangent equation at a point P( xg, ¥, )is{y = ¥, )= m{x-x, ).

iv. The normal equation at a point Pf xg. Yo Hs(y - ¥, J= i{x - Xy b
m
« Theorem: [Increasing & Decreasing Function Theorem]: If f(x) is differentiable on the open
interval (a, b). then the function f(x}is
strictly increasing on (a, b) iff’(x) >0 fora<x<h.

strletly decreasing on (a, &) 1ff’(x)<0fura<x<b.

s Theorem: [Critical Value Theorem]: If a continuous function £x) has a relative extremum at ¢,
then © must be a critical value of f(x).

s The graph of a function f (x) is concave upward on an open interval (@ &) , where
f*[x)> 0, and it is concave downward where f7(x)< 0.

= Theorem 4.3; [Inflection Polnts]: If y=/(r) is continuous on (g, b) and has an inflection
point at x=c, then either f(c) = O or f () docs not exist.
i. A point P(c, f (c)) on the graph of a differential function y=f(x) where
the concavity changes is called a point of inflection.

ii. If a function has a point of inflection P{c,f (c)) al & partiton ¢ and it is possible to
differentiate the function twice, then f (¢} = 0.

T P N

e
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— DIFFERENTIATION OF VECTOR
4 | FUNCTIONS

This unit tells us, how to: I
define the scalar and vector functions with the understanding of its domain and range. |
define the limit and continuity of a vector-valued function.
demonstrate the properties of limits of a vector-valued functions, such as the sum and
difference, dot product, and cross product of two vector-valued functions, the product
of a scalar and vector-valued functions .
define the dferivative of a vector-valued function and to elaborate the Leibnitz result.
prove the vector-valued differentiation formulae, such as the constant rule, linearity
rule, scalar multiple rule, quotient rule, dot product rule, cross product rule, and chain rule.
apply vector-valued differentiation to particle’s position vector R(1) and its velocity
V() and acceleration A(t).

| |

"4.1 > [ Scalar and Vector Functions
The relationship of calculus and vector methods forms what is called
vector calculus. The key to use vector calculus is the concept of a vector
function. In this unit, we introduce such functions and examine some of their
properties. We shall see that vector functions behave very much like scalar

functions. ‘
i) Definition of scalar and vector functions

Definition '4.1.1: [Scalar Function]: A function f (x) is a rule which operates
on an input x (x is any scalar quantity) and produces always just a single scalar
output y. This gives a proper notation of a scalar function:

y=f(x) (1
For example, .

1. C()=2x + 2 is a cost function that depends on x number of units of items.
Here x is the input, y is the output and C(x) = 2x + 2 is the rule which
operates on an input x to produce a single output quantity y.

In response of x = 2 items (2 is scalar), the cost (cost is also scalar) is:
C(2)=2(2)+2=0 rupees.

This function is then called a scalar (single variable) function;
because it transforms one input x to produce just one output C.

o

159
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-2. A(x,y) = xy is the area of rectangle that depends on length x and width y.
Here x, and y are the two inputs and the rule A(x, y) = xy which operates
on two inputs x and y to produce a single output quantity A.

In response of x =2 and y = 1 (2 and 1 are scalars), the area is (is also a
scalar) A (2, 1)=(2) (1)= 2 square units

This function is then called a scalar (double variables) function,
because it transforms two inputs x and y to produce just one output A.

This idea can easily be extended to define a scalar multivariate function.

The uniqueness of scalar function is to transform scalar quantities in a
single scalar quantity. Is there any rule that will transform scalar quantities in
a vector quantity? Yes, the rule is the vector functions. Vector functions are
used to study curves in the plane and space.

Vector Functions: Consider the circuitous path of the airplane. How could you
describe its location at any given time? In this sense, pilots view their cockpit
as the origin, the point from which measurements should be made. Further, an
airplane's velocity determines a specific orientation of space, in terms of which
relative directions such as "behind" and "above are defined. This is shown in the
Fig. 4.1

You might consider the circuitous path of the airplane using a point P(x,
¥, Z) in 3-space, but it turns out to be more convenient if we describe its location
at any given time by the endpoint of a vector in three dimensional space. We
call such a vector a position vector. You should realize that the circuitous path
of the airplane needs a vector for every time in three dimensional space.

. I =~
{0

[
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Figure (4.2) indicates the location of the plane through position vectors
F(t,), F(1,),... at a number of timesz,, 1, ,.... Notice that the function F(t) for

time ¢ =t,,t =t,,....would do the job of vector functions F(t,), F(z,),.... in 3-
space nicely.

The proper notation of a vector function is:
F(t)=(x(1), (1))
=(f (). f )= f (i+ [ (t), 2-space
F(t)=(x(1), (), 2(1))
=(f M FADF A1) 3)
= f i+ f )i+ f{t)k, 3—space
Here £ (1), f o) and f ;(t) are scalar functions of the real number t

defined on the domain D. In this context f ,(), f (1) and f s(t) are called the
components of F (t) in response of independent variable .

2

'
_—
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Let F (£) be a vector function. If the initial point of the vector F (1) is at the
origin, then the graph of a vector F(¢) is the curve traced out by the terminal point
of the position vector F(z) as t varies over the domain set D. This is shown in the

figure (4.3):

F@)=(t+1)i+(r*-2) _ @
Solution: The graph is the collection of all points (x, y) withx=¢+1, y=¢*—2
for different values of t. The vector function F(t) is used for t = 0, 2, -2 to obtain

the position vectors:
t=0 =  F0)=(0+1)iH0-2)j=i-2j=(1, -2)

t=2 = F(2)=(2+1)i+(4-2)j=3i+2j=(3, 2)

t=—2 = F(=2)=(- 2+1)i+(4 -2)j=—1+2j=(-1, 2)

We plot these position vectors in figure {4.4a). The terminal points of all
position vectors F(0), F(2), F(-2) lie on the curve described parametrically by,

x=t+l, y=t*-2,teR :

For elimination of parameter ¢, we set t=x-1 iny= t2—2to obtain the
curve in xy-plane:

y=t'~2=(x-1) -2

-
r



S

. i

Maths - 12 [HiGikaaN

Notice that the graph of-this vector function is a parabola opening up,
with vertex at the point (1,-2), as seen in figure (4.4b). The small arrows marked
on the graph indicate the orientation, that is, the direction of increasing values
of t. If the curve describes the path of an object, then the orientation indicates
the direction in which the object traverses the path. In this case, we can easily
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determine the orientation from the parametric representatic., of the curve. Since
x=t+ 1, we observe that x increases as { increases.

set of all t v :l“' L.A:.]L.L_é'.&h
mction F(r and the set of F(
' ﬂ,itatﬁ;dﬁ*'ﬂmr a

Solutlon.
The vector function is:
F@)=(£), £, () =263 +1k
The function f,(¢) =2¢ is defined for all t; f,(r)= 3¢t is defined for all
values of t; f,(t)=1" is defined for all values of t except ¢ =0. Thus, .
the domain of the function F(t) is R — {0}

o Operations with vector functions
It follows from the definition of vector operations that vector functions
can be added, subtracted, muitiplied by a scalar function, and multiplied

tcgethcr

duct: (F.GY=F(t). G (1)
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Solution:
- a. FF(f)=1t%+t—sintk land G(t)=ti+t" j+5k,then

(F+G)(t)= Fn+G()
= (Pt sint k) + (i 74 5K) = (P4 i+ (e 417 ) +(5— sint)k
b. (¢F)()=€F@n)=¢ (Fi+4 ~sintk)=¢'fi+e'tj—e'sintk
C.. (FxG)(®)= F(t)xG(1)
= (t2i+rj—sintk)><(ti+1‘"j+5k)

= 5t+%m-)l—(5t +iasint) j+ (¢ —1)k

\
d. (F.GX¢t)= F(1).G(t)

= (,2;+tj—sintk). (ti+t".i+5k)

= +1-5sint, Li=jj=kk=1

427w [ Limitsand Continuity |

For the most part, vector limits behave like scalar limits. The proper
definition of the limit of a vector function is given below.

.m “‘B E\’ r‘vl -, COI !'_.:.‘J‘_J_{
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lim F(1)= lim[ £ (0)i+ £ {0)j + £ 40K]
=[!an.:frw]“[ﬂsfaw]ﬂ[&ifsfw]k

lim F{t)= 1}3;[ fAi+F i+ f ,r:)k_]
= [lim(t2 —3}]1’ -i-[lim(e' )] j +[I.im sin m]k
=(4-3)i+e’ j+sin 2k =i+e _], sin2r=0

The following theorem contains some useful gencral.propemes of such limits.

Theorem 4.1: [Rules for Vector Limits]: If the vector functions F(t) and G(t)
are functions of a real variable t and h() is a scalar function such that all the
three functions have finite limits as ¢ — ¢,, then the limit of the

e Sum: i pjﬂ[m}w{o}:m F(:j+y_33 G(t)
o Difference: !i_l}':[F(t)-G{r)=liﬂ F(t,l-}i_{]: G(t)

¢ Scalar multiple: !i_g:[h{t)F(tﬂ: [3_12 h(t)] [}35.1 F(t)]
e Dot product: }i_{g[F{t).G{t}]:[li_.n': F(t)].[!i_g: G(r)]

o Cross product: -lim[F(t)}xG(t)]=[lim F(t)]x[lim G(:)]

These limit formulas are also vilid ast = teo, assummg all limits exist.
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_Thatls t>0 and 1t £ 1,

Theorem 4.2: A vector function F{t)= ( FAL A0, f J(t)) is continuous at
t=1,, if and only if
1. F(O)=(f 1) f A1), f 1) is defined at 1 =1,.
2. all the component functions f (1), f (1), f,(¢) are continuous at t=1¢,:
limﬂ(r)= ﬂ(ro), limfz(t)= fz(r ). lunfg(r) S f,,(rﬂ

P -.._n_._.r

Solnhon' The components of a vector function are:

fA=sing, f)=(1-t)', teR
The functionf ,(r)is continuous for all t; f ,(r)is continuous where
I—t#0 (t #1). Thus, F(t) is continuous, when t is a positive number other than 1.

TR v‘n"_h.“v__'_

Example: 4.2.3: [Continuity of a Vectorg ,‘ etfant: -For what: v
1t .-,.~ Ry W e}

F(t) (smt(l t) Int)contmuous? f_& FoA U :
Solnhon. The componcnts of a vector function are; _

fA=sint, f)=(1-t)"', fqt)=Int, teR

The function fi(z)is continuous for all t; f,(t) is continuous where
I—t#0 (thatis, where ¢ #1); £;(1) is continuous for t>0. Thus, F (t} is continuous
function whenever t is any positive number other than 1. Thatis ¢t >0, ¢ 1.

. o ety

1. Find the domain for the following vector functions:

S D B

a F(t)=2ti-3tj+t'k

b. F)=(I-8i+Jtj—(@-2)"%k
c. F(t=sinti+ cost j+tantk

d. F{t)= cosii—cott j+cosectk

e. F(t) + G(1), where F(t)=3tj+17%, G(t)= 5ti+J10~—1j
f. F(t)—G(t), where F(1)=Inti+ 31— ¢’k, G(t)=i+51j -’k
g. F(t)xG(t), where F(t)= %1+ 2tk, G(t)=(t +2) i +(t +4)i —J—tk
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F(t)= 2!1-—5j+t2k, G(t)= (1—t)i+?k, H(t)=sinti+e'j:

a. 2F(1)-3G{1) b. F(1).G{t) c. G(t).H(1)
d. F(r)xH(t) e. zg‘F(t)-i-tG(t) +10H(t)

.hm[3t1+e2';+smmk] b. li [_5'““‘"”‘:1
t+t-1

c. im

1=l

r =
n hm[ ey Tie j] 4 hm[smt 1- cost "'k]
!

=0 f—o'  cost 04 Ot

[t’—], 2-3t42
+

2+ ek
t—Il tP41-2 +( e ]

fim an3ti+ln(smr)j+fk
=0 sin2r  In(tant)

=1

g Lim[21i—3j+e k] h. lim[(zi—(i+e'k)><{:1i+4sintj) ]

2. F(t)= ti+3j—(1—t)k b. Gm_ it

I+j‘
+1

d. F(t)=¢'sinti+e costk

e. F(t)= e(r:+r i+ 3k) fc;(t,:_"’ji‘&

(43| [ Derivative of Vestor Fénction |

In unit-3, we defined the derivative of the scalar function f(x) which is

G()—

the limit as Ax — 0 of the difference quotient %- It was the scalar derivative

of a scalar function. Exactly, the derivative of a vector functions is the limit as

.

-
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AF = F(r+Ax)-F(t)
At

At —> 0 of the difference quotient
F(t). This is shown in figure (4.5(a) + (b)).

of a vector function

In other words, as At — 0, the dffference quotient %appmaches a

vector F'(t) which is tangent to the curve C at the terminal point of a vector F(t).
This is shown in figure (4.5(c)). Gl

Definition 4.3.1: [Derivative of a Vector Funétion]: The derivative of a vector
function F() is the vector function F’(¢)determined by taking the limit of a

difference quotient—:
d At

F'(1)=lim=5 = an(“”i‘t"F", when this limit exists (6

a—0 Ay a0
1o
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In the Leibniz notation, the derivative of F (t) is denoted by:

* . =
dF _ m_éf__ lim F(t+At)—F(1) )
dr a0 A a0 At
In this situation we say that the vector function F(t) is differentiable at a
point t=¢, if F’(t) is defined at r=1,.

The following theorem establishes a convenient method for computing
the derivative of a vector function.

| Theorem 4.3: [Derivative ofa Vector Functio_n]: The vector function
F())=(f {00 £ A0). FA))= £ {t)i+ {0+ F {0k is differentiable at a point
t=t, whenever the component functions f (1), f. (1), f 3{z‘) of F(f) are all _
differentiable at a point t =1, :

v/ Fio=(£ (0, £, £(0)

f&\\ ) \
v/ = )i+ i+ £k ®
A\ /A
'/ Proof: If a vector function F(t) is differentiable, then their component functions \"
%’A:\ £ thf 1) and f ,(t) exist, then the scalar derivatives f), fi(t) and f/(t) by X?{;
v/ first-principle rule are: \V
\ - : S
2 {
Flt)= i L AG = F(t) : \Y,
At At / A
_ gy LA B0i+f {1+ At + F{t+ADKI=[f,()i+ f,(2) j + fi ()] \¥
T A0 ' At ; Al
: &3
. [ﬁm f»(f'!-Af)—f,(t)]i+[Bm FAt+A)-— mg] j W
A3 Ar S50 At : F i
. y

;[Hm f{t+m)~fxt)1k
A0 Ar

= fl(i+ f (0 + fi(tk
In the Leibniz notation, the derivative of F(t) is denoted by:

AL PR (8)
dt dt], dt : .

=

e — : f e ]
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‘ : Example 4.3.1° {Diﬁ‘erenﬁabﬂity of a Vector thcﬁou] For what values oftis
G{t) =ltli +(cost)] + (1 - 5)k differentiable? 7 a
Solutlon' The component functlons f'2 (t) = COo§ t and f;(#)=r-5 are
differentiable for all valves of t, but Ji{(®) =ltlis not (not continuous at t=0)
dlfferentlable at t=0. Thus the vector ﬁ.mctmn G(r) is dlfferenUable for all t# 0

. Example 4.3.2 [Derivative ol' a Vector Function]: Find the deuvatwe of the
vector funiction F(t)= &' i+ sint j+(r* +5t)k.
Soluhon The denvatlve ofa vector function with nespect to tis:
dF
dr

S e

( )H-—-(sm t)_;+-—(r +5t)k

=g 1+COStj+(3l +35)k
['4.47| ) [ Vector Differentiation

Several rules for computing derivatives of vector functions are listed
below, which can be proved by applying rules for limits of vector functions to
appropriate theorems for scalar derivatives.

7

IR

¢ i) Proof of Vector Differentiation Formulae :
ﬁ:_} If F(t)= f (0)i+ f{1)i+ f ()
\ =(F A1 A1) 1))
{) and G(t)= glt)i+ g (t)i+g ()
_ =(g0).g.(t)h g (1)

are the differentiable vector functions, h(f) is a differentiable scalar function,
and a and b are any scalar quantities, then the differential rule is:

—(w) =i(w,i+ w,j +wk)=0,
o Constant rule: 4t dt
w is a constant vector function

d dF . dG
i ity rule: —(aF £ bG —tb—
. Linearity rule o (a J)=a - =

_-_
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——[ (aF £bG)(t) ]= —[(af, ().af,(1), af;(r)) + (bg {1),bg (1), Ve ,(r))]

= E;[aﬂ (t)Lbg (t).af (1)L bg (1), af;(t)+bg )]
= [afl'(t)_;t bg!(t).af; (1)1 bgy(t).af; (1) bg; ()]
= a( Y1), (0. £;() £b(g{ (1), 83(¢). &5(1))
=aF’ (1) bG'(1)

dF

Scalar Mu!hple rule: di(hF)(t}) = ——F + h-d—t

—(hF)( 1= —-[h( f (0. W) f (1), h()f { tJ]

=h(t)f {t)+ h(t)f, ()+H () f ft}+ h{t)f, (t)+h (1) f 2)+ h(t)fy (1)
=[h'(t)f ft)+h (t)fz(r)+h(t)f,(t)]+[hft)f, (1) +hit)f; (0)+h(2)f; (1))

~dh g pdf
dt dt
. - d(f 1 dF dh
tient rule: —| — |(t)=— h—-—F
*  Quotienere® dt[h)” h?[ dt dt ]

dG

Dot Produet rule: —{F G)(t))—-— G+F.—~

- e e e A a B D

—(F G)(r) = —[f (Vg 1)+ f (0)g {0+ f {1)g ,(r}]
= £ (t)g {0+ f (D8] ()+ f1 (Dg A0+ f (g2 )+ Fy (1)g (1)

+f {1)g;(1)
=[f (Ng (0)+ f; (1)g (1) + FlDg {O1+1F (081 ()+ f (1)g,(8)
+f ()85 (1)]
dt dt dF dG
- Cross .Producgt rule: E;(FXG}(I)=7I-><G+FX?
. i L3 _ dF (@) dh(t)
Chain rule: e (F{h{t)). ” "

—m)
L )
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"

d - d
E(F (h())= E[f ,{_h( ). f A1), f {h(1))]

=f (_h(r))h'(r)f I3 (th()H 1)+ f; (h()K (1)
= Lf (R, f5 (h(1)), £y (R(£))IR' (1))
' _ dF(h(t))(dh(r))

dt dt
We leave the proofs of quotient and cross product rules as exercises
wp | Exampie 441:{Derivative of a Cross Produ

ross Product]: Let F(z)=

G(t)=ti+e j+3k aretl

aras g i -y b - 3
e vector functions. Verify

Fy the deriv:

d dF dG
—(FxGYt)=—XCG+ Fx—
d:( )( ) dr dt

rification, the LHS is:

!—‘ f

Solution: For ve

, i gl pbl
8 J‘_L_ﬂ,ﬂ.;,.- {‘,fh' f —_ ,l‘_:.'-‘ﬂ

Vi
K

dr

aF . .. dG
—= j+20k, —=

—=i+g'j

| -
= (3—2¢e)i—(—202 )j +(~D)k

o .

= 2 |=(=1e)i— (-1 j+ (e =0k
1 & 0
are used in the RHS to obtain

RHS=%—xG+deG

dr
=(3-2t'—1Vi+ (20 +1)j+(—t+' Dk
= (3-2t e )i+ (37 j+(e -200k
which is identical to the LHS. Thus, the LHS=RHS,




G(t)=3t%i+¢"j—2tk are the two vector fanctions and h(f) is any scalar

function, then evaluate the following derivatives:
dff e _ dirt {
a E—(ZFH’G_) | b. Zpr,_g}
Solution:
d : o d .-._r- Vel .'-lf
N ‘;(ZF'lttJG)=E[_2('I+eJ+t.2k)+-_.|:*(3.|:2!+e = 2ik) |

AT

- %[(2 + 3ts)i+(2e'.+::f-‘e"")-j +(2r? -2r‘)k]
=I5t +(2¢' +30 "= %™ ) j+ (41— 80k
= I5t'i+(2e!+ %67 (3—1)) j+4e(1- 2k

il

b (FG)= S+ kG- 20)], tim = k=1

a%(ﬂ’+l—2:3)=6t1»{);§'§}='=-7 ~«6f-60
I L L
Definition 4.4.1: An object that moves ir such a way that its position at any
time t is said to have a
1. position vector or displacement R(t)

2. velocity V =~d?f =R()

2
3. acceleration A= dVem g—g =R"(t)
dr  dt

At any time t, the speed is |V|=|vi+vaj+vk|=vi+Vi+v3, the

magnitude of the velocity and the direction of motion is % !
: » | ,-  Example 4.4.3: [Speed and Direction of a Parﬂde] A par_tinle's'positi‘on at
; time t is determined by the vector R(r)= cosfi+sin#j+;%. Find the particle's
velocity, speed, direction and acceleration at a time t=2. l[nterpret the particle's
L motion. e RN S0 RNV ey (ST s SR e
~ Solution: If the particle’s position at a time t is , then R() = costi + sint j+ 'k
then, the particle's velocity and acceleration are:

<rPr<rs

-

@ X
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V(t)= %?: i[casti+sintj+t3k]= -sinri+co'stj+3t-2k
A(r)_ ﬂ_, i(é_k_)
dr  dt\ d
= :‘i;-[—sinti+costj+3r2k]= —costi—sint j+6tk
The velocity at a time {=2 is

V(2)= —sin2i +cos 2j +3(4)k =—0.91i —0.42f + 12k, use radmns

The acceleration at a time t=2 is
A(2)= —cos2i—sin 2j + 6(2)k =0.42i —-0.91j+ 12k

The speed is IV] J(—shtf+(costf+(3t r= w/1+9t“ At a time t=2,

the speed is v|= ,/2+9(2 —J14

The d1recnon of motion is:
v I . . 2
—=—| -sinti+cost j+3t°k
V| Vids [ 4 ]
At a time t=2, the direction of motion is:
v

1
V|~ V145

[~sin2i+cos2j+12k] = —0.91i-0.42j+12k

1. Find the vector denvauve F'(r) of the following vector funcuons RS
a. Fi)=ti+t?j+(t+1’)k b, F(s)=(si+s j+szk)+(231—31+3.l:}
c. F(8)= c059[1+tan91+3k]
2 I;m;li}v"m(t) and F "(t) of the followmg vector functions:
a. F(ty)=Pi+t" j+e¥k b. F(s)=(1-2s* )i+ s(coss)j -
¢ F(s)=sinsi+cossj+s’k d.F(8)=sin* Qi+cos20j+6 k
3. D1ﬂ"erent1ate the follovwng scalar functions:

a. fix)=[xi+(x+1)j]. [2xz—3x il
b. fix)={[cosxi+xj—xk)l[secxi— x*j+2xk)

¢. g(x)=|sinxi—2xj+cos xk|
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N C ""!—"ef_":i":'.ﬁu"r
e, in space at

a. R(t)=ti+t’j+2tk att=1
b. R(t)=(1-2t)i-*j+e'k at t=0
c. R(1)=costi+sint j+ 3tk at t=n/4

F(t)=(3+1 Ji—(cos3t)j+ % and G(t)= sin(2—t)i - %k
a (3F-2G) (= 3F-2G) b (FG) (0=(F'G))+(F.G)

a. (F.G) (1= (F.G)(1)+(F.G')}(1)

b. (FXG) (1)=(F'xG)()+(FxG')(1)

4 _'“ . : e -_ F t :HI that F 'J]‘b-"ﬁ"‘l."‘xf‘“ 1

e

d _F) _F _[Fo.F(] JF(1)
alFo)| [Fo|  |Fef

D OW
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Glossary

©  The parametric equation for the plane curve C generated by the set of ordered pairs in
2-space is:
(x y)=(x (1) y (1)) = (f (1), g (1))
= The parametric equation for the plane curve C generated by the set of ordered triples "
in 3-space is:
b (xy zh=(x(t).y () z()= (1) g (1) k(1)
> ¢ Continuity of a Vector Function: A vector function F(t) is continuons at { =1, if

! 1, is in the domain of F(r)
b lim F(f) = F(t,)
=y
= Derivative of a Vector Function; The derivative of a vector function F(r) is the vector
> function F’ ( ) determined by the limit
AF . F(r+A1)-F(t
}> F (I ) Im—=lim (_.)__(_).
Ax—0 Af Ar—0 At
t whenever this limit exists. In the Leibniz notation, the derivative of F(t} is denoted by:
dF - Hm AF fim K1+ Ar)— F{r)
dt ar=0 Ar Ax-aD At
b s If an object moves in such a way that its position at any time t is the position vector or

displacement R(t), then the
o velocityisV=%?—=R’(I)

2
) accelerationis A= ﬂ = ﬂ =R"(1)
dt  dr’

0 At any time t, the speed is

> V|=|Vi+vai+vk|= yvi+V3+V3, the magnitude

Vv
of the velocity and the direction of motion is — lVl
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This unit tlis us, how to:
demonstrate the concept of the integral as an accumulator.

know integration as the inverse process of differentiation (antiderivative); explain the
constant of integration; know standard integrals from standard differentiation formulae.
recognize the different rules of integration.

use standard differentiation formulae for the proof of the given smndard iﬁtcgrals.

explain the method of integration by substitution, and its use to evaluate indefinite
integrals, ' R

apply method of substitution for evaluating integrals of some d'i‘fferent typss.

recognize integration by parts formula and its use 10 evaluate integrals of some different
types.

evulunte integrals using integration by parts.

use pama] fractions in integration and its use in a different types of indefinite integrals.
define the definite integral as the limit of a sum.

describe the fundamental thcorem‘o‘f calculus and its recognization in different sitations.
represent the definite integral as the area under a curve and its use in different situations.
apply definite integrals to calculate the area under a curve.

T --1-r"-"""""'7‘f'\l *t"l' 1"-"“"J'-"'\"

[ X -"'I.-
: |'& - \.Li_““ x 11.

WG RS- 5

| an e st 'Cdf{:}ﬁ__,g! On F--c
. appls ;,=--w Lfﬂ.mmmﬁﬁiﬁl bel
ﬁs&iﬁﬂiﬁw*m In this unit, we ¥ mEl-m
of which is called integral calculus. Like d ‘*'s‘:-ﬂ-*w:cmf*ﬁﬂ
th .L}:(f_'fj_},,- egral of a function is a special lim ﬂu“ﬁr"f_ 1; diverse application
Geometrically, the derivative is related 10 mrﬂe : W*‘gnu'r-wm the :
curve, while ;_ﬁ,-j_h_f";u'”g' "Lw.u'i' def; “”-"L‘ TEF'L hﬂi' 1t :r'. -"i:.h'.ﬂ_'*_- -
area under a curve. Kl elgesd 1 ¥

.

Functioi ;'I--r 'jr"l. !‘E“iﬁl_*l*? ] -l3| r-,;_c ous unl ___jll hﬂ]- gui l";-'ﬂ,,r"{"ﬁ"“i?l
.{?LG-L" ‘\.m ATAC (-"L'r['-!.’__ faty, _hfgi-g ?.I.T'ﬂ_ ’J‘ﬂ-h.ai r'f'".r\'i){,".v‘-—ﬁ-rrﬁl
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. Solution: From the definition of an antiderivative, it follows that the function

- this antiderivative will not be the only one. In the Example 5.1.1, we will take the

gallons of oil or distance. Derivatives of these functions provided information
about the rate of change of these quantities and allowed us to answer important
questions about the extrema of the functions. It is not always possible to find
ready-made functions that provide information about the total amount of a
quantity, but it is often possible to collect enough data to come up with a function
that gives the rate of change of a quantity.

Accumulative point of view is that the derivative gives the rate of change

when the total amount is known; the reverse process of derivative gives the total
amount of a quantity, when the rate of change of a quantity is known. This reverse

'process of derivative or antiderivative or antidifferentiation (inverse process of [ j
differentiation) is the main topic of this unit. A}
ii)  Integration as inverse process of differentiation W ff

If F(x) is any unknown function and its derivative is F'(x)= f(x), say, \Y/
then the reverse process is to give a function F(x) such that its derivative F’(x) is
equal to f(x): ) ?{_."

F'(x)=f(x) - /A
Definition 5.1.1: [Antiderivative): A function F(x) is called an antiderivative of )}/

a function f(x) on the interval [a,b], if at all points of the mterval the identity, ~ /{4
F'(x)= f(x)is true. 'W’f

Example 5.1.1:[Antiderivative]: Find the antiderivative of a function f (x) = 1*.

3 .
F(x) -—-%has an antiderivative of f(x) = x?, since F'(x) = f(x) = x*.

i) The cancept of mtegratwn

It is easy to see that if the given function f(x) has an antiderivative, then

following functions as antiderivatives
.1 | - |

Fl(x)= —+1 F(x)-%—-'i ........ ,F(x)=%+C.

of a function f(x)=x?, since F'(x) = f(x).
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3
- It may be proved that the functions of the form %—-&C for any constant

value of C exhaust all antiderivatives of the function f(x)=x".This develops a
consequence of the theorem:

: 'Jmﬁv‘%(bjmlm (x)are the derivatives of F(x): ctL* ft*#‘ L::myv‘*- wcj'
the definition of an antiderivative,wehave 0
F®)=f@®, F®=7® 2
If we put the difference of F (x) and F,(x) by
F(0)~Fy(x) = cp(_x),

F@®-Fw=f®0-f&
—d—(Fl(.t)—FZ(x)) =0= i(q,_(x)) —0> ¢x)=0

From ¢’ (x) =0, it follows that ¢(.1] C is any constant quantity. It follows that if a
given function f(x) has an antiderivative F(x), then any other antiderivative of f(x)
will be of the form F(x)+C, for any constant value of C.

The process of finding antiderivative is then called the antidifferentiation
or inverse of diﬂ'eréntiation or integration.

n"‘rﬂ. L:a. Y
;&ﬂﬁ?”!i , denote

j]’f{@m—:mzm; if

-_— o e e e . D
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The variables other than x can also be used in indefinite integrals. For
example,

IZra't=t’+C, since %(IZ+C)= 2t,

IZudu =u’+C, since —ad—(uz +C)=2u
u

i)  Standard- integrals through stand

formulae

If f(x) is any function of x, then in different situations, the mtegral of f(x)
can be found directly in light of definition 5.1.2 from the chart of integrals and its
differentiation formulae. The truth of the integrals can easxly be checked by
differentiating the right side of the integral which always equals the integrand.

Differentiation 1m

' TR

2 cuidcn

e e, gl i i g i gl gl gl Wl Wb s il e g, i gl gl g i
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Pl ',-v s -~
e the chart of integral folm

. a Formula serial number (1) for n=1/2 is used to obtain:

¥y 13 3 X 3 : L
™ Ix dx——+C-—+C +C

N e B

3 :

b. Formula (1) for n=-3 is used to obtain:
-2

j—-dx —+c—x—+c_—i+c
=341 -2 2x?

==

lv1

LS
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o Recognization of —-—[ I f (x)dx] f(x)
It is extremely important to recognize that differentiation is the inverse
operatlon of mtegranon &)

The notations (4) and (5} are 1llustrated by the fol]owmg examples Let us
begin with (4). If f(x)=x",then the 1_gtegra1 of f(x) is:

This illustrates that the derivative of the integral of f(x) is equal to f(x).
Now look at (5). If f(x)=x"and f' (x) 3x?, then the integral of f'(x) is
E ﬁﬁ%%:ﬁ]wh@

" This illustrates that the integral of the derivative of f(x) is equal to f(x)
plus a constant quantity C..
This is summarized in a box:

If all integrals exist, then:
I —@[ﬁﬁﬂa}:;ﬂcm 225115 v"'""'t = f nfw‘#@




To eStdbllSh that thc expressmns to the right and left are the same in. the
sense indicated above, it is necessary to prove that their derivatives with respect to
X are equal Then the derivative of (6) w.r.t x is: ~

«ﬁbﬂj}aﬁt’ £

¢ %) @T@er

c\sum of two or more functions is

The indefinite integral of an algcbral
equal to the algebralc sum of thelr mtegrals x

5-:5;# gﬁail* dv= =Jr]fiﬂ&.i"h1hﬁn st:v*r]

0@ =f+8@)

The denvatives nf the right and left sides of (9) are equal, therefore as in (8).
These rules are ‘summanzed in a box: -

ﬂi}fiﬁié 'Ln .'i 1['1'3.._11.’

ﬂm:m [k fdx=k f(x)+C
Re Iﬂﬁﬁﬁr {1@?"7” [ fix)dx+(g 2 {(x)dx+C

sz*H‘?*_ ﬁ +C, n#~1

n+1l




m) | Example 52.1:[Constant Rule]: Evaluate the following integrals:

a[(0+a)dx b. [(10+a)rdr c. (622 +dx+2)dx  d. [4x0dx

Solution:

. The constant rule of integration is used to obtain:

[(10+a)dx=(10+a)x+C

. The constant multiple rule of integration is used to obtain:

£ (10+a)x

j(10+a)x2dx=('10+a)?+c= 7 +C

. The sum rule of integration is used to obtain:

j (5x% +4x+2)dx= j Sxidx+ j dxdx+ j 2dx+C
=5 3+4%2-I:2x+c

I LA e +C=5T+2x +2x+C

. Power rule of integration is used to obtain:

B+l 7 ~7
j'4x"¢x=4jx4dx=4x =X =¥ 0
8+1 =/ V7 B

I
)

~ Recogmzatwn*of rules of mtegrauon-II
( f ( ))n+l
n+

» Recognization of J‘[ FOI" Fde= "t C, n -1

Let it will be rcquned to find the mtegral

Crera= W

For this integral, we are not in position to directly select the antiderivative

of f(x), however the integral exists. In this situation, we need to change the
variable x in the expression under the integral sign by putting:

x=u(t) and ax_ u'(t)
dt

" These are used in (10) to obtain:

e
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To establish that the expressions to the right and left are the same in the
sense indicated above, it is necessary to prove that their derivatives with respect to
x are equal. Then the derivative of (1 1) W.ILX is:

_ _ —L,— |T J i“m LTJ
[,mﬂ E-i-!ﬁ_ flu .,agFJ"m.ur }eﬁ

dt

"y S

- dx/d n—wf

- The derivatives of the nght and left sndes of the expression are equal,
therefore, as m (1 1). Koo

We need to change the variable x in the expression under the 1ntegra1 sign
by putting: X
x=u(t) and 2x_ wW'(t)
S dt
, These are used in (12) to obtain:

Tl "‘ﬁ'f"ff‘“ } o

t

To establish that the expressions to the right and left are the same in the

sense indicated above, it is necessary to prove that their denvatlves W1th respect to
x are equal. Then the derivative of (12) w.r.t x is:

——

-




The derivatives of the right and left sides of the expression are equal,
therefore, as in ( 13) ’ A

We need to change the variable x in the expression under the integral sign
by putting: '

x=u(t) and Ce u'(t)
~ dt
These are used in (14) to obtain:
e/ @dx =[Nty
To establish that the expressions to the right and left are the same in the

sense indicated above, it is necessary to prove that their derivatives with respect to
x are equal. Then the derivative of (14) w.r.t x is:
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The derivatives of the right and left sides of the expressmn are equal,
therefore, as in (15).

In previous section, we saw how to mtcgrate a few simple functmns More
complicated functions can sometimes be integrated by substitution. The technique
depends on the idea of a differential. If u f (x), then, the dxffercrmal of u, written
du, is defined as

u= f'(x)dx.

Differentials have many useful interpretations which are studied in more
advanced courses. We shall only use them as a convenient notational device when
findmg an anndenvatlve such as

. The function x \/x +1 is reminiscent of the chain rule and so we shall try
to use differentials and the chain rule in reverse to find the antiderivative. Let
u = +1, then du = 3 x “dx. Now substitute u for x * + 1 and du for 3x%dx in the

indefinite integral (16) to obtain

_[x_lex3 +1dx = I?udu, u=x"+1, du/dx=3x

1y
1 u?

+C

SR
2
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s s = e = T = =" =

3 3 3
=1(2]u2 +C=£u2'+C=g(x3 +1)2+C
313 9 9

This method of integration is called integration by substitution. As
shown above, it is simply the chain rule for derivative in reverse. The results can
always be verified by differentiation.

Ge'neljal- Indefinite Integral Formulae:
If u is a function of x, where u=f(x) and|di= fx)dx then
[ ( )]Jﬂ-l

1. I[_f(x)]"f(x)dx J[u@)] du= +C, n#~1

Sl s Y
2§ 5 _efx-lu(x)_lntu(x)uc

3. [ £/ (x)dx = [ du= ¢+ C

If k is areal number, k #0, then

- =3 x
1.  Jedi=et+C 2. Jéfdx=2+C  3faidx="-+C
k lna

iij.  Method of substitution to,evaluate the indefinite integrals

) | Example:5.3.1:[Product/Quotient/Exponentiall: Evaluate the following integrals:

(=3 (2.2 dx (3x+2)
a. [(x-5x47) (3¢-5)dx b [ e [t
Solution:
a. Weneedto substltute a new variable u(x)
r-5x+7=u
de; du 5 du 2
— (P =5x+7)=—=>3x’-5=—=(3x"—S)dx=du 17
dx{xx}dxx dx(x)dx (.)

Substi-tuté'(ld"i) in the given integral to obtain:
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(x-5x+7 )(3x —S)dx= [y %du

(u)
5 e

=i(x’—5x+7)5+C u= x1—5x+?

new variat “:Wuﬁ]

Subsutute(IB) in the given mte to obtain: KN

L (] X \

L I—-—ln +C== ln(9x+7)+C, u=9x+7
9%+7 Yu .

. Weneed to substltute anew variable ux):

Substltute (19) in lhe given mtegra.l to obtam

[ o dx = —Ie“du = ée" +C= ée"“% C u=3x+2

ple 5.3.2:[Cost of an Item]: An item is purchas d at rate of Rs.2. F “*‘1
{ﬁsa::ﬂ@:m (x) of the x number of items.
e&mmm,.,a ﬂL-:emL a@*':.:aﬁ:**;: tion, that i 0), *‘*-mum

.;'T""”'ﬂ:ﬁ" -?w"r-allﬂi“ nber of jtems.

Solution: The rate at which x number of items purchased. is y'{x)=2. The total
cost y (x) of x number of items is the mdeﬁmte 1ntegra1 of y(x) with respect to x:

In geeral equation (20) is the (general curve) cost of X number of items.
The fixed cost C is obtained by inserting x=4 and y=20 in equation (20):

Wx)=2x+C=>20=2(4)+C = C=12

(0]
J\

—
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a. Use this value of C=12 (fixed cost means transportation charges etc) in
equation (20) to obtain the specific (particular curve) cost of x number
of items :

b. The spec1ﬁc cost of x=10 numbers of 1tems is obtamed by inserting x=10
in equation (21): ;

¥{(10)= 2(10)+ 12 = 32 Rupees

; ﬁﬁ_ﬂﬁmiﬂmﬁ
“""Iﬁl:- mﬁmm

Theﬁxed woundarea C 1s obtamed by msemng A-2 and t—] in equauon
- (23):

2=%+c=>c=0

Put C=0in equat:lon (23) to obtam the total wound area:

The spec1ﬁc wound area with in 10 days is obtained by puttmg t-10 1n
equation (24):

2 nadlipat
A(10)= — =——=—=0.02 Square centimeters.

10° 100 50
st -
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differentiation:

=5

a [(x'+3c-7)dx b [dx c. frax +ls-x Jax
; X

d. j (1+31)P°dt €. I(rz—l)’dt = +Idx\‘ll:{ :

g Izzxf_a’z | A SO

2.  Evaluate the following indefinite integrals by t“'-u“'-*ﬂ-» ubstitution:
a.{(3x+4)dxb. 34 —4dx  c. (€5 +7)(x 34 7x dx

2—
0 [ g e [EE e f—]‘“’d"
(x ~7x) Jx (X +2x+2)
30 @E@mm&am s by method of subst :_-;_yj__
A b.. Ixe{sxm) 1.

\/Qx —ﬂ.L.._.ﬂ pa "-“UJTT.} th the po :‘@1@}%-1

W (in lﬁuﬂiﬂl'&‘:ﬂﬁr. |

a. Find W(h), if the weight is }:{[IJE,:-*:rI&@ﬂpﬁﬁh“fuh—. ) inches.
‘b.Find the weight W of a person who is 5 feet 10 inches (=h) tall. 3
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8. The rate of growth of the population N(t) of a newly incorporated city t
years after incorporation is estimated to be

%:400%00\/?, 0<r<9
If the population was 5,000 at the time incorporation, find the population 9

)
)
)
> years later
) =
>
)
)
)

o Method of substitution related 1o trigonometric functions

When we want to evaluate the integral, it can be matched with one in the
chart exactly What happens if the matching of the given integral with one of the
formulas in the chart is not possible? In this situation. a substitution will be used

to reduce the given integral into one that corrésponds to a box entry:

! 1. Jsinxde=-cosx+C. 2.Jcos xdx =sin 3+ C
,> 3. Jtan = lnlcost+C 4 fcotadr=lnlsinzl+C

.5 jmz,uix tx+C Gfsecxtanxdx secx-i-C 9 > ;
’> lﬂ.fposng_xdx-;.fcotx+0_f 8. cosecy cotxdr=-cosecx+C |
> (9o e = nlsec x4 10.foosoon ds=lnlcosecx—eot 1 +C |

Q EunglkSﬂ.d'-EvaluMethefollowmg eprls OO
Ca J’(c%s}x)’smxdx b [efsine'dr c J2tan(x+3)dx 4 [3cosectIxdx

cosx=u,—d—(cosx)=ﬂ‘-=>-sinx=fi£=>sinxdx=-du (25)
dx dx dx

Substitute (25) in the given integral to obtain

’ Solution:
’ a. We need to substitute a new variable u(x):
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£l | 1
[(cos x)? sin xdx = —[u’du

+C

~+1

4 4

=-—ul+C= —i(cosx)'j +C, u=cosx
4 4

b. We need to substitute a new variable say u(x):

Substitute (26) in the given integral to obtain
[ e*sin ¢*dx = [sin udu
=—cosu+C=coseg"+ C, u=e

c. We need to substitute a new var‘i.abile say, u(x)

Substitute (27) in the given integral to obtain
[ 2 tan(x + 3)dx = | 2 tan udu
. =-2Incosu+C=-2Incos(x+3)+C, u=(x=3)

d. We need to substitute a new variable u(x):

3

"
L4

{4
iy
Ix=u, —(Ix)=—

Substitute (28) in the given integral to obtain:
3 >
[ 3cosec?3xdx = EI cosec udu

=-cotu+C=-cot3x+C, u=3x

=
‘
-—




(29)

-
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.__. " ; ’: e = f‘ { A L
e Ui b '
. ) : ) :
lowing integrals:
Solution: '
a. The given integral after completing square in denominator, is
1 . f."':‘_ ; e ah
sl ax ax

We need to substitute a new variable u (x):

d dut du

-~ L 5 tdis T Lol B 5

) 24+x=u, :1(,':_.:';@_;:9-?_— = ]=— = dx=du
dx dx a

P Substitute (30) in (29) to obtain:

dx _{ du
I\/9—(2+x)2 _I\/ -’

=sin"-;-+C=sin"—2;x+C, u=2+x

b. We need to substitute a new variable u (x):

dx du .
'[ \/ezx—4 _'llu\/uz -2F :
7

4 U 1 -1 e’ e
—_ —_— [ _+ . -
Ssec” 5 C Ssec” 5 C, u=e

a=2

)
)
)
)
)
)
)
»
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In this section, we substitute trigonometric functions in place of variables
to help integrate algebraic functions. To do this, we use integrals that involve

expressions of the form Ja’— fal+x® and \/ x—a4’, where a is positive
constant. )
We consider an example of the form:

I Noxt -1 dr
X

We substitute = 9x’—1 that on differentiation becomes du = 18xdx. This

integral and many others, cannot be evaluated by substitution.. The special
trigonometric substitution that are classified as under

1. For \Ja’—x’, we need to substitute x = asin, a >0.
2. For +Ja*+x?, we need to substitute x = atan#é.
3. For x*—q®, weneed to substitute x = asecd.

ittt A = »__"\IFE_‘:.I_:!'{!-L."- B el

ula-13 for a=2 is used to to obtain the integral of the required

integrand:
| dy _ 1 |24al 1,

2+x
2—x

+C

4-7 22) |2-4 4
The substitution of x= 2sin# is not appmpriéte for this integral. This
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Substitute (32 in the gwen mtegral to obtain:

Substltute (33) in the glvcn mtegral to obtain:

_[ =I 2sec’ 8d8

4+x* J4+4tan’d
=J' 2sec’ 8d@ IZSec Hdﬂ 1
4(1+tan* 6) 4sec’ 2

jda s0=v o btz
2 2 2

-—C.—

Solution: The substltutlon of x=atan® is not appropriate for tlus mtegral ThlS
result can only be found by parts mtegratlon

- Solutlon Weneed to use lhetngonomctnc subst:tutlon
Jg:ZmnB,dx:Zsechﬂ (34)
Substitute (34) in the given integral to obtain:

[
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Solution: Formula-14 for a=2 is used to to obtain the integral of the required
integrand:




Example 53121 %ﬁ@m: valints the Integral |V A0S
Solution: The substitution of x=asec@ is not appropriate for this integral. The

Maths - 12 [EESEESH TR
de 1 [x-
I: =L glx=2 2 C——lnx 2 +C
-4 2(2) |x+2 4 |x+2
- The substitution of x= 2sec&is not appropriate for this integral. This
result of this integral can only be obtained by “parts mtegranon” Watch

result can only be obtained by partial fractions.
“integration by parts” section for this integral.

"?:"6""‘7‘};'-&*411@5]_!_4;- d1/¥" —a” J: Evaluate the integral ﬂ \E

Solutlon. We need to use the mgonometnc subsututlon

Substitute (36) in thc given mtegral to obtain

xdx dx_JZSecﬂ(ZsethanH)dH
Jx2-4 \/483029—4
_4Isec29tan9d9
2-\}55(:29—1
_zjseczﬁtana
tan 8 .
=2Jsec’0d8+C
=2tan@+C
2

="x2—4+c, tan20=sec29—l=x7—1

)
)
t
.j-dx dx
>
)
/
»

d8, sec’@-1=tan’@

ax’ +bx+c’ '[Jax2+bx+c

. wmw h’iﬂ %’{R’ﬁﬂ};ﬂ*‘."‘.""' oo 5
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Solutmn. The glven mtegral after completmg square in denommator, is

Substltute (40) in (39) to obtam &
du _ rsec’d6 A X
W T J 1+tan’ @
L I sec’ 8d 6
1+tan’ 8
2 J- sec’ 0d6

sec’ @

—IdB+C 8+C =tan” u+C—tan"I'.r+2)+C

Solution: The given integral after completing square in denominator, is

Jrif e @

N Jettdxed+] J(;q-'z)z,;-]

We need to substitute a new variable say, u(x)

x+2=uy, (x+2)—‘—jf‘-:>1-—ﬂ:dx du (42)
dx. dx dx

Substitute (42) in (41) to obtain
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'We know that
sec’0= tan’0+1
secO=Jtan’8+1=Jul+1, tan@=u.
Use these substitutions in integral (45) to obtain:

_[ du
\qu-l-]

dx:lnlscc6+tapg9l+c

= I_nI\fuv’+I+u 1+C= lnl\}(x+2 F+1+(x+2)1+C, u=x+2

pita_ [ Prtg
ax’ +bx+¢ * Jar +bx+c

Solution: The given integral after completing square in denominator, is
x+2 x+2 x+2 dx (46) -

dx: dx:
I& +4x+5 Jle’+4x+4+I I\[(x+2)2+1
We need to §ubsﬁmte a new variable say, u {x) '
fﬁ—::—ﬂ:? dx= ('; {3 : (’fﬁ)
= (

Substitute (47) in {46) to obtam:

TR
dax
A
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Substitute (49) in (48) to obtain:

udu = tan Gseczad a
\/u S1f] Jian8+1
2 g
ﬂM-_.hanesecgdg:sece-yc
. N sec C
We know that ¢

sec’d = tan’6+1
sec@=+ltan’0+1 = Ju?+1, tan f=u
Use these substitutions in the integral (70) to obtain:

Iﬂ=sec9+C='\/u2+I+C=1/(x‘+2f+1+C‘, u=x+2 .

2z
w+1
Definite Integral Formulae involvi/n.g;‘\/ v rafandiai= A

o Icosxln( sin t}dx
sin x

a. J sin*x cos xdx

-

c. je’ sine*dx d. J-(t+3)cos(t+3)2dt

ey

‘_

& . e
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" a. Itm12xsec2xdx b. !4se 4xdx . c.Itanxseczxdx

eIMa’x i f.j“i‘/_‘/;dx
X

d. f(tan3x+sec3x)dx
COSECx

sinx-cosx sin x
 [Snx-cosx .y, [_sinx_
sinx+cosx 3+2cosx

cos® x+1

dx 2x+5 2+x
d. | e | —dx f. | —dx
e —4 X +4x+5 J‘\M—Zx—xz'
dx )
g

[ GOy

In previous sections, we learned some of the basic techmques of
integration to solve problems like [x*dxand [sinxdx. But, how do we evaluate
an integral whose integrand is the product of two functions such as

fx sinxdx, | ye'dx, | x Inxdx

To solve integral of the type like that, we have a technique called
integration by parts

Recogniz tion by parts formula
For this techmque recall the differentiation of the product of two
functions f (x) and g(x) w.r.t x:

%[ﬂx)g(x)] = J‘Tx)i(g(x)+ g(x)iﬁxJ
= flx)e ‘(m%*e ﬁﬁa)

fix)g'(x)= E[ﬂx)g(x)] — g(x)f"(x)
The integral of (50} with respect to x is giving

-
k]
L — .1-
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| g o= [ -1 gt~ o o
= frxlglx)- | gl (x)dx |

the ‘equation that can be transformed into more convenient form by
substituting u=f(x) and v = (.r) du= {x)dx and dv=g (x)dx

This is the standard form of the mtegratmn by parts formula. Before to
attempt a question, choose u and dv/dx to obtain du and \(

Solution: The integral rule (51) with u = x and -g; e* is used to obtain:

Ixe‘d.r xe —Ie (l}dx, —1 dv=e'dx, v=¢"

' Solution:
a. The glven mtegral is

In this problem, we choose u=qa’—-x* and '%=1 to integrate the

&

integrand of (52):
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I=[a*-x*dx .
= ol -2 (x)-|=— 2 x) —-—( ~ ) (=2x), du__;ldx,vﬂ

a—x

: 2[;.
=xJa®—x*+/ : : zdx
a. Y

ZI=I\}a2—x2+azsin"-_--+C, .["—' == =gini =
; a 7 i\ja —x a -
wal-x* a’ . 4x C
I="—— 4 —gin™ —+—
2 2 a 2
b. The given integral is

I= fa+xdx Y | (53) I

R i B35 AT IR s T R T T

In this problefn, we choose u=\/a2+ x? and %:I to integrate the

integrand of (53):
I —j a2+x2dx
1
\/ 24 ¥ (x)— [ (x)(x) dx, — L %( +x2)5"(2x), dv=1dx, x=1v

2+x

= xya’+ 5 —j\/a—'l'x_

at+x*
=xjat+x* -] L——#, add and subtract g*

\/a +x°

- s

1S
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"x\}a +x I a +I a2+_x2d.¥
Jai+x°

dx
=-’€\)az+x2—azfﬁ+l

2] = x\/a2+x2 —azln‘x-i-\laz.-f-xz

o8 'f——f}—-?=lnlx+\/az+xli

atx

, 22| 2
(R vasiele +x,—“?1n|x+\fa2+x2|+-gr-

2

J"* Inxdx.

Solution: The mtegral rule (51) with substitution u = ln tand dv/dx=x is nsed
to obtain:
w 1 dv 2
[ xIn xdx=1Inx( = I— —,—=x,v=x—
( ) ( Jax, dx x dx v2

The integral rule (51) with substitution u = ¢* ( let u be either ’or sin x)
and dv/dx=sinx is used to obtain:

It appears that we have not made any progress since we cannot evaluate
the new integral. However, the form of the new integral prompts us to apply the
technique a second time and see what happens.

—

‘
—
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Again, the integral of the integral part of equation (56) with substitution
u=¢*and dv/dx=cosx is used in (56) to obtain:

ol iy = o i,
L= ird:‘mﬁ'equs{j e*cosxdx r..-.s*q{ i

= #@m{[ ¢ sin rfj [(sin z)(e* ﬁ‘r] a0, & a::

F0%

I=—¢" cosx+esinx—I+C
2l = e*(sinx—cosx)+C

o elsinz=—cosx) C
‘_E 2 2

Partial fraction decomposition has great value as a tool for integration.
This process may be thought of as the "reverse” of adding fractional algebraic
expressions, and it allows us to break up rational expressions into simpler terms.

Partial fracticn decomposition is an algebraic procedure for expressing a

reduced rational funcuon as a sum of fractional parts. For example, the ratmnal
expression

can be decomposed into partial fractions only if P and D have no common factors
and if the degree of P is less than the degree of D. If the degree of P is greater
than or equal to the degree of D, then use division to obtain a polynomial plus a
proper fraction. For example, the rational function after division is:

x’+3x+1 isour polynomial term

is our proper fraction ( this is the part which requires

decomposition into partial fractions).

()
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In algebra, the theory of equations tells us that any polynomial P with real
coefficients can be expressed as a product of linear and irreducible quacruti
powers, some of which may be repeated. This fact can be used to justify the
‘following general procedure for obtaining the partial fraction decomposition ofa -
rational function.

Let fix)= g%,where P(x) and D(x) have no common factors and
X

D(x) #0.
The steps involved in decomposing the rational function are the following:

1. If the degree of P is greater than or equal to the degree of D, use long
division to express P (x)/ D (x) as the sum of a polynomial and a fraction
R()/D(x) in which the degree of the remainder polynomial R(x) is less
than the degree of the denominator polynomial D{x)

2. Factorize the denominator D (x) into the product of linear and
irreducible quadratic powers. VI
3. Express P (x)/D (x) as a cascading sum of partial fractions of the form
R et L )

A S SRIAT D

a. The integrand is a proper fraction, so we start by factoring the
denominator
r-x—2=(x-2)x+1)
The denominator factors are the two distinct linear factors, so we can set
the rational function equal to the sum of the two parnal fractions

&-1 A A




equation (59) by (x-2) (x + 1) to obtam

8x=1= A,(x+ 1)+ Afx-2)

Setx-2 =0 = x =2 in equation (60) to obtain:

8(2)-1= A1(2+”+A2(2 2)=> I5=34,= A/=5

Set x+1—0 =>x=-1in equation (60) to obtain :
8(—1)~I1=Af—1+1)+A—1-2) = —9==34, = A,=3
Use these constants value m eq uauon (59) to obtain;:

Use thls decomposmon 1nstead of ranonal expression in the given integral
to obtain:

/ JI f.nﬁg Lol IF

Six-2+ImeeDenC
'|l- ’f.r_'a‘;'“}.i""n”? 'r}}'#l_d(_ 3* H' ﬁ%}ﬂﬁ#ﬁf‘r]
b. The ‘integrand is- a proper fraction, so we start by factoring the
denominator

(x=2) =(x=2)(x~2)(x-2)

The denominator factors are the three repeated linear factors, so we can set
the rational function equal to the sum of the three partial fractions

Maths - 12 [EEEESH EETGERE A
To determine the constants Aand A, we multiply both sides of the
)
)

To determine the constants ;, A;and 4 ;, we multiply both sides of the
equation (61) by (x—2 ) to obtain:

(62

Set x -2 =0 = x =2 in equation (62) to obtain:
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(27 —6(2)+3= A{2—2 '+ Ad2-2)+ A; = —1= A, ™ A;=—1

For constants A,,A,, equate the coefficients of x?and x on each side of
equation (84) to obtain:

I= A, x*terms

—6=—4A,+A, X terms |
‘Solving this system of equations for the unknowns A4, and 4, to obtain
A;=1 and A,=-2
Use these constants values in equation {(61) to obtain: |

Use this decomposiﬁon instead of rational expression in the given integral.
to obtain: 1

R : .
c. The intergand is a proper fraction and the denominator factors are the two

repeated quadratic factors, so we can set the rational function equal to the
sum of the two partial fractions:

To determine the constants values, the similar procedure is used to obtain
A =0,A,=2,B=3B,=1With these substitutions, the equation (63)
becomes: : ;

e o
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’ Integrate this decomposmon to obtam
20+ +2x+4 318 2x+1

= dx+ | — dx
" £ -[ (,vc’+1)2 -[(x 2 4+1)? -[(x’+l) ;

r,2x’+x2+2x+4dx=; 3 e 2x dx+"de;
} tk f;ffﬂ) I(x%l)" _J_':'(x2+1) -"(xz'-i-l_-)“
’ Now the readers are in position, how to find the complete solution of the
’ question :

‘%L'“" —— dx—
) J.(xz 1) -[{x’ l) _o"'..
' j 3 zdx %, x=tan6,dr=sec’6

S ¢ - CEIRE T e

AR Evaluate the ‘lﬂdﬁﬁmtﬂ mtcgra]s after decomposmg the followmg ranonal
; .'~.ﬂ funouonsmto partial fractions: -

o 4 3t +2x-1 . 4x3+4x2+x—1
" x(x—3) x(x+1) T Xx+l)
1 X =xt 2
d. = e. =
- x =1 x‘(x-1)

"_':iﬂ* A ﬂ; Evaluat_e the followmg mteg;l,'als through partnal ﬁ'acuons decompomtxon

W

a. dexl . b. I?'?z;:_}-dr
> sz_x_: 1 3 dj'?'f;;_ib'dx
e.j{x i;)jdx 4 f. jm;z—”)dx
g I(: :-12) | b J-x +1 :
G-

i

-— -
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a. ng‘dx b. Ix sinxdx

c. J'tan“‘xdx d. Isin“'xdx

e. Ix’(x—j‘ Vdx f. Ie* cosxdx
g I(x +sinx )’dx h. Ieh I-e*dx
i. _[x sinx cosx dx ! jx’lnxdx

2 m—xsﬂ—lﬂdx b. J[sin 2x In{ cos xJldx
e :

c. [ sine*dx

dR(t) _ 60t .
dt (1+1)(t+2) ‘
where t is the number of hours since the drug was administered. If R(0)=0

is the current drug elimination, how much of the drug is eliminated during
the first hour after it was administered? The fourth hour, after it was

administered?

dN _ 100

dt (41 ;
where N(t) is in thousands. If N(0) is the current voting population, then
how much will this population increase during the next 3 years?
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where t is the radius (in feet) of the circular slick after t rrﬁnutes. Find the
radius of the slick after 4 minutes if the radius is r =0 when = 0.

dr 0.2t :

—=te ", r(0)=0

L r(0)

Find the.total amount of the drug that is assimilated into the bloodstream

during the first 10 minutes after the pill is taken.

-

(567} | Definite Integrals |

Before the definite integral, we need to develop the concept of the area
and the area under a curve.

We can determine the area of a figure whose sides are straight lines
relatively easily. We can do so equally easily if the figure is a circle, parabola, or
ellipse. For any of these figures we use special formulas to determine the area. For
example, to determine the surface area of an elliptical swimming pool, we use the
formula A = wab, where a and b are the lengths of the semiaxes.

At the beginning of this unit we learned that one of the applications of
integration is determining the area under a curve-a more difficult area to find. In
fact, prior to the development of calculus, the area under a curve only could be -
approximated, However, the process used to approximate the area led to a
technique for determining the exact area.

A technique for approximating the area of a region is to construct
rectangles in the region and then take the sum of the areas of the rectangles.

For example, consider the region bounded by the curves fix)= x*and the

x=0 (y-axis), x = 2 (y-axis), and y = 0 (x-axis) in figure (5.1). To approximate the
area of the region, we divide the region in half and construct two rectangles each
of whose upper-right corners is on the curve, as shown in figure (5.2). The width

of each rectangle is 1, and the heights are f()=1°=1and f(2)=2*=4.Thus,
the sum of the areas of the rectangles is:




e

g

-:-

‘? Maths - 12 h
)

12.£@)
X |
&

caoff
fe f@=x
% | |
N Pl
x‘ :- F
("' X However, from figure (5.2), we can see that the area ca]culated is larger
W/ than the actual area (watch it). To gain a better approximation, we can divide the

A\ interval 0 <x <2 into four equal subintervals.

", In general, to approximate the area of a region bounded by the curves
I_f;\_' y=f(x) (for fix) 20), and the x-axis; x = a and x = b in the interval [, b], divide
\&7/ the interval [a, ] into n equal subintervals so that each subinterval has a width of
N b=a+nix
W, Ax=t28,

Lia\ and the height of each rectangle is the value of f (x) at the upper-right corer of
\V, each rectangle.

/. \ The apprommatc area is the sum of the areas of the rectangles
& e

WY Area A = fix JAx+ flx, JAx+....+ fix, ij, _ (66)
,{“- B A summary of the steps is in the box for f‘mding the approxunate area
I‘I' 4 of the region:
) 1. Sketch and label the curve. PRPET IRL N e

2. Determine the width Ax=(b—a)n of each rectangle, whereaandbarethc

endpoints of the interval [a, b] and n is the number of subintervals. X8 '

3. f(x,) is the height of each rectangle (detenmned by the upper-n@t comer

of each). 1
4. Area=A = fix, )Ax+ fix, JAx+... -+ ﬁ'x JArL. TR -

5  Example56.1; [Approsimate Area undera cum] Determine the area ofnhe 1

il
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region bounded by fix)= X, x=0, x=2 and the x-axis using n=4 four subintervals.
Solution: The curve is sketched in figure (5.3) with the assumptions:

» ’

The interval is: ‘s [a, b] =[O0, 2]
The nurqber of subintervals is: n=4
The width of each subinterval is: A U AT o ORFd
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i : 3 .
The approximate area 3 7 square units are larger than the actual area of

the region. To get an even more precise approximation of the area, we increase
the number of subintervals and, thus, the number of rectangles.

In general, if we keep increasing the number of rectangles, n becomes
larger and the width of each rectangle becomes smaller. Thus, each result is a
better approximation of the area of the region. If we increase the number
rectangles to an infinite number, then the result is the actual area of the region, s

which is % square unit.

In light of the above discussion, the approximate area of the region (the
sum of the areas of n rectangles) approaches the actual area when n — oo:

~ This limiting process is what we mean when we say the area is the
definite integral of f{x) = x ° from x=0 to x=2. It is written symbolically as

UPERSAANT, . 7 PIMP T2 A
WEa i iy

We read symbol as "th area A equals the integral from x = 0 to x = 2 of
the function f{x) = x 2.7 The number O is called the lower limit of integration,
the number 2 is called the upper limit of integration, the function f{x)= x* is
called the integrand and the dx tells us that we are integrating the function
f(x) = x* with respect to the variable x.

Definition 5.6.1 { Definite Integral]: If f (x) is continuous on the interval [a, 5]
and [a, b] is divided into n equal subintervals whose right-hand points are
X3 Xy, X, , then the definite integral of f(x) fromx=atox="bis:

{ Tix) MMl ,J* s g ey ) \ T —
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nle ..'u~t um_l» rea under a curvel: Find the actual arca of the region
; e fix)=x .__,_L;__;m_b,!lv_.f”m@g}

Solution: For n subintervals, the width of each'rectangle is

b-a _ 2—0._3

PR et 246
The right end points of the subintervals are —, —, —
n'n'n

Substitutea =0,b=2, x, = 2/n, x, =4/n, x;=6/n,..., x, =2n/n _in equation

(69) to obtain the actual area: ;

Ax=

4

I n T T RN
'-'_=.'|.”~|r_:f (X5 )+t """_.JE_L

£l ﬁ\L

1r j'r

¥ { ‘L'?Al‘__l_ 5+ IL:
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Approximate the total maintenance charges over the 10-year life of the machine
by using rectangles. In this situation, is it possible to show the actual mamtenancc
charges for a certam rnachme"

Solution: From the given figure, we collect the following information

The interval is: : [a, b] = [0, 10]
The number of subintervalsis: -~ n=10
The width of each subinterval is: Ax= b=d = %: 1
. n _
We choose the left end points of each submterval that are 0, 1, 2, 3,4, 5, 6,
7,8 and 9.
The total maintenance charges over the 10-year life of the machme are
approx:mated by:

Approximately, .$23:,650 will be spent on maintenance over the 10—yéar

life of the maintenance.

—
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No, it is not possible to calculate ihe actual maintenance charges; because
of the nonavailability of the rule of charges, that is a function £ (x).

LT T TN i S o ey g et [ 2 i R

-:,f::' s-""i’ﬁ*‘i"""“v_- 2a.0f
o .‘4 el AR 31

cn=8,a=0,b=2 d.n=2,a'=1,-b=5

an=2a=0b=2 b.n=4,a=0b=2
cn=8a=0>b=2 dn=2,a=1,b=5

mine the actual valu

@) (l"""i..'.d r’V’f -,- ; V“P‘T’r '“,1' ’*d”j(dr‘(}ﬁrj}; _us.'i:a-‘

In previous section, we learned that we can determine the area of a region
with a definite integral. However, with the tools available to-us at this time,
evaluating a definite integral using the summation process is rather tedious and
time consuming. To provide us with a more efficient method of evaluating the
definite integral, we now consider a very important theorem in calculus, the
"fundamental theorem of integral calculus". This explanation will show that
the definite integral can be applied in a general manner and not only to the
concept of area (just as we found that the derivative has wider applications than

just finding the slope of a line).
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To help provide a better understanding of the meaning of the fundamental
theorem of integral calculus, let us begin with area of a region using definite

=

To develop the theorem, we need to introduce a new function called the
area function A(x). The function indicates the area of the region under the graph
of the function from x=a to x=b in the figure 5.5. The arca function A(x) is the
area from a to x that must be continuous and non-negative on the interval [a, bl.

If we increase x by Ax, then the area A(x) under the curve will increase by
an amount that we call AA (figure 5.6). We can see that AA is slightly bigger

than the area of the inscribed rectangle and slightly smaller than the area of the
circumscribed rectangle. In figure 5.7, the smaller rectangle is inscribed (within
the curve) and the large rectangle is circumscribed. :

For the area of the inscribed rectangle, we take the minimum value of f (x)
within the closed interval [x,x+Ax]. We call this minimum value f{m). For the

area of the circumscribed rectangle, we take the maximum value within the closed
interval [x,x+Ax]. We refer to this value as fiM). Hence the minimum area is

f(m)Ax and the maximum area is f(M)Ax.

Algebraically, we can write

f:l”l.l"_;.'p;‘: 4 _'\_ ot A i"‘_
-\ ‘-ﬁ' v

If we take fhe, limit as Ax— 0, then f (m) and f (M) approach the same

point on the curve and both approach fx)

3
—] :
=
—
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fix}s Bgﬁf < fix)

which states that *

Here F {x) is the antiderivative of f (x). To determine a real value of A(x), we
must solve equation (73) for C.
Put x = a in (73) to obtain:
A(a)= F(a}+C
0= F(a)+C, A(a)=0
C=-F(a)
Put x = b in (73) to obtain:
b)= F(b)+C
A(b)= F(b)=Fla), C=~F(a) ; 3
The last equation (74) tells us that if it is possible to find an antiderivative

+ - x=b
‘of f (x), then we can evaluate the definite integral I f(x)dx. This is nicely

condensed in the fundamental theorém.

HereF (x) is any function such that F{x}= f{x) forallx in [a, b].

It is important to recognize that the fundamental theorem of integral
calculus describes a means for evaluating a definite integral. It does not provide
us with a technique for finding the antiderivative. To find the antiderivative of a
definite integral, we use the same techniques we used to find the antiderivative of
the indefinite integral. But what happens to the constant C? This constant C drops .
out as illustrated below:

—

. . g
- - -
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[ f(x)dx:[F(x)+C|::

x=qa

In computations involving integrals, it is often helpful to use the seven
basic properties related to fundamental theorem of calculus that are listed below:
Linearity Rule

If f(x) and g(x) are integrable on interval [a, b], then for any constant
multiples r and 5, the deﬁmte mtegral is defined to be:

Equality ule
If fix) and g(y) are integrable on interval {a, b] w.r.t x, and y and f(x) =
g(y), then the definite integral of f(x) w.r.t x on the left equals the definite
1ntegral of g(y) W.I. t y on the nght )

Subdivision Rule

For any number c such that g < ¢ < b, the definite 1nteg1'al of f(x) w.r.tx in
the 1nterval [a, b]is: : .

Assume that all three integrals exist.

Dominance Rule
If Alx) and g(x) are integrable on interval [a,b] wrt x and
J{x) < g(x) throughout this interval, then the definite integral of f(x) and
g(x) in the interval [a, b] are:




N
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Point Rule
If (x) is integrable on interval [a, b] w.r.t X and @ = b or b = a, then the
interval is really just a point and the integral of f(x) on this interval [a, 4]
is defined to be 0: ' . -

ﬂpposnte Rule |
If f {x) is integrable on interval [a, b] w.rt x and the lower limit b of
integration is a larger number than the upper limit a, then the
definite mtegral of f(x) from b to a is the opposite of the definite integral

of f(x) from atob.

Even and Odd Function Rule

If f (x) is integrable on interval [-a, a] w.r.t X, then for a number 0 in the
interval [-a, a], the definite integral of f(x) from —a to a is 2 times the
deﬁmte mtegral of f(x) from 0 to a:

-"1.*;_—‘1 jpf:" b, f:b‘ﬂf:”d}{ j
e el

'.f.‘.l- )
1.

., when f(=x)=f(x): Even

when f(-x)=—f(x):0dd
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2 J 0 A 2 4 1 : : 2
¢ [(x*+Ddx=—[(x* +1dx d. [(x*+Ddx = [(x* + Ddx+[(x* +Ddx
1] 2 0 0 1
+1 1} 1 1
e. | x’dx= [ X*dx+[x’dx=2{x"dx
-1 -1 0 0

Solution:
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2 1 2
d. [(?+dx=](x®+Ddx+[(x* +1dx, Subdivision Rule
0 0 1

S{F
—+x +—+
3 ] 3 1

14 4.8 . (1+1)14 14
3 3

3 3 3

e jx’dx I.x’dx+jx2dx 2jx2dx, Odd & Even Functions

4 -4

—+—=0+—+—=2(—)
3 03 3

=
3

Wi w
W |~

Example 5.6

i.n

+ Evaluate the following definite integrals:
1 2e4: _3 xi2

a I——k—-d'.x b. I xsinx’dx
o ¢ =3

Solution:

2 3-2) (o 3a]
= = b =
—(8’*‘28 e+ie

=g’ +%g-2—1 =5.092

225
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b. We need to subsntute a new variable u(x):

The lower and upper limit of x = #/3 and x = #/2 are used in x?=u to
btain the lower and upper limit of u-




)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
}
)
)

Solution:

a. The tcchmque of integration by parts with u = x and % =¢* is used to
obtain:

’l:] —j.e‘ldx, u = x,du = dx, -:x—v=e‘, v=e*

=(e —O)—le’!: =(e'-0)—('—eN=¢'—¢' +e° =1

b Thc mtegral is

i. 1= j‘smxdx
o)

The integration by parts rule with substitution u = ¢* and dv/dx=sinx is
used to obtain:

[ I= I‘smxdx ¥

| = —(e'cosl—e cosO)+Ie cos xdx
|

cosx)l I(--cosx)e"dx u=e*,du= edt,%-smx Vv=—CosSx

1
=—2.718(0.540)+1+I’e"cosxdx=—0.468+ Ie‘cosxdx, use radians

..—.-0 468+Ie cos xdx, Again integrationby parts

k
i

—I(smx)(e )dx, u=e ,%-—cosx, v=sin x

==0.468+( ¢'sinl—¢ smO)-—Ie sin xdx
|

Bl 5 . L J

R R — e — Ti 227 } —
'i_:.__.'_'.....i
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1=-0.468+(2.718(0.841) - (1}(0)) -/
21 =-0.468+2.287 =1.819

I :@:0.91
2

v)  Definite integral as the area under a curve

Definition 5.6.1:[Definite Integral as the Area undera Curvel: If f (x) is
continuous and f(x) =0 on the closed interval [, ], then the area under a curve y

= f (x) on the interval [a, b] is given by the definite integral of f(xj on [a, b]:
)
Area = [f(x)dx=F(b)—F(a) (78)

Area between a curve and the x-axis

The steps involved in finding the area between a curve and the x-axis are
the following:

b

1. The definite integraire I f(x)dxpresents the sum of the signed areas

between the graph of y=f(x) and the x-axis from x=a to x=b, where the
area above the x-axis (peak) are counted positively and the areas below the
x-axis (valley) are counted negatively. This is shown in the figure (5.8):

¥y

Fig. 5.8

2. If f(x) is a continuous function over the interval [a,b], then the area
between y=f(x) and the x-axis from x=a to x=b can be found using definite
integrals as follows:

e For f(x)20 over [a,b], the area is: Area= i[+ f(x)]dx

228
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b
o For f(x)<0 over [a,b], the area is: Area =I[— £ (x)dx

If f(x) is positive for some values of x and negative for others on an
interval (as in figure (5.8)), then, the area between the graph of f(x) and the x-
axis can be found by (dividing the interval into subintervals over which
f(x) is always positive or always negative) taking the sum of the areas of
subregions over each subinterval:

b [ b
Area= [f()dx = [[=f ()dx] + [[+f (x)dr]=-A+B (79)

In Fig. 5.8, A represents the area hetween y=f(x) and the x-axis from x=a
to x=c, and B represents the area between y=f(x) and the x-axis from x=c to x=b.
Both A and B are positive quantities. Since f(x) 2 0on the interval [c,b], the area

b ¢
is [{+/ (x)lds=Band f(x)SOon the interval [a.c], the area is [=fd=-4

vi)  Application of definite integral as the area under a curve

Example 5.6.7: [Definite Integral as an Area]: Find the area between the x-axis
and the curve fix)=x’—4 fromx=0tox=4.

Solution: First find out the x-intercepts of a curve f{x)= x> —4 that can be found
by solving the equation of a curve:

2-4=0= x=2,-2

The subintervals of the interval [0,4] are therefore [-2,0], [0,2) and (2,4]. The total
area of the region in the required interval [0,4] is the sum of the areas of the
subregions in the subintervals [0,2] and [2,4]:

Area= [[=f())dx+ [[+f (), £ (x) S 0in[0,2)and f(x)2Oin{2,4]
/] 2 ]

= —jz'(x’ —4)dx+ j(x2 —4)dx
1} 2

229
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3 e )
= x—-4x + i-
3 0 3 2
=_[§_3_(0_0) +(En16)-(-8-—8)--1£ l(1—!-6“'16 square units
k] 3 3 3 3 3
The sketch of the region is shown in the Fig. 5.9. The area over the entire interval

[0, 4]
4 4
16
A= (X’ —4)dx=x' —4x| =—

is not the correct area. This definite integral does not represent the area over the
entire interval [0, 4], but is just a real number.

f@x)

AA.&;:&;AA\A\/A&AAAAAAA

- —_— _..--r-.-...pl

‘ Exiampe 5.6.8:[Definite Integral as an Area}: Findtheamaabetweenthex-ins |(
: | mdﬂ:ecm‘veﬂx) P~2cfromx=-1tox=3. 3

Solution: First find out the x-intercepts of a curve fix)= x* ~2x that can be found ‘
by solving the equation of a curve: (

—20 {
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xX*=2x=0= x=0,2

The subintervals of the interval {-1,3] are therefore [-1,0], [0,2]and [2,3]. The total
area of the region in the required interval [-1,3] is the sum of the areas of the
" subregions in the subintervals [—1 0], [0,2]and [2,3]:

A= [l+F @Mx+ J*h'*gw{wm Jn@@mﬂf%ﬁm&ﬂ
j(;ﬁq&?rf@sf%ﬂh j:; ¢ — 2x)dx |

F

)

&

b s
'r?i
:

‘mla

E
i
1%
i
=

J

T‘f_\ L '-""q"T"

l'_i__'_*__h_A___ L‘t 1 n,-n
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\# %) | Example:5.6.10:[Definite Integral as a Distancel: An object moves along a
. straight line with curve r(z)=¢*for t > 0. How for does ﬂ:cobject travel'
between times 2= 1 and f = 27

Solution: The distance S traveled by an object with r+{1?)=l‘2 froma=1tob=2

is: { , S
§ = [rteyde = [far = ], 1
y I3, 7373 3

Thus, we expect the object to travel 7/3 units during the time interval (1, 2).

1. Evaluate the following definite integrals: :\?‘v
4 20
a. [sdx b. J‘dx c. I(Zx'z—fl)dx
3 12 I
4 3 [}
« d [3Vxdx e. [12(x*~4)xdx  f. [4-2xdx
I 2 -
7 x 1
gf=dr b Jte*-2)f(*-l)dx
SNx+2 A
2 Bvaluateﬂ}efollomng deﬁmte miegra]s [ - Jl
3
a fx 25— 3dx b. }t\bx + dx
1 & T2 la
o JoF—ds d.jwe-—g—dx
0oX -2x+3 f o I)

L |
3. Evaluate the following definite inlegrals:

a. icos( +1:)dx b. Ixcosfdx c.Tsec‘BdB
2 ol
d._!tanZn:xdx e.!xZde f.in xl_}dx

:65_-2;'2_ ‘,i . s S
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Evaluate the following definite integrals:

j-5t2—3t+18 ’ j-4x5—3x4—6x3+4x2+6x—1dx
L q9—1t) r (x—I1)(x*=1)
] xz_z 2 4 K]
e [-E—=pdx d[57—ar e. [In(2x +1)dx
3(x—=2) 1 +4t 7
4lnx : 2 !
f j ?dx g [xtx—1)d h. I{x—3)e’dx
! i a

Use the definite integral to find out the area between the curve f(x) and the

x-axis over the indicated interval [a, b]:
a. fix)=4-x*,[0,3] b. fix)= x* —5x+6, [0,3]
c. fix)=x*—6x+8,[0,4] d. fix)=5x-x*, [1,3]

Set up definite integrals in problems a to d that represent the indicated

shaded areas:

(a)

233
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An oil tanker is leaking oil'at a rate given in bar
- dL _80In(t+1)
& d (@+D

‘Where t is the time in hours after the tanker hits a hidden rock (when t=0).
& a. Find the total number of barrels that the ship.will leak on the first day.
'Sé b. Find the total number of barrels that the ship will leak on the second
- day.

c. What is happening over the long run to the amount of oil leaked per
i day? 2
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Glossary
°  Antidertivative: F(x) is an antiderivative of fx) if F{x}= f{x).
= Indefinite Integral: If F{x)= f{x), then If(x)dx = F{x) +C, for any real
number C. A
@ Integration by Parts: If f(x) and g(x) are integrable functions w.r.t x, then the
integral of the product of f(x) and g(x) w.r.t x is: )
[udv=uv—-[vdu, v =g(x), du= f'(x)dx and dv = g’(x)dx:
® Definite Integral (Actual Area under a Curve): If f (x) is continuous on the
interval [a, b] and [a, b) is divigled into n equal subintervals whose right-hand
points are X;,X,,....s X,,, then the definite integral of f(x) fromx=atox=bis:
r=hb
. (b—a b-a
| Aixide= PEL‘;J[ﬂx. AR ASRS LV e

r=a

¥

= limiﬂx, Ax, i=1,23..n
T

¢ Definite Integral through Integration by Parts: The definite integral of the product
of two functions f(x)} and g(x) w.r.t x is:

b b b
Iudv = uv| —Ivdu

=  Definite Integral as the Area undera Curve: If f (x) is continuous and
f{x) 20 on the closed interval [a, b), then the area under a curve y = f {z) on [a,

b] is given by the definite integral of f (x) on [a, b]:
b
Area= [f(x)dx=F(b)- F(a)

= Fundamental Theorem of Calculus: If a function f (x) is continuous on the
closed interval [a, 5], the1_|

r=b x=b
[ f0de=[Fx)]=F®)-F(a)

Where F (x) is any function such that F{x)= f{x) for all x in [, b).

mrm r 3
_ J



PLANE ANALYTIC GEOMETRY
STRAIGHT LINE |

This unit tells us, how to:

6.1

develop the distance formula between the two points.
obtain the coordinates of a point that divides the line segment in the ratio m:n.
show that the medians and angle bisectors of a triangle are concurrent.

define the slope of a line and the condition at which the two lines are parallel or
perpendicular.

find the equations of lines parallel to x- and y-aris.

define the intercepts of a line and the different standard forms of a line through some
conditions.

reduce the general form of a line into different standard forms of a line.

recognize a point that lies above or below the given line.

find the perpendicular distance from a line to a point.

find the angle between the two straight lines.

find the equation of a family of lines passing through the point of intersection of the
given two straight lines.

calculate the angles of the triangle when the slopes of the sides are available.

find the condition of concurrency of three straight lines.

find the equations of the medians, altitudes and right bisectors of a triangle.

show that the three right bisectors, three altitudes and three medians are concurrent.
find the area of a rectangular region when the vertices are available.

recognize the homogeneous linear and quadratic equations in two variables.

investigate that the second degree homogeneous equation represents a pair of straight
lines through the origin and to find the acute angle in between them.

- Division of a Line Segment
The role of plane analytic geometry is so vital to the study of

“relationships between an equation and a graph.” Plane analytic geometry
is that branch of geometry that ties together the geometric concept of position
with an -algebraic representation, namely coordinates. For example, you
remember from algebra that a line can be represented by an equation. Precisely
what does this mean? Can we take a statement that is true for any curve, not
just for lines? The answer is given in the affirmative with the following
definition.

236
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Definition 6.1.1:[Graph of an Equation]: The graph of an equation in two
variables x and y is the collectiorrof all points p(x,y) whose coordinates (x,y)
satisfy the equation.
There are two frequently asked questions in plane analytic geometry:
1. If a pgraph (a geometrical representation) is given, then the
corresponding equation can be found easily. :
2. If an equation (an algebraic representation) is given, then the
corresponding graph can be viewed easily.

For example, the derivation of a circle equation using distance formula.
This means that if x and y are the numbers that satisfy the circle equation, then
the point (x, y) will lie on the circle. Conversely, the coordinates of any point
on the circle will satisfy the circle equation.

You are probably familiar with the set of real numbers as well as with
several of its subsets, including the counting or natural numbers, the integers,
the rational numbers and the irrational numbers. :

The real numbers can most easily be visualized by using a one-
dimensional coordinate system called a real number line.

The line (straight line) and the point are two elements of many figures
constructed on a plane. A plane is an infinitely large flat surface. Look at
figure (6.1a) and think of line AC, as extending in either direction without
bounds. Line segment DE is a measurable piece of line AC. The notation
|DE| may be used to symbolize the length of the line segment DE. Now turn to
figure (6.1b), which shows the ray AB. Ray AB starts at point A and moves in
the direction of point B. The union of rays AB and AC forms angle BAC,
symbolized as £BAC, depicted in a figure (6.1b). For angle ZBAC, ray AB is
called the initial ray, and ray AC the terminal ray. If the initial ray visually
coincides with the positive x-axis and the rotation to the terminal ray is
counterclockwise, the angle is in standard position.

Line AC y C
; C r,
B

D
A

Fig. 6.1 (a)
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i) Calculation of distance I

The study of plane analytic geometry
is greatly facilitated by the use of vectors. In
this unit, the vector notation is used to develop
the distance formula as well as the lines in
different situations. The distance between the
two points can be found by the fo]]owmg
methods: ;

Pythagoras Theorem: If P(x,,y,) and O(x,,y,) are the two points in the xy-
plane, then the distance d between the given two points P(x,,y,) and
Q(Jc2 ¥,) is obtained by applymg the theorem of Pythagoras to triangle PQR:

 (poy = (PR)' +(QRY
- ,.,{9 f**ﬂ;f JH@?. A"JT_
)= (x,=x) ={fu; —*}If-'v

Directed Line Segment PQ: If P(x,y,) and Q(:J:1 ¥,) are the two points in
the xy-plane, then the directed line segment associated to initial
point P(xl,yl}am_i terminal point Q(x,,y,) is PQ.The components of the
djrected line segment PQ are:
< OP¥PQ=0"
m“*bg’_ﬂ@? position vectors
=(x, é.f)F{ % 1)
: : ’.‘1—3‘; ?.; },‘15)
The magmtudc or the length of the dlrected lme scgment PQ is also the
distance d from point P(x,,y,) to pointQ(x,, y,):

EPQ|=\/(x2_x1)2+(}'2_);l)zhd {1-c)

In other words, squaring both sides of the directed line segment PQ to
obtain: ey e e
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= (5 =5l +(y, = 3 Jj+ 20 =5 )3, = y)|il| flcosd

(PQ)’ = (x, %) + (3, )" +2(x, ~ 5,)(3, - %,)cos &
=(x—x) +(y,- y.)’+2(x2 =5)(,- y,)eos(x/2),6=17/2 |
=(x,-x) +(, - ). cos(z/2)=0 '

IPQI" =(x, - %) +(3,-3)", (PQ)* =|PQf

[Pa] =g =x) +(3, =2, =d, say |

This is the distance from the point P(x,,y,) to point O(x,, y,) in the xy-plane.

It is important to note that
o the distance from the origin O(0,0) to point P(x, y,)ls obtained by
1nst:rt1ng.x:2 yz 0 in resu]t(l)

. the dlstance from the ongm O(O 0) to poth(xz y,)xs obtamed by
inserting x, = y, = 0in result (1):

1fthe lme segment PQ is honzontal then the distance ﬁnm the
,y)lsobtmnedbygy =y, mt(l)

e if the line segment PQ is vertical, then the distance from point P(x,, y,)
to point O(x,, y,) is obtained by inserting x, = x; in result (1):

’ ?.-_._};-"'L_ . -lk@m

Solution: Result (1) for the following assumptions
P(xpy,)=(3,-2), U x2y,)=(-1,-3)
is used to obtain the distance d in between the two points P and Q:

dz\/X:'XJJZ‘I'(yz'yj)z
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= (-1-3 ) +{(-5-(-2)F

= (4] +(-3)=V25=5

Example 6.1.2:[Distance Formula}: Show that the triangle with vertices A
(=2,-3), B(2,1) and C(-2,5) is a right angled triangle.

Solution: If A, B and C are the three vertices of a triangle ABC, then the
lengths of the sides AB, BC and CA of the triangle ABC are the following:

|AB|=\J2—~(=2)+ [1~(-3) =32, AB=(2+2,1+3)
|BC|=(-2-2/+(5-1)' =32, BC=(-2-25-1)
|cA|= Jl=2—=(-2)1*+[-3-5) =64, CA=(-2+2,-3-5)

The square of the lengths of the two sides |4B|" and |BC[ of the
triangle ABC equals the square of the length of its one side |CA|2 :

|AB[" +|BC|" = 32+32= 64 =|CA]

Thus, the triangle ABC with vertices A, B and C is a right angled
triangle with right angle at vertex B and CA as its hypotenuse. This is show in
the figure (6.3): sy

C(-2,5)
4

2 :
1 B(2,1)
_4_3-:%1 2345
2
A(2,-3) [ Fg63
ii)  Coordinates of a point that divides the line segment
in the given ratio

Take P(x.y,) and O(xzYy,) are the initial and tgrminal points of a
line segment PQ and R(x, y) is a point that divides PQ in the ratio m, :m,. If

r., r, and rare the position vectors of P, Q and R, then

R= (%Y= Xi+ 0, n=00,%)=%i+ ) r=(xy)=xi+y)

240
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OP)=—""—(r,~1,), OP+PQ=00

m}sw‘fa
L.la-'\-r—u- -q‘r ,#{E” .qu)_ W‘F _{_fbfoiqt

OR=O0P+PR
=irids s =ﬁ'm3'f?&))
m+m,
L "1;-5-1?' !{!"
“«‘Wiufj g

i."j’ b

m+m,

that divides the line segment PQ in the ratiom, :m,.
It is important to note that
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¢ if R is the midpoint of the line segment PQ, then, m =m, and the
coordinates of the midpoint R of the line segment PQ are:

et |

» The coordinates of the point that divides the line segment PQ joining
two points P(x,y,) and Qfx;y,) externally in the ratio m :m,
(m, or m, is negative) are:

Solution: .
a. If R(x, y) is a point that divides the line segment PQ in the ratio 5:7,
then the coordinates of R(x, y) is obtained through result (2):

(x, y)=('"‘x2 *mh ThY, T, J,ml = 5,m, =7, P(1,2), Q(3.4)
¥ <Ung. L +m,
i (5(3)+7(1) 5(4)+7(2))_ 11 Z] )
547 ' 547 66
b. If R(x, y) is a point that divides the segment PQ in the ratio 3:-2, then
the coordinates of R(x, y) is obtained through result (2b):

mix2tmax; miY,tm:
(x,y)=( 1 2X) 2 Y
mptm: m;+m;

2 (3(-6)+(-2)(3) 32)+-2)(4)

+ 3

332 3-2

B | L= [ v ¥ ..__ J_- A ¥ b Bl ¥ ‘. ..f‘. -
Concurrenc, the medians and angle isectors of a

Jz(-24:_zjl m= 3! ﬂulﬂ_z

L

‘ -
Las

o For the medians of a triangle are cméurrent, the procedure
developed is as under:

i, e e, M
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fA(x,y,) Bl x2,y,)and C( x;y,) are the vertices of a triangle ABC
and P, O and R are the midpoints of the sides AB, BC and CA, then the
coordinates of the midpoint Q through result (2a) are:

Q(xz”’,y’zy’],m,=mz

2
¥y
4 Alx, ¥)
P R
B(x,y,) O C(x, ys;)
> X
0
Fig. 6.5

If G(x, y) is the centroid of the tnangle ABC (centroid of a triangle
ABC is a point that divides each median in the ratio 2:1), then, the coordinates
of the point G that divides the median AQ in the ratiom, :m, =2:1are:

+
2(x22x3)+x’ 2(3’22 3)_'_},1

2+1 . 2+1

G(x,y)=
3)

_ [zt x2*xs Yt Yot Ys
e 3
Similarly, the coordinates of the point G(x, y) that divides the medians
BR and CP each in the ratio 2: 1 are respectively:

Z(xl 2”3)_’_;‘2 2(3’1 23’;)+y2

G(x,y)= ;
2+1 2+1
(4)
_ [tz y,+yz+y3]
£ s 3
L i ) :
t 243 e e ———

- N
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| s the point (x, y) lie on ac median consently the ‘
cdlans oftheanIABC areoncut " L O - {
{

{

{

{

(

Solution; If A(3 -5), B (-7, 4) and C (10 -2) are the vcmces of the tnangle
ABC, and P, Q and R are the midpoints of the sides AB, BC and CA, then, the
coordmates of the midpoint Q through result (Za) are: -

1 If G(x y) is the ccntr01d of the trlang]e ABC that divides each median
in the ratio 2:1, then, the coordinates of the point G{x, y) (that divides the
median AQ in the ratio ;> m, =2 : I) through result (3) are:

Similarly, the coordinates of the centroid G{x, y) that divides the

medians BR and CP each in the ratio 2:1 are of course (2,-1). {
o For the angle bisectors of a triangle are concurrent, the procedure
developed is as under: {

If ABC is a triangle with vertices A(x,y, ) B x»y,) and Clx5¥,),
whose lengths arc|AB| = c.|BC| =a am:l[CA| = b, then, the position vectors of A, {
B and C are respectively: {

Consider AD, BE and CF are the internal bisectors of the angles A, B
and C that meet at incentre G. This is shown in Fig. 6.6 {

If AD is the internal bisector of angle A, then:

{24l =
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BD BA BD ¢ Ll

or —=—=> BD:DC=c:b {6)

>C DC b
This means that D divides BC internally in the ratio c:b and the position
vector of D is therefore:

C_BD+DC

)
)
)
)
)
:
»

) ctb . ’
kT g If BG is the internal bisector of the angle B, then,
N DG BDE et I
) ; %eggz@é:rﬁg«: > DG;GA=a:(b+c)

(s Vil C

[ +D4C a+o+c

The coordinates of the centroid G(x, y) is obtained from équation (8) by

equating the x and y components:




PP

Unit-6
G(x,y)= ax:+bxz'*°f-‘x3’a)’1+bJ’z+CJ’3 (9)
at+b+c = a+b+4c

Similarly, the internal bisector of the angle C also passes through the

point G(x, y). Thus, the angle bisectors of a triangle ABC are concurrent and

G(x, y) is the point of concun‘ency

e o

-

P oo P avas
S P

In each case, find the length of the line segment PQ joining the two points:

a. P(-3,-5), Q(-3,-7) b. P(—4,3), Q(7,2)
c. P(5,5), Q(5.-6) d. P(0,0), Q(0,3)

The three points are A(-1,3), B(2,1) and C(5-1). Show that
|4Bj+|Bc|=|ac|.

Show that the points A(0,-2) B(3,1), C(0,4) and D(-3,1) are the
vertices of a square ABCD.

Show that the points A (13,-1), B(-9, 3) and C (-3 9) are the vertices of a
right angled triangle ABC.

Show that the points A(21,-2), B(15,10), C(-5,0) and D(1,-12) are  the
vertices of a rectangle ABCD.

Show that the points A(4,3), B(3,1) and C(1,2) are the vertices of an
isosceles triangle ABC. N

Find the point which is equidistant from the points A(2,1), B(-4,3)and |
C(=6, 5). -
In each case, find the midpoint of the Imc segment PQ joining the two
points P(x,y) and Q(x,y,):

a. P(10,20), Q(-12,-8) b. P(a,-b), Q(-a,b)

c. P(a-b,a+b), Q(a+b, a-b) d. P(-1/2,-2/4), Q(3/5,4/7) .

In each case, find the coordinates of the point R(x,y) which divides the .
line segment PQ joining the two points 2 |
P(1,2), Q(3,4) in the ratio 5:7.
P(3,4), Q(-6,2) in the ratio 3:-2.
P(1,-2) Q(4,7) in the ratio —2:3.
P(-6,7), Q(5,-4) in the ratio 2/7:1.

BegQ (8

= — 1 p—
ol

—
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when the midpoint and one end point of t

.

b. D(-3,—4), . Q2,4), pP?

QB32), P?

P(-1,-3), Q?
P(4,5), Q7?7 d.D(-3,5),

a. P(8,10), Q(-12:6), R(—4/7,58/7) ?
b. P(4 ,4), Q(5,-2), R(-1,2) ?
c. P(4,4), Q(10,16), R(6,8) ?

r—"“-‘!—f,—l"‘---

T g

b. A(3,5), B(4,6), C(3,5)
c. A(1,1), B(-2,-2), C4,5)

d. A(1,4), B(2,6), C(3,-1)

The slope of a line is a measure of the “steepness” of the line, and

whether it rises (goes up), or falls (goes down) when moving from left to right.
The line from A to B rises up, while the line from C to D goes down are

depicted in the figure (6.7):

" i), Definiton of the slopé of  line
6.2.1[Slope of a Line]: The graph of a line can be drawn knowing

Definition:
only one point on the line if the “steepness” of the line is known, too. The
number that represents the “steepness” of a line is called the slope of that line.




If move off the line horizontally to the right first or move up or down
(vertically} to retumn to the line, then the slope of the line is the “steepness”
defined as the ratio of the vertical rise to the horizontal run:

rise b .
slope = ——, the run is always a movement to the right
' run

Fig. 6.8

i) Derivation of slope formula N ¢

AL =

Mathematically, if any two points on a line are available, then their join
makes a constant angle with a fixed direction and the angle so formed is
independent of the choice of the two points on the line. This is a precise way of
saying that any line has a constant slope. It is customary to measure the

angle © which a line makes with the positive direction of the x-axis. The
quantity tan01is defined to be the slope of the line and is denoted by m. The
slope of a line is also referred to gradient of the line.

For illustration, if A(x,,y,) and B(x,,y,), wherex, # x,, are any two
points, then their join develops a line L that makes a constant angle 8 with the
x-axis. Draw AM, and BN parallel to y-axis and AL paralle] to x-axis.

The slope m of a line L through the two points A(x, y,} and B(x,,y,)
is therefore:
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N

_u':l-__:

muﬂ@[@hmm b_

Soluhon.

a. The given two points E(2,4) and F(4,6) is forming a line L, whose slope
is: ] :
Yy, _6-4_2 =

=——==—=]
xz-x; 4-2 2
b. The given two points M(3,1) and N(-1,3) is forming a line L, whose
slope is:
mede i 3-1_2_ 1
x-xy -1-3 &, 2

The condition at which the two straight lines with given

o Parallel to each other
If L, and L, are the two lines having slopes m, andm,, then the lines
L, and L, are parallel if they make the same angle with the x-axis, that means
they have the same slope. Conversely, if two linesz, and 7,have the same
slope, then they will make the same angle with the x-axis and the lines ,, and
L, are therefore parallel for which :

m =m, _ (11)
It is important to note that the lines parallel to x-axis have zero slopes
whereas the lines parallel to y-axis have the slope .
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o Perpendicular to each other _
If 1, and 7, are the two perpendicular lines make the angles o and [

with the x-axis, then the siopes of the lines L and L, are respectively
m, = tano. andm, = tanP . From the Fig. 6.10, it is clear that
L ]

L .
—_=0D-0
b
T
=0
BZ

"Taking tan on both sides to obtain:

tanﬁ=tan[g+a)

The given lines I, and L, are found perpendicular, since the product of
their slopes equals —1:

e x-axis and at a distance a from it

s y-axis and at a distance b from it
Let AB be a straight line parailel to x-axis that intersect the y—axis at a
point N(0, a). Take any point P(x, y) on a line AB. The position vectors OP and
ON of points P(x, y) and N(0, a) are respectively :
r=0OP = (x, y) =xi + ¥j, ON=(0, a) = O+qj

B -
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From the Fig. 6.11
OP = ON + NP
NP=0OP-ON
=(xi+yj)—aj=xi+(y—a)j=(xy—a)
If NP 1 ON, then the dot product between these two vectors NP and
ON is zero that gives the equation of a line parallel to the x—axis
ON.NP=0
(0,a).(x,y—a)=0
O+a(y—a)=0
ay—a’=0

P Yy =a T e R
A, e s O Bl B o S ) N, U

and is at a distance a units from it. Result (14) is true for all points on a

line AB.

It is important to note that

o if a=0, then the straight line coincides with the x—axis and its equation
becomes y=0.

e if a is positive, then the straight line lies above the x-axis, otherwise the
line lies below the x-axis, in case a is negative. The vector equation of
the x—axis is r.j=0. ]

e the equation of a straight line parallel to the y—axis is y=b, which is at a
distance b from it. The equation of the y-axis is x = O and the vector

o
.1.. ﬂ =

—
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Because of its simplicity, linear equation (line) is used in many
applications to describe relationships between two variables. We shall see
some of these applications in this unit. First, we need to develop some standard
forms that are related to linear equations.

i) Intercepts of a line and the derivatior
_equatiol fg;aﬂfmfuw,m t 'z'f‘?- |
Deﬁmtmn 6.4.1: [Intercepts): If a straight line AB intersects x-axis at C and

y-axis at D, then OC is called the x-intercept of AB on the x-avis and OD is
called the y-mtercept of AB on the y-axis.

Solution: The x-intercept of a lme is obtained by putting y—O in a line:
2x+4y+6=0

2x+4(0)=—6 = 2x=-6=x=-3
The y-intercept of a line is obtained by putting x=0 in a line:
2x+4y+6=0
20)+4y=-6>4y=-6= y=-3/2
In general a line in two dimensional spaces can be determined by
specifying its slope and just one point. In different situations, the lines
dcveloped are the following :

_oSlope-Intercept F iy
Let L be the line develops the y-intercept ¢ on the y-axis. The ]mc L
also makes an angle ® ‘with the positive direction of the x-axis that develops a

slope m=tan®.

()
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Let P(x,y) be any point on the line L. Draw PM parallel to y-axis and
CN parallel to x-axis . This gives:
CN=OM =x, NP=MP-MN=MP-0OC=y—-c¢

In triangle PCN, the angle is ZPNC = 90° and the slope of the line L is )}
giving the slope-intercept form of the line L: :
NP _ tan @
CN
27C —tan0 = y—c=xtan® = y=xtan@+c=mx+c (15)
x
In y = mx + ¢, m is the slope and c is the y-intercept of the line L on the o
axis of y. If the straight line L passes through the origin (0, 0), then ¢=0 and the
equation of line (15) becomes y = mx. A

mmmtmmm fl‘wiﬁ:am‘ﬁh

e N = e e Ao {ai
Solution: Result (15) is used for the assumpttons m-4 c=6 to obtain the 2
required slope-intercept form of a line: '

y=4x+6 . ) #

'—".c'i-f".i ,"a}’j 'r"l "'! : Ay \ " ;

If L is a line passing through the point A(x, yl)and P(x, y) is any point
on a line L, then the slope of the line L develops the pomt-slope form of a line §
L through the point A(x,, y,):

=)

... E
-—
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Solution: Result (16) is used for the assumpﬁo;ls m=4, Alx,y,)=A(2,4)t0
obtain the required point-slope form of a line:
y-4=4(x-2)
4x+y-4+8=0= -4x+y+4=0 =4x-y-4=0

s Two-Point Form
If L is a line passing through the two points A(x,,v,) and B(x, ), then
the slope of the line L is:

(n
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Equation (17)"15 used in aluanon (18) to obtam the eqﬁauon of the two-pomt
form of a line L through the two points A(x,,y,) and B(x,,y,):

Y=y =y2_-yl(x"-’-'1)
"2 l

» ".Eﬁﬁﬁlé“s 4.4'[Two—Point i Forml: ‘Find an equation of a line that passes
through the two points P(—1,-2) and (-5,0). NP 23

Solution: Result (19) is used for the assurnpuans P(; xny,)= P(-1, -2)
O x5, ¥,)= Q(-5,0)to obtain the required two—point form of a line:

0=
Y= 5= x=(D)

2
+2=(x+1
y _4(x )

Jy-8=2x+2 = 2x+4y+10=0=> x+2y+35=0

s Double-Intercepts Form
If a ling L intersects the x-axis and y-axis at points A and B, then OA=a
and OB=b are the x and y-intercepts of the lineL.. v,
Let P(x, y) be any point on the line L. V58, :
Draw PM parallel to y-axis and PN parallel to x- 1
axis. From the figure (6.16), the comparison of J
similar triangles ABNP and APMAis giving the | T
equation of double-intercept form of a line L: LS i IS
0

NB _ NP l

MP MA
OB-ON _  OM
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Solution: Result (22) is used for the assumptions a=3, b=4 to obtain the reqmmd

I}‘] ;l[[_ﬁ‘-[-"t”‘""""’mf 11"'" wh

line:
3 4
4x+3y

=1=>4x+3y=12 = 4x+3p-12=0

O { Symims “Lnln nm

Let a line L through pomt
A(x,,y)makes an angle Owith the
positive direction of the x-axis. .

If P(x, y) is any point on the line
L, then AP=r. If we allow r to vary with
-any positive or negative values, then P
will take any position on the line L.
Conversely, if P is given to be any point
on the line L, then the unique value of r .
can be found which in fact is the distance
of P from A. Thus, it follows that r serves
as a parameter of point P. -

To find the coor_dinates of a point P in terms of the parameter r, let us
draw AL and PM parallel to y-axis and AN parallel to x-axis, that with the
following assumptions

dvelops the parametric equations of a line L through the point A(x,, y,)at an
angle 9: _
OM =OL+1M MP=MN+NP

=OL+ AN =LA+ NP

x—xl+rc059 cosO=AN/r y=y +rsinf,sin@=NP/r

The pmmetnc equations (22) automahcall}r give the symmetric form of a

line L after simplification: _




¥

Yy
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makes an angle of 120°. ‘
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— S — = N7
xmx j
cos@ r=x% _Y=X%
= ===
Y=l cos® sind (23)
sin®
e Normal Form
A normal to a line is a line segment drawn from a
point perpendicular to the given line. This is shownin =L * Normal
the Fig. 6.18a. The normal form of a line is the '
equation of a line in terms of the length of the ] ‘_Fig p 18(’a)
perpendicular on it from the origin and that e
perpendicular makes an angle with the x-axis. NN .
If a line L intersects the x-axis and y-axis at nl p s ;
points A and B, then m and n are the x and y-intercepts A
of the line L. Draw ON perpendicular to line L that ' —g = \>-r A
provides the perpendicular distance p from the origin Fig, 6.15(b)
on the line L which is denoted by ON= p. = Y
If ON makes an angle 0 with the positive direction of the x-axis, then the
x and y-intercepts of the line L are respectively: X
cosf=2 = m= psec ;
m : Al
sin9=£=>n=pcosec9 (24)
n Y
If m and n are the x and y-intercepts of a line L, then the intercept form of
a line L develops
m n
S ) |
psec pcosecd _
xcos6+ysinB=p (25
the normal form equation of the given line making an angle @with the positive
direction of the x-axis and whose perpendicular distance from the origin is p. ;
'Example 6.4.6:[Normal Form]: Find the corresponding equation of a line, if y 1{
the length of the perpendicular distance from the origin on a line is 3 units that N/

— Y
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Solution: Result (25) is used for the assumptions p = 3, &= 20’ to obtain the
required equation of a line:

A first degree polynomial p,(x) =a,x+4d,is rearranged to obtain an
equation of the form

3 - B 1

is then called the general equation of the straight line. Here a, b and c are
constants while x*and y are variables. Remember, The first degree polynomial
p,(x)is also called the linear algebraic equation and is denoted by p, (x) = f(x).
For logical proof, if P(x;y;»Q(x»y,)andR(x;y,)are the three
points on the locus represented by the straight line

1 - l||I|.
ax+by+c=0

Sgarialy!
ax2tby,+c=0

R |14 i -
ax;+by;+c=0 2 2

The three lines from equation (27) to equatin (29) develops a
homogeneous system of three linear equations in three unknowns a, b and c:

{ e e e el i
The homogeneous system of linear equations (30) defines a nontrivial
solution only if the determinant of a coefficient matrix A of the system (30) is
Zero:
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X (¥, =¥} = (x5 —x)+(5y; —xy,) =0
Equation (31) is rearranged to obtain:

Multlply both sides of equation (32) by %to obtain the area of t.he triangle
formed by P, Q and R that equals Zero:

Since the three points P, Q and R lying on the locus (26) are collinear. Hence the
locus (26) represents a straight line.

ili) Gen "-u orm

of a stralght line is redlie'ible to other standard forms

Any standard form of a line can also be determined from the general form
ofa hne (26).

o To reduce the general form (26) to the point-slope form of a line, we need
to involve the following steps:

Hu:;i‘a} +c=0

r o }...e.l

e To reduce the general form (26) to the double—mtercept form, we need to
involve the following steps:

—y

{2l
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y - intercept 4!1:*%’%@
o PR ¢ e
. To reduce the general form (26) to normal form we need to mvolve the
following steps:
From the Fig. 6.18b, the angles along the positive dlrectlons of the x and
y-axis are the following:

cosf@ == p " smB—-‘—D—
m n ¢ |
The values of cos@and sinfare used in the trigonometric identity

cos” @+sin’#=1 to obtain p:
cos’ §+sin’ #=1

’

This p is the perpendicular distance from the origin to the line
7';—+%=1 (i.e. nx+my-mn=0). Of course, the perpendicular distance

“from the origin to the line ax+by+c =0 must be:

For converting the general form (26) to normal form, divide the line
ax+by+c=0 by —===to obtain the conversion of the general
Ja?+b*

form (26) in the normal form:
g
o )l
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ax K by K c
Va2 +b* Na +b  JaP+b?
- Example 6.4.7: [ Direction Cosines): What are the direction cosines of a line
perpendicular to a line x-5y+3 =07
Solution: The normal form of the given line is:
-x Sy 3

=0 > 5 1(36)

=0

J26 V26 26

* The direction cosines of a normal line are given by the coefficients of x and y
1

5
and that are A =———and U =——.
V26 - 26

EALY

M RRRIR VAR Tt LRt N el
22 Arrange these lines in order of steepness (shallowest to steepest):

2 1
a. y—§x+4 b. y-;x-S c.y=x-3
d. y=03x+6 e. y=0.01x-200
3. In each case, find the slope, if it is defined:
a. (=5, 4) and (3,6) b. (2,-1) and (-5,6)
c. Through the origin and (4, 6) d. 4x+7y=1 ;
e. Parallel to 2y-4x=7 : f. Perpendicular to 6x=y-3

—

'
—
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concepts in subsections below.
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What are the x— and'y—mterccpts for aadl ofithe follomng:hnes?fﬁ ;g*

B

a. y=2x+6 b. y-—3x+9 c. y=x+2

d. y=2x-8 e.y=5x+10 f. y=5x-10
' In each case, use the normal form to fir

for the following assumptions:

a.p=4, 8=60" b. p=8, 8= 90°

© ¢.p=5, 8=30° . d.p=2, 0=45°

-In n each case, find the equatlon'of a hne*vlf the ~interce

"of'the*lme are the. follomng ey ;
at(40),y(06) bx(—40)y(0—8}

c. x: (5,0), y: (0,10) d.x: (-1,0), y: (0,5)
Inéa?:h?a?_s'p,;.-;ﬁna.me : ‘of a line that passes throug
points: i -, Sl altaid i et Ll

a. 0(0.0) and A(2,6) b. E(1,0) and F(2.5)

In eachqé'fisc, find the ﬁm Loanhﬂe ;-' T[reT

';pomtA[E;].y_,)hawng S]éf”' .'“LLJ'_E' cEE

a. A(1,2), m=4 b. A(-1,-2), m=~1/2
c. A(-3,5), m=-3 d. A(7,-8), m=3

”Ineachcasef.ﬁndthc uanonnofahnethatexls&; y—in
GQW Fd-'r"‘ e

slope mm i " i @‘.‘.I...E.L - ; ,'.. -h'um
a. c=2, m=2 b. c=4, m=8
c.c=—4, m=1/2 d. c=1/2, m-3

To obtain the dlstance of a point from a line, we need to develop the

Position of n of a point with respecﬁ‘o;a?hn: eg S

To show that the point P( x5 y,)is on one side or on the nther side of

the straight line ax+by-+c=0 according as the expression

axi+by;+c <0 or ax;+by,;+c >0,
the procedure developed is as under:

=

i

[ o

5 g
2
=
8
m

(202
/!

-
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Let AB be the straight line ax+by+c=0 and P( x,, y, )is a point above the
line AB (figure (6.19a) and P( x,, y, )is also a point below the line AB (figure
(6.19b). From P draw perpendicular PM on the x—axis that cuts the line AB ata
point Q whose coordinates are O( x,, ¥, )

: @gg 0

ax, +by,+¢>0, b>0
If P lies below AB as in figure (6.19b), then:

(a3}
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MP-MQ<0
{“i Y- y,<0
y y,+m‘+c<0
) 2
}
% ax,+by|+c<0
/ ar +by, +c<0, b>0

Hence P lies on one side or on the other side of the line ax+by+c=0
according as ax, +by, +¢ > Qorax, +by, +c <0.

& This develops the following concepts:

<
]

Since ax; + by, +c > Ofor all positions of the point P(x,, y,)on one side
of the line and ax, + by, + ¢ <0 for all positions of the point on the other

t; side of the line. It follows that the sign of the expression changes as any
\", point P( x,, y, Jcrosses the line ax+by+c=0.

A ® The line ax+by+c=0 cuts the plane into two regions, one positive region
A\ "/ (above the line), the coordinates of any point P(x,, y,) which when

A substituted in ax+by+c=0, make ax;+by,;+c > 0,and the other negative
\Y region (below the line), the coordinates of any point P(x,, y,) which when
/A substituted in ax+by+c=0 make ax, +by, +c <0.

I ¢ Origin case: If the coordinates of the origin O(0,0) are substituted  in

the expression ax+by+c=0, the expression reduces to c=0. The origin is in

,1 { positive region if ¢ > 0 and in the negative region if ¢ <0.
' o Two points P x,, y, )and Qf x,, y, ) lie in the same or opposite sides of the

4 straight line ax+by+c=0 according as the expressiongx,+by,+c and
axz+ by, +c are of the same or opposite signs.

* The point P( x,, y, ) and the origin are on the same or opposite side of the
straight ax+by+c=0 according asax;+by,+cand a(0)+b{0)+c have the”
same or opposite signs, i.e., according as ax;+ by, +c and ¢ have the same
or opposite signs.

\ # Example 6.5.1:[Position of a Point): Determine whether the point P(IO -6) hes |

above or below the line 9x+10y—3=0. Show that the pomt and the ongmhe omthe '
same or onithe opposite sides of the given line. |

1
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Solution: The given line 9x+10y-3=0 is compared to the line ax+by+c=0 to-
obtain the coefficient of y b=10>0:
1. The given point P(10,—6) is substituted in the given line to obtain:
910)+10(-6)-3=90-63=27 >0 (above)
Thus, the point P(10,-6) lies above the given line 9x+10y-3=0
2. The given point P(10,-6) and the origin O(0,0) are substituted in the given
line to obtain:
910)+10(-6)-3=90-63=27>0
9(0)+ 10(0)-3=-3<0
Hence, the point P(10,~6)and the origin O(0,0) lie on the opposite side of
the given line 9x+10y-3=0 _
Example 6.5.2:[Position of a Point]: Show that the pmnts s P(3,7) and Q(3,-1)
are on the same side of the line 3x—8y—7=0 % Qb
Solutmn The given points P(3, 7) and Q(—3 ——1) are subst:tutcd in thc given hne
to obtain:
3(3)-8(7)-7=9-56-7=-54<0
3(-3)-8(-1)-7=-9+8-7=-8<0
Thus, the point P(3,7) and Q(-3,-1) are on the same side of the given line
3x—8y-7=0. _
i) Perpendtcul_ar dtstance  from the pomt ona lme
IfQ(x, y,)is any point on a line
ax+by+c=0 (38)
and n=(a,b)is a nonzero vector perpengdicular to the line (38) at a point
0(x,,y,), then the distance D is the scalar projection of a vector QP
(associated to any point ( P(x,, Yp))onto r:

} opposite in signs

} same signs
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~ D=|proj, 0F|

, 3) toaline 7x+3y-9=0

Solution: -Result (39) is ' J‘sed for the assumptionsP(x,y;)= P(2,3),
¢c=-9,a=7, b=3 to obtain the perpendicular distance d from the line 7x+3y—
9=0.0 the point P(2,3):

166 |5 Anglebetween Lines |||

If the two.lines are available, then the angle between these two lines can

found as follows:

i, O . . ol



ngle between two coplanar intersecting straight lines
First method: [Basic Geometry]: Let AB and CD be the two straight lines
y=mx+c¢, and y=mXx+c '
These lines are intersecting at a point P(x, y). The line AB intersects the x—axis at
a point E that makes an angle 6, while the line CD intersects the x—axis at a
point F that makes an angle &,.The slopes and angles developed by the lines
AB and CD are respectively:
m, =tané,, = tan#,
Letdbe the angle of intersection :

between the lines AB and CD, P being the {
point of intersection of the lines AB and CD.

The basic geometry rule that the angle 6
between the lines AB and CD will be:
8=6-6, 4
Take tan of both sides which leads the angle
between the two lines AB and CD:

tan § = tan (6, - 6,)

_ tan§ —anb,
" 1+tané,rané,

m—nt

d = '
= -L’-d-___ = L .,';;I

This expression will change its sign depending upon whether we
take m, as the slope of the first line or the second. But the change of sign
is not a problem, because the positive / negative values will
give supplementary angles (as tan(z — &) =—tan#). For example, values 1
and -1 will mean an angle of tan45° =1andtan135° =—tan45° =~1, both
of which correspond to the same situation geometrically.

To clear this sign issue, use a modulus sign on the previous
expression, which will always give a positive value (or an acute
angle). The final formula looks something like this:

ang|mzml e

1+mm,
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Second method:[Dot l_’roduct of Unit-Vectors]: The unit vectors are the vectors
lie in the same directions of the given lines. The unit vectors along the lines AB
and CD are respectively u = (cos§,,sin §,) andv = (cos 6,,5in6,) .

The unit vector u of a line AB is:
li’h:n[r'ras (-a' 4 f.’_.k_;, ), Ct ’f,l = TU}«;{.eﬂj{i‘

\ rTJ’i‘f:L ‘"4\

i
'Jlr".,,' ]

The unit vector v of aline CD is: O ad
SR
(1 tmg me,)
L::-Q »-m(-.!

Llrs Tienz)

The angle of intersection between the lines AB and CD is the angle of
intersection in between thelr unit vectors u and v that can be found | by taking the
dot product in between the umt vectors uand v:

l.. sec® 8, =1+tan" 8, =1+m;

The standard form of the angle is obtained if

tan? t_S’=sec2 8-1

-

‘-
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—1, usevalue of cos8

cos @

U+mﬂhmu
(1+m:mz)

(I'H"] )U'*‘mz) (I'H"lmz) (m;- mz)

(I+mm, )’ " (1+mm, )

|1+ mym,
It is important to note that .

o " g positive, then result (41) gives the acute angle between the
I +mm,
lines AB and CD.

o IfATM g negative, then result (41) gives the obtuse angle between
I+ mm,
the lines AB and CD.
e If one of the given lines is parallel to the y—axls then the angle#is not
possible to obtain by formula:
tan@=t- 2 .
- 1+@%
Because 90° is the angle made by that line with the positive x~axis and
tan9g°= oo, In such a case, the angle between the lines will be
calculated by drawing the figure.
o The lines are parallel, if the cross product in between the unit vector u
and v is zero:
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_ where k is normal to the plane of the lines. ¥
s The lines are perpendicular, if the dot product inbetween the unit vectors u
and v is zero: : il =il hd
E.
-5=|' A7, “tl i
Solution: The slope of a line 7x+3y-9=0is ’
7 7 f.:
y=-7x+9 = y=—;x+3. nl,=—§ (S
The slope of a line 5x-2y+2=0is _
2y==5x-2 = y=§x+], mz='§ _ frs
If 8is the angle from first line to line second, then <
TS y
L. ey - -2
ang=TnM 3.0 7B Vg i=45 _t.
1+ mm, ]+:Z..5_ 6 ]_35 —29 \"/
= ¥ V

_point of intersection of twe

Suppose, the two lines are

L:ax+by+c =0 42)
L, :ax+by+c,=0 (43)

and P(x,, y,)is their point of intersection. The
given lines , and L, are used to obtain a first |

degree equation of a straight line in x and y: |
(ap+biy+c)+Max+by+e)=0,4
is constant (44)
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The coordinates of a point P will reduce each line in {44) to zero, since,
by hypothesis, P is the point of intersection, i.e., it lies on each line. Therefore P
satisfies (44) and represents the family of lines through the point of

intersection of L, =0 and L, =0.

;:1:_' = ..-i.”!q{’..‘.,‘_u . D

vhose slopedism, =—2/3.

ilar to the line 4x+3y-1=0.

Solution: Result (44) is used for the lines 2t-3y+4=0, 2x+y-1=0 to obtain the
family of lines: :

 @2A)rH(-3+ Ay +(4-4)=0

 The stope of the family of#lines is:

a. The family of lines (45) is pel to the line with slope
m, ==2/3if and only if their slopes are equal:

25 2.}° RN
6+6A=—6+24
The value of A = —3 is used in (45) to obtain the particular line from the
- family of lines (45):
(2x-3y+4)-3(2x+y-1)=0
2x-3y+4-6x-3y+3=0
b. The slope of the given line 4x+3y-1=0 ism,=—4/3.The family of
" lines (45) is perpendicular to the line 4x+3y-1=0, if and only if the
product of their slopes equals —1:

=
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\
qfﬁ:tﬂ‘i;('ﬁ J=
8+84 el e i

=12 8482=9-30 = I1d=1=> A= -

..,rlg;ri'!‘ -{l E . _,?

The value of A=1/11is used in (45) to obtain the particular line from
the family of lmes

(&— 3y+4) \—fﬁ'wu” D=0
22x-33y+44+2x+y—1=0

IfA(xl yl), B(Jc2 yzjandC(x_, y,) are the vertices of a tmmgle ABC
and the slopes of the sides AB, BC and CA of the triangle ABC are

respectively:
Yai=n i . \V ) T
= ., slope of side AB , = ., Slope of side BC
s , = x3 % Slopeof
o) o) 1 S T '
m, = . slope of side CA
X=X

If§, 6,and g, are the angles in
between their sides AB 10 AC, BC to

BA and CB to CA respectively, then the
angles can be found through results (41):
The ahglés from the sides AB to

AC, BCtoBA,and CAto CBofa
triangle ABC are respectively:
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Solution: If ABC is a triangle and the slopes of their sides AB, BC and CA are
respectively:

341
j?_%— h{rj -—-r==E .IJJ a ‘ I3 i‘; 5 J"':;_"_,'L
ﬁ 7 E%) ;'}“'w‘;.: 12 ;

;.f‘}-:.:f _
HQ :'3
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1. Ineach case, €, show that the point P(,\;,.yl)hes above or below the line
b 55 ax+by+c=0 Also show that thegpomt P(x; ¥, Jand the ongm lie on thc
L_ " g sn.ma.si&.or on!.the.ppmte_sﬂehofﬂw line ax+by+c=0 FEEES
a. P(4,-5), 4x-3y-17=0 b. P(-3.8), 5x+7y+9=0
c. P(20,~-15), 6x+9y+l3—0

‘r-- ﬂIf_!Ameachﬁcase,{nshO{Wthat‘ﬂle pomtsP( x_.,y, )andQﬁxz, ¥, )are ‘on the
r on th 'bpgpmtesadeofthelme AxFhy-+C=0: i A e T
a. P(-4,2), Q(11,-3); Sx+14y-11=0
b. P(=3,5), Q(1,-2); - 2x—3y-10=0
c. P(-3,2),Q(4.5); 3x+7y-15=0
" 3. Inocach case, find the perpendacular dmm from the line gx+by+c:=0
P TR MBS i
a.P(34), 4x-3y+6=0 b. P(5,8), 3x—2y+7=0
c.P(3-1),  Sx+12y-16=0 d. P(-54,71), 4x+3y-17=0
e. P(-60, 25) 3x+7y+5=0
En T *., find ¢ angle @ from the line 7, to line L,, Lz. 1futhe slopes of l
o elmeslmilaeefolowsg
H m=2, L:m, —3
im =0, L:m,=2
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i ' hno the & ,,.&@i he line, totheline 75
a. [, -joins (1,2) and (7,-1), Lz : joins (3,2) and (5,6).
b. L, :joins (2,7) and (7,10), L, :joins (1,1) and (-5,3).
Try to obtain acute angles.
t_’__ 6. :Tmﬁndﬁe angle 8 from the bne 7 ;to theline’r,,- = =~ = & "+
L rx-2y+3=0, [,:3x-y+7=0 '
b.L, :2x+4y-10=0, L, :5x-3y+1=0
C. L i2x+y-8=0, [;:3x+2y-2=0
d L, '3x 5y+22-0 L2 '6x+y-22=0

2, Al ) ( 2 (-23) e A4, B(1.5) o o,
c. A(-4,0), B@.0) and C(2.,5) d. A-1,-1), B(-14) and C(2 0

| '8 Fmd the;,equatlon‘oﬁ '_E“-{ -"m“j:i,ﬁm{?'*i"'i v of

[ i St \ghth ﬂofmtersecB‘" OFtHEHRES] T b sy i A e
a. 2x-3y+4=0, 3x+4y-5=0 and is perpendlcular to the line Cx-?y—
18=0.
b. 3x—4y+1=0, 5x+y-1=0 and cuts off equal intercepts from the
axes.

c. x-2y=a, x+3y=2a and is parallel to the line 3x+4y=0.
2x—y—0 31+2y-0 and is perpendlcu]ar to the line 3x+y—6=0

a. 2x+y+1-0 2.1+3y+5~0 that touches thc point of 1ntersect10n0f x—y—{) -
and x+y=0.

b. 2x-3y—4=0, 3x+y+5=0 that touches the pomt of interscction of
x+y-3=0and x-S5y+I=0.

63| = [Concurrency of Stiaight Lines |

Before to touch the concurrency of straight lines, we need to develop the
concept of intersection of lines. Logically, the solution of the system of lines
exists only, if the lines intersect. For illustration, the two lines

x+y=1 and x-y=0
is forming the system of two linear equations

{ans),
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The second equation is giving y=1/2 which is used in first equation to
obtain x=1/2. The solution set (x,y) =(1/2,1/2) of the system of two linear
equations is unique (one solution set). This unique solution is the unique point of
intersection at which the given two lines intersect. .

It is important to note that the system of two lines

¢ x+y=l and x-y=0 is giving a unige solution set, since the lines are
intersecting at just a single point.

e x+y=] and x+y=0 is not giving a solution set, since the lines are not
‘intersecting, because the line are parallel.

o x+y=1 and 2x+2y=2 is giving an infinite set of solutions, since the lines

are intersecting more than one points, because the lines make a sense of
coincident lines.

"‘ =‘n’ r'i"f:

The condition of concurrency of three stralght lines is the point of
intersection at which the three straight lines intersect. For illustration, if the

given three lines are
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e — e —— - | i N e e ———p

am+by+c =0

r

:' ‘ 1x'i‘ib2)’:."'6'z=:0: e (e Nk @’-ﬂ ;‘{
ast+tbsy+cs=0 Ko g
then, the three lines develop a homogeneous system of three lmear equations
- O Balio e s e Se s e
FRfia;
. (48) . ‘;7l
a: { ,1
. \ai 1 \,\“,

S e L el 1 S0

In homogeneous system of three linear equahons lines (48}. the
homogeneous coordinates are used:

x ¥
U=y - AN (49)
Y, 1)
Concurrency means that the three lines must intersect at a point

G(x,y), say, that can be found by solving the system of linear equations -
(47). The system (48) has a nontrivial solution if the determinant of the

coefficient matrix A of the system (48) is zero:

P - - — i bR

a b ¢ ¢
ol b2 =0 - (50)

a3 b3 c3

5

This is the condltlon of concurrency of three lines. For required point of
concurrency (intersection), the steps involved are the following:
1. Choose any two lines from the given three system of linear equations
47).
2. Develop the system of these two linear equations.
3. Develop the augmented matrix A/b of the system of two linear equations
and reduce it in an echelon form to obtain the point of intersection.

4. Substitute the developed point of intersection in the remaining third line.
If the point of intersection satisfies the remaining third line, then that
point of intersection should be taken as the point of concurreny of
the given three lines.

g —— 277
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Solutmn The condmon of concurrency (50) mhghl of the glvcn three lms is’
going to be zero:

The given three lines are concurrent. For the point of concur'rency’G(Jé,y),
choose the first two lines -

that develops the system of two linear equations, whose augmented matrix A/b is
reduccd in an echelon form

The second equation is giving y= —~5.-‘6 whlch is used in fust equntmn to
obtain x=1/3. The third line with substitution of the point of interscction
(x,y)=(1/3,-5/6) is going to be zero:

24254120 => 2 (113)+2(=5/6)+1=(2/3)-(5/3)+1=0
Thus, the gwen three hnes are concurrcnt at a pomt G (ll3 -5/6)

° Concurrency of the right bisectors of a trmngle

“To show the concurrency of the right bisectors of a triangle, the procedure
developed is as under:

Let ABC be a triangle, whose vertices are A{xny,) B x2y,)
andC( x5 ¥,), D, E, F are the midpoints of the sides BC, CA , AB of a triangle
ABC whose coordinates are réspeciively:

‘
==
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D x2txs Y.t ¥, E xitx: Y1) F xitx: Yt Y,
2 " 2 ) 2 2 ) 2 ' 2

4 il L C]
- Fig.6.25 P

If the slope of the snde BC and the slope of the nght bisector DG of the
side BC are respectively:

. = T A e e
oy S T v s S, )
X3~ X2 1y SEF : - 7

then, the equation of the right bisector DG of side BC is obtained by point-slope
form of a line:

(y ¢ Y;T'_' )’3]____; X3~ X2 (x_ X2 +_-X_3):'

2 y.i'yzk 2

(yg-:yz)[y- > ’;y’)':(xz-xs)(x‘ﬂ%} :

1 !
x(x2-x3)#¥(v:-,)- ()'u y3)-5(#5-x3)=0 2 A/

Snmlarly, the equations of the right bisectors EG (of side CA), FG (of
side AB) is respectively:

x(xs- i)+ 3 (35-9,) =5 (3-91) =5 3= 2d) = 0. o AL
L v 3 Ty |
|

F(x=xa)+3(31-32) - (3'1 3’2) Z(x?'-_-xi’).-=0"w; ot R
i ____ g
279

=
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The right bisectors DG, EG and FG is concurrent, if the determinant of
the coefficient matrix A of the related system of equations of the right bisectors
DG, EG and FG equals zero:

obtam

The value of@ (ietenninant is zero, Hencc, the right bisectors DG, EG
and FG of a triz ge C are concurrent. -

pisectors DG, EG

ation: The vernces Alx,y)= A(O 0}, B(JL2 ¥,) = B(8, 6) and C(r,J y3) =
’E\ C(12 0) of the triangle ABC are used in the determmant (51) to obtain:
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The determinant (51) equals zero. Hence, the nght blsectors DG, EGand
FG of the triangle ABC are concurrent.

The determinant (51) equals zero. Hence, the right blsectors DG, EG and
FG of the triangle ABC are concurrent. 3

e Concurrency of the altitudes of a triangle
Let ABC be a triangle, whose vertices are A(x,y,), B(x,, yz) and

C(x,, y,). The altitudes of the triangle ABC are AD, BE and CF. ¢ O
If the slope of the side BC and the slope of the alntude AD are

respectwely

N\ ".

— — T — —

/< ; ‘—1 DI)
f?aﬂ Yﬂﬂ"! ¢

R ; @2-’*5,4{“ &f—i"‘*--;* ea Nx-x1)
';arzzﬂm!}&ﬂs&f%#m.zﬁ&%m&f 5,;,;1:}

_ Similarly, the equations of the altitudes BE and CF are respectively:

(a1
)




B — gl —
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%= )+ 3 (3531} x2(x5- x1) - 33 (35- %) =0

J-'(xrxz)"' }'()’.«‘ yz)'x:'r(xl 'M)'J’J()ﬂ i )'z)=0

The altitudes AD, BE and CF are concurrent, if the determinant of the
coefficient matrix A of the related system of equations of the altitudes AD, BE
and CF equals zero:

X2-X3 Y ¥; 'xr(xz‘XJ)')’;(}’z')B) :
X2 Y T2y | -xd x3- ¥ )-¥A ¥s- 1) (53)
X XY, a8Y 5 'XJ(XJ‘J_CzJ')’J(y.-')’z)

The operation of addition of ows R, + R, + R, to row R, is used to obtain:
0 0 0
xsexi Y3 ¥r  cxd x5y )-¥Ay;-y)=0
XigXs Y=Y 'IJ(I!'IZ)'yJ(y;’J"z)

The value of the determinant is zero. Thus, the altitudes AD, BE and CF
of a triangle are concurrent at a point G.

The conclusion drawn from the above results is that the three
medians AD, BE and CF of a triangle ABC will also make concurrency at

a point say, G(x,y).

@ Example 6.7.3:[Concurrency. of the Altitudes]: Let ABC be a triangle with
vertices A(0,0), B(8,6) and C(12,0). Show that the altitudes AD, BE and CF of
the triangle ABC are concurrent.

Solution:The vertices A(x,,y,)=A(0,0), B(x,,y,)= B(8,6) and C(xj,y.,}=
C(12,0) of the triangle ABC are used in the determinant (53) to obtain:

xe-xs Yy ¥s  cxAxacxa)-¥{Y:-ys) |4 6
x3-% ¥y cxdxsmy)-yAy-y )=z 0 96
X1gxzt WYY, '-"d[xl'l'z)'yj(yl'yz -8 6 96
= -4(-576)- 6(1152-768)
= 2304 -6(384) = 2304 - 2304 =0

The determinant (53) equals zero. Hence, the altitudes AD, BE and CF of
the triangle ABC are concurrent.

—_
L 7

= ——————

© Plane Analytic Genmetry Straight

e

'r-

3

|’



Maths 12 : .m

Let ABC be a tnangle whose vertices are B(x,y) B(x;,y,)and J
P(x;,y,). Project BA, P,Band BC upon the x-axis that develops the
trapezia P;ACP;, P;CBP; and P, ABP..
The area A of the triangular region p,p,P;is the sum of the areas of the .
trapezia P;ACP;, P;CBP; and P;ABP; minus the area of the trapezium p
P1ABP:: ]

- .,\w.
R

A--[(31+y3)(x3 x1)]+= [(y3+y,)(x2 xs)]-—[(y,+yz)(xz x;)]
=5’[&?)’1'113’1+x3}’a3'x1')"3+x2_)’3'x.-i)’-j"'xz}’z'x..ay';iu\n WS
- X2+ X1V - X2Yo+ X1¥,) (54)

1 :
==E[xl(yz-y3)+xz(y3-y,)+xz(yryz)] X

=3

TN HJWWNW

Xi y; ; 1 y
=E x: ¥, 1, first column expansion

x; ¥y; 1

4y

PJ-
P,
P,
Y2
e ] e : e -y
0.  A(x.0) C(x,0) B(x,,0)

Flg 6 27

It is important to note that the area A of the triangular region P, P, P;
equals zero, when the vertices of the triangular region are collinear points.

>
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In general, any line equation in two variables that passes through the origin is
called a homogeneous equation.

3 2] T,
..-I. 3
Loy b ATRE
TS

g
5 o4 TR BUETEY e WY

Definition 6.9.1:[Homogé'neous & Nonhomogeneous Linear equations]: An
equation of the form in two variables x and y

o 1 { S R T M e
an+oy+e= i c#£ 0, ab and: e [ri'f-_’

¥
1- 18

is called a nohhomogenous equation of a line. For c=0, the nonhomogeneous
equation (55) gives the homogeneous equation of the form
..‘ @}:{Hj"‘ E[!‘: - - - - X o :-.-.r' = r- € ' = _ 1+ I-.'-:.‘I_.I = (&T‘E’j“‘:‘ﬁ

that passes through the origin definitely.This also defines a homogeneous
equation of degree 1, since the indices of x and y in every-term of (56) is the
same, the degree being 1. For example, the equation of line x+y=0 is
homogeneous line, since it defines a homogeneous equation of degree  §

Definition 6.9.2: [Homogeneous Quadratic Equation]: An equation of the

form
=
L
_|1
‘
we=
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is called a homogeneous quadratic equation of second degree in variables x and Y,
-since the sum of the indices of x and y in every term are the same number “2.”
For example,

3 -4xy+5y°=0 and t’.::2+mxy+ny2 =0
are homogeneous quadratic equations of the second degree in x and y. On the

other hand, the equation of the form 3xy’-4xy+5 y’ =0is not a homogeneous -
equation, since the sum of the indices of x and y are not the same in each and
every term.

™ Iﬁgo IS j-' 2

pair.of straight WE:T?E igh the origin

] Standard form of second degree homogeneous equation
fapx+by+c,=0andg.x+byy+c,=0are the two straight lines, then
the simple product of the given two nonhomogeneous lines defines a joint
equation of a line:

(am+biy+ci)(am+by+cs)=0 _
The joint equatlon of the homogeneous straxght lmes is obtamed from
(58) by puttingc, =c, =0:
: f_rq;a‘a#%m}}m;; -’1%*{:5;;;,.3,‘1 =0 |
The product of homogeneous lines (59) is giving the standard form of
the second degree homogeneous equation: a
(a,x+bly)(a x+b y)z 0

aax +(a:b2+a2b.u)1)’+b;bz)’ 0
If aa, =a, (a,b, +a,b ) =2h, bb, = b, then (60) gives:

ax: "ird FHHTI‘J :rl _

Any point P(x,y) that satisfies first linegx+4,y=0 or second line
azx+ b,y = 0 will also satisfies the joint homogeneous equation of (59).

&
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,anday when the second degree homogeneous eguahon 15 5y x +3xy- 8y 0

C Rejrreseutatton as paxr of ﬂm:gi:t lines o Ve

The product of equanon (61) to constant quam.ny aln is gwmg the ijt
equation of the two first degree homogeneous equations in x and y:

;[ax + 2hxy +by ]=0

i+ 2ahxy +aby® = 0, Add and subtract by’
(ax+hy)’ —h*y* +aby’ =0
(ax+hy)? -y (h* —ab)=0

(ax+hy)2—(y (h’-ab)f =0
(ax+hy+y\/h2-ab)(ax+hy—y K -ab )=0 <
VN

o i

il

| ' ' {

;. ax+hy y\/ ax+( <~th )y 0 (63} <
'I'he lmes (62) and (63) are therefore ﬁl’St degme equatnons m X and ¥y <
It is important to note that the lines are q

o real and distant, ifi* —ab > 0.

o real and coincident, ifh* —ab=0. é

o imaginary,if h*—ab <0.

W 6.9.1:{Joint’ Straight Lines}: Find two first dEgreclsumght lines in x

Eiatees

e PP T B, . PP R

Solution: The standard form of second degree homogeneous equatlons
(61) is compared to the given second degree homogeneous equation

564 3xy- 8y =0 to obtain:
a=35 2h=3=>h=3/2, b=-8

These values are used in the standard form of two first degree homogeneous {
lines (62) and (63) to obtain the required two homogeneous lines:
{

{
K
{
{

F-J {
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The two lines are perpendicular, since a+b=3-3=0 is zero for a=3 and b= -3.

Q Example 6.9. 4.[ Joint Equation] Find a joint equatior of the straight line that
’ ' passes through the origin and perpendxcnﬂar to the lines represented

~by2x 5xy+3y =0.

} _______ L

Solution: The standard form of second degree homogeneous equations (61) is

’ . compared to the given second degree homogeneous equation
2x*-x5y+3y’ = 0 to obtain: '
) a=2,2h=~-5=>h=-5/2, b=3
These values are used in the standard forms (62) and (63) of the two first
) degree homogeneous lines to obtain the required two homogeneous lines:

.a>':+(h‘+\/h’ -‘ab)y-:O

WG
' 2x+[—£+
2

\/35-(2)(3)

25

-

¥l

2x+[-§+ —-61y=0

ax+(’h—\/h2-ab)y= 0

2x+:[-%-1/2-(2)(3) y=0

) EARN E
5 1] 5 1
x| -2+21y=0 2 ly=0
! [2 ZJ)' _ 2x+[2 dy
2x-2y=0 2x-3y=0
“ 23 x-y=0
Slope oftheﬁmt lme is
x-y-
@ Erm s
Slope of the second line is
.?;?"*-.h : 7

— e

The line that passes through the origin 0(0 0) and perpend;cuiar to hne

first is:
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The hne that passes through the origin O(0,0) and perpendlcular to line
second is:

a. 2x+4y-10=0, 5x-3y+1=0

b. 2x+y-8=0, 3x+2y-2=0

c. 3x-5y+22=0, 6x+y-22=0
d. 8x-7y+71=0, IOx-]Iy+35=_0

“H_q._,a_f-;:-:i?z‘_ owing lines are concurrent. If the lines are concutrent, then
he given lines can make concurrenicy:

a.x-Y=o=p,, Q) 7570 11775% 2870
b. x+2y-3=0, 2x-y+4=0, x+4y-7=0
c. 3x+2y-1=0, 2x-3y+4=0, x+y-2=0
d. x42y+5=0, 3x+5y+1=0, 4x+7y+6=0

. ] ‘I,:" S . i 7 -",. . a _' b, |_—; . ; ".,'.,._.... e 4 .
. -;-;;;Jﬁ’ﬁ.-.@@!jllﬁ.: le with vertices A (0,0), J_._:'{-.‘a.»(-‘z-.,.';:I.L;d_ﬂ.@.'!h.f_ﬁl;:--‘ :,\'JIT"?:E

a. the right bisectors of the triangle ABC are concurrent.
b. the altitudes of the triangle ABC are concurrent.
c. the medians of the mangle ABC are concurrent.

jn.— *-h '_F‘__.u O I.' I l"'_ r H__. [

a.P{00) PA24) P{-22). b. 0. Pi-1,-2), P42,5), P45,2).
c. PI(4I"5)1 P2(5r’6)r Pj(jrj}'




| 2

aths 12 W'

—— e T ST S TN T U T T L ep—

5. Find the area of the region bounded by the ﬁmgle ABC whose vertices
are A{a, b+c), B(a, b—c}and C(-a, c). .

6. Show that the area bounded by the triaﬁgle ABC whose vertices are the
following:

E
> a4 A(3,6),B3,2)C6,0)  b. A(=2, 4), B3, -6) C(1,-2)
)
)

c. Are the vertices in parts a and b of the triangle ABC collinear?

7. Find two first degree straight lines in x and y, when the second degree

homogeneous equations are the following: ;’
a. 3x*-2xy-5y'=0 b. 4x2-9xy+5y°=0

. X’ +xy+y'=0 d. x*-7xy+6y’=0 ()
%/
8. Find the angles in between the lines represented by the following second /)
degree homogeneous equatiqns:l I\
) a. 3y’ -2xy-5y°=0 b. 4x2-0xy+5y° =0 w
>, c. x2+xy+y2—0 d A -7xy+6y =0 {fhx,
N B & qce (Q)
9. Show the two ﬁrst degree strmght lmes in x and y are commdent, /Xf

b _ perpendicular or neither, when they are represented by the following
second degree homogeneous equations:

S Jg2+5xy-y2=0 b. 2_1;_2-.xy—y2=0
R B f+3xy+9y2-=0 d. xP+4ry+8y’=0

R A L N AN St e

Fmd a Jomt equauon Of the stralght lme that passes through the ongm and
L. perpend _' memmpﬁmnwdbysx**?xy+2y 0.
c:ulartethelmes.1'eqrame:|:|tl.-.i:Lby;.g1 2tan6xy y 0

&
"‘-ah- g

rto the Imes lepresented.by




s The distance from point P( x;, , }to point O x5, ¥, )in the coordinate plane is:

d =1 PQI=[(x2-x) ) +(¥,-3,)

s If [, and [, are the two lines having slopes m, and n, , then, these two lines are
a. parallel if and only if they hnv.e the same slopes: i, = n, .
b. perpendicular if and only if the product of their slopes equals —1: mm, =—1

o The equation of a straight line paralle] to the x-axis and at a distance a from it, is y=a.
The equation of the x-axis is y=0 and the vector equation of x-axis is r.j=0.

¢ The equation of a straight line parallel to the y-axis and at a distance b from it, is
x=b. The equation of the y-axis is x=0 and the vector equation of y-axis is r.i=0.

& The standard formns of the line are the following:

a, y=nur+c, Slope-Intercept form
b. y-y,=m{x-x; ), Point-Slope form
c.y-y= yz-y’(x-x‘,) Two~Point form
X2- X1
X .
d — DA 1 Double-Intercept form
a b
X- &
At u =r Symmetric Form
cos# sind
f. xcos@+ ysinf=p Normal Form

»  The standard form of a line is axr+by+c=0
o Forc=0, the line is homogeneous that passes through the origin.

O O e . A A A A A B

W

‘

e

- e e o . . Al . D
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s Forc # 0, the line is nonhomogeneous that does not pass through the origin.

_ax,+by,+c
Va'+b°

o The angle between the two lines y = myx+c¢, and y = myx+¢, is:

d

tan f= "2
I+mm,
o The general equation of a straight line that passes through the point of intersection of
the lines g +b;y+c;=0 and gx+p,y+c,=0is:

(ax+by+ci )+ A ax+by+e;)=0, Ais constant

’ o The perpendicular distance from a line ax+by+c=0 to a point P{x,, y,) is:
)

g

) o  The condition of concurrency of the three lines is:
a b o

) az b: cif=0

y as b; c;3

° Anequation of the form
) ax’+2hxy+by’ =0, a#0,b,c are constants

is called a homogeneous equation of second degree in x and y when the sum ol the
indices of x and y in every term.is the same, the sum being 2.

» The angle between two homogeneous straight lines y = n,x and
) ¥y=mxis:

2\Jn*-ab
a+b :
o The given two straight lines are perpendicuiar, if the angle between them
is 90° that makes a+b=0.
o The given two straight lines are coinciding if the angle between them is zero
: that makes h* = ab. i :

¥ tané =

'F—-
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‘This unit tells us, how to:

define conics and the members of its family as circle, parabola, ellipse and hyperbola.
- define the circle and its equation in standard form.

recognize the general equation of a circle and its centre and radius.

find the equation of a circle determined by a given condition.

- find the condition when a line intersects the circle and touches the circle.

~ find the equation of a tangent to a circle in slope form

~  find the equations of a tangent and a normal to a circle at a given point.

- find the length of tangent to a circle from a given external point.

- find two tangents drawn to a circle from an external point that are equal in length.

~ prove the properties of a circle such as perpendicular from the center of a circle on a

chord that bisects the chord, perpendicular bisector of any chord of a circle passes though
the center of the circle, line joining the center of a circle are equidistant from its center
and its converse, measure of the central angle of a minor arc is double the measure of the
angle subtended by the corresponding major arc, en angle in semicircle is a right angle,
the pcrpcndicﬁlar at the outer end of a radial segment is tangent to the circle and the
tangent to a circle at any point of the circle is t;erpendicular to the radial segment at that

point.

The conic sections have been studied extensively sinee ancient times and
‘have many important applications. For example, in the early 17 century,
Johannes Kepler observed that the planets travel in. elllptwal paths and Galileo
discovered that in a vacuum, a projectile follows a parabohc path. At the end of
the 17 century, Newton used the fact that planets follow elliptical paths as the
basis for the inverse-square law of gravitational attraction. In more modern times,

e ey ot e —
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] conic sections have been used in architecture, in the design of lenses and mirrors,
and to study the paths of atomic particles.

—rsi e —————— e B e i T T = F—ETTIRT T —J
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Mathematically, the general second degrec equatlon

( Ax2+Bxy+Cy +DX+E1’+F 0

ey “

' is the equation of a cu'cle, a parabola, an elhpse ora hypcrbola dependmg
on the values of A, B and C. If A=B =C =0, then the equation is not quadtatic,

4 but linear equation represents a straight line. Historically, second degree equations
in two variables were first considered in a geometric context and were called conic

“ sections, because the curves, they represent can be described as the intersection of a
double- napped nght c1rcu1ar cone and plane as shown in Flg 7 1:

) A circle is a shape that has a continuous and constant curve. Though it is
always curving; it has an algebraic expression that describes its nature.

| 1

l l),} Deﬁnu‘wn  of circle equation and its denvatwn in standard '
4 form : R __,,-_j :

L e R s

Definition 7.2.1:[Cirele]:The set of all points in the plane in such a way that its
distances from a fixed point in that plane (called the center) is equal to a fixed
distance (called the radius) of the circle.
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Derivation of Circle Equation: This definition helps us in developing a standard
form of the equation of a circle. The procedure developed is as under:

Let C (h, k) be Centre of the circle and r is the radius of the circle and .
P(x, y) is any one of the collection of points on the circumference of the circle that
gives the distance from the fixed point C(h, k) which is called the radius of a_
circle. The position vectors of P and C relatlve to ongm are respectively.

S ——

- OP=(x,y),0C=(hk) . i i (2)#};;

B R

From the Fig. 7 2} the dnstancc from thc center C to pomt P is the fixed
distance equals the radius of the circle:
OC+CP=0P
CP=0P-0C
CP={x,y)—(h,k)
=(x ~h,y— k)

lcp

=\j(.vc—h)2 +(y—k)’, distance formula

; 2
lcp[’ = (\/(x—h)2 +(y—k)’ ) , squaring both sides

G I ) NN i e Gl

Deﬁmtlon 7.2.2 [Standard Form of the Equalion wCircle] }I-'he standardtformi 1*1
. of the equation of a circle thh radms T and centre (h,"k) IS0V S Y “-":f,{}




Ifthe center of the circle 1 at the origin (hk)( 0), then the circle
equation (3) becomes

Soluhon Result(3) for center C(h k)= : (—2 1) and radlus r=3is used to obtain
the circle equation: ‘

(x=h) +(y—k) =1 = (x+2) +(y-1) =9, h=-2, k=1, r=3

The rearrangement of the general equatmn of the second degree in x and y that
may represent a circle through the following procedure:

'I'he general equat:[on of the second degree in vanables x and y is:

x +2hxy+£y2+2g,x+2f,y+cl =0, g =gla,fi=fla,c =cla
a

The rearranged equation (6) of the general equation of the second degree

(5) in x and y gives the general equation of a circle if and only ifb/a=1and

- 2hia=0:

4 5‘1‘-%3: q%?gp{:ma@

For its center and radius, add and subtract g?and f*to _equetion (7) to

obtain
1)
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4y +2gx+2f y+c=0
x+2gx+g —g2 42 fy+fi-fr4c= 0,
Add and subtract g* and f*

the locus ofa point (x y) which moves in such way that 1ts dlstance froa ﬁxed
point (—g,— f ) is constant and equals 1’ 24t f - . This of course represents a
circle.

 Itis important to note:

e Center and Radius: The coordinates of the center are (—g,—f) and the

radius is7 = J(—-g)2 +{~f)’ -
» Independent Constant: The general equation contains three independent
constants g, f and c. They can be delermin_ed from the three ihdepcndent

conditions.
» Nature of the Circle: ;
It g+ f—c >0, then, the circle is real and different from zero.
If g*+ f*—c=0, then, the circle shrinks into a point (—g,~f).Itis
called point circle. .
If g 2+ ft-c<0,then, theurclels imaginary or virtual.

‘¢ The coefficients of x* is equal to the coefficients of y*, and there is no

term contauung x y and the square of the radlus r‘ 2 0 _
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The circle equation (9) is compared to the general form of a circle (8) to
obtain the values of g, f fnd c:
2e=—4/3=g=-2/3, 2f=4/5= f= 2/5 c=19/45

The center and radius of the given circle are therefore:

. 2 -2 4 4 19 |41 41
et il A el Bl ) +——— — ==
(-8.=f) [3‘ S] \l9 25 a5 V225 V15
iy, iii) Equationofa circle determmed by a given condition..
For the required equatxon ‘of a circle, we need to find out the values of the
three independent constants g, f and ¢ under condition that

M \ © 1. the circle might be known to pass through three specific non-collinear
\ points.
I 2. the two points are on the circle and the center to lie on a given straight
line. .
;‘f 3. the two points are on the circle and the equation of tangent to the circle is
v, known at one of the two points.
A\ 4. the two points are on the circle and is touching a straight line.
X ‘Example 7.2.3:[Condition First]Fincf the ‘equation of a circle which passes
\ though the three points A (1,0), B(0,~6) and C(3,9. ;
\ { : Solution: The required equation of a circle
é\; ; ;tz+y2-i-2gx+ijja+c=0 ; : . (10
;X passes ﬁuough the three points A(1,0), B(0,-6) and C(3,4) which g_iveswa systcm'
W of three linear equations in three unknowns g, f and ¢:
#4 1+2g+c¢=0 2g+c=-1
36-12f +c=0 =  -12f+c=-36 (1)
25+6g+8f +c=0 6g+8f +c==-25
The system of three linear equation (11) in matrix form
2 0 l)g
0-12 1§ f

6 8 1llc
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whose augmented matrix i3°

12)

Third equation of the system (12) is giving ¢ = 69/2 which is used in
second and first equations to obtain the values of f = 47/8 and g =—17/4.

The values of g =-17/4, f=47/8 and c = 69:‘2 are used in equation (10) to
obtain the required circle equation:

xz+y.2+2g_'7l x+2 47)y+§~9—=
4 8 2

7N 47 69
XY ——xt—y+—=0

Y e
4x2+4y2—142x+47y+138'—0
. ﬁzl‘ﬁtﬂFWC* ndition Second]: Find
.I-L.‘ }.m ’1]1 “,l,d —u.j.ﬂ.ié{ib‘”‘ 1] jl_‘bé-sh:]_i

Solution” Let the required equation of a circle be

If the circle equation (13) passes through the two points A(3,1) and B(2,2), then
it gives a system of two linear equations




Maths - 12 [EEEREN

If the center (—g,—f) of the circle lies on the linex+ y—3=0, then the line
x+y-3 =0 becomes:

The combmanon of equatwns (14) and (15) is giving the system of three
linear equations in three unknown g, f and ¢
Y o K S8 gl g Lo 5

1 __}, -"ﬂ, T ,:{_j it

JEﬂ 1 0 —”} - ;
Reduce this augmented matrix in an echelon form to obtain the unknowns
g, fandc:
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6g+2f+c=-10

(-1/4)c=-1 _ :

Third equation of the system (16} is gwmg c= - 4 which is used in second
and first equations to obtain the values of f=-1 and | g=-2.

The valuesof g=-2,f=-l and ¢ =_4,are used in equation (13) to obtain
the required circle equation:

xt +y —4x- 2y+4

i mmmm@:mw”
ﬁmMar*%’@kdb} !

Solution: Let C (h,k) be the center of the required circle. If A(0,~1) and B(3,-3)
are the two points lie on the circle, then the square of the distance from C to A
equals the square of the distance from C to B:

Al =|cBf", (h 0, k+1), CB=(h=3,k+3)
(h-0) +(k+1)" =(h-3)’ (k+3)
h? +k2+2k+1 - 6h+9+k’+9+6k
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and the slope of the tangent line 3x—2y-2=0 is
3x—2y-2=0

3 3
Qy=-3x+2=> y==x-1 my==
y y=5x-k m=>

If CA is perpendicular to the tangent line 3x — 2y — 2 = 0, then the product
of their slopes equals —1: '
‘ m, m, =-1

(53

The equations (17) and (18) are solved to obtain the values of k =-2 and
h=3/2.
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The reqmred circle with center (h k)= (3/2 —2) and radlus

Solutlon. Let C(h k) be the center of the reqmred circle. IfA{(} 0) and B4, 0) are
the two points lie on the circle, then the radius of the circle from center C to
point A equals the radius of the c1rcle from the center C to pomt B:

The radius of the rcqulred cucle_ls r=|CA|.=\/4+Ic2 and the center is
C(2.k). <\ _
For the values of k, the perpendicular distance from the center (2,k) on the
line 3x +4y +4 0 equals the radius of the mrcle

(R s
o %i:.-:::\,}.‘
b Vo7 T
4k+10  ——

[ :le’l

5.
—1-*-‘. 41'-[-"‘F1~ .

.E ‘JL:H(U: :-l_._‘_‘ (JeS

.'_.,z-{{_‘}”,x- ]
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The equations of the circles with the above centers and radii are the

following: )
80) _ 6724

(x- 2) +y* =4, (.r—2)2+(y-? o

a.(O 0),r=4 b.(3,2),r=1
c.(—4-3),r=4 d. (-a-b),r=a+b

a. C(O O) tangent to the line x = -5

b. C(0,0), tangent to the liney =6

c. C(6,— 6), circumference passes through the origin.

d. C(0,5), circumference passes through the point (5,0).

e. C(- 9,- 6), circumference passes through the point (- 20,8).
f.C2,—- 8), circumference passes through the point (- 10,-6).
g. C(-5,4), tangent to the x-axis.

h. C(5, 3) tangent to the y-axis.

a. x*+y*—8x— 6y+9 0 b. 4x* +4y* +16x-12y-7=0

c. ¥ +y +4x-6y+13=0 d. x*+y*-x—-8y+18=0

b x*+y* +8y+6x=0

a. x+y 8x 4y+16 0
c. X +y'=-y-2=0 d. x**+y*+5x=0
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e. 3x* +3y*+6x—6y=0 f 2x +2y"~8x+12v+8=0
g x*+2y" —2x-2y=0 h. 3x° +2y* +3x+2y=0
j x1+y2+16=0

i *+y' +25=0

: .... '.',.,
I. thr LLL.]_ fee

(5 (_4 6)
c.(1,2),(3,—4),(5,-6) d.(-3,4),(-2, 0) (1-5}

3x+2y—1=0.

b. contains the point (4,1),(6,5) and has its center on the line
4x+y-16=0.

c. contains the points (1,-2),(4,3) and has its center on the
line3x+4y-7=0.

d. contains the point (0,3),(4,1) and has its center on the x-axis.

J,_ "";:;;tr"s “‘m»".:,r;.'s.cl_-;.- h pas:

2.{0,0),(0,3) and the line 4x~5y =0 is tangent to it at (0 0).
b.(0,-1),(3,0) and the line 3x+y =9 is tangent to it at (3,0).
c.(0,1),(3,-1) and the line 2x+2y~2=0 is tangent to it at (0,1).

d.(0,4),(2,6) and the line x+y—4=0 is tangem to it at (0 4).

: J[‘T__ﬂﬂ
her f**"éh r“)

a.2x?+2y* +16x—7y=0 and is tangent to the y-axis.

b.x? + y* -8x+4=0 and is tangent to the line x+2y+6=0.
c.x*+y* +6x—10y+33=0 and is touching the x-axis.

e
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73] =) [Tangents and Normal |

If a secant PQ of a circle is moved upward about one of its points of
intersection P, then the second point of intersection Q is moving gradually along
the curve that tends to coincide with P. The limiting position PT of PQ is then
called the tangent to the circle at the point P.

The point of the circle at which a tangent meets the circle is called point

of contact of the tangent.

The normal at a contact point P to a circle (or conic) is the straight line
PR perpendlcular to the tangent PT to the c1rc1e (or comc) at that pomt P
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The soluuon set {(x, y)} of the system of equ.mons (21) exlsts only, if the
curves of the system (21) are intersecting. That set of points of intersection {(x,
y)} is the solution set, can be found by solving the nonlinear system (21)
simultancously.

The line (20) is used in a circle (19) to obtain the quadratic equation in x:

The equatnon (22) bcmg a quadrauc equalmn in x, gives a set of two
values x, and x, of x which will be used in a line (2_0) to obtain a set of two y
values y, and y,.

S e, . . Al a . . sl

The solution set {(xl, »)(x. y,_)}; ?f the system (21) is of course a set of
points of intersection of the line and circle.

The points of 1n£crsect10n of the system (21) are real, coincident or
imaginary, according as the roots of the quadratic equation (22) are real,
coincident or imaginary or accordmg as the dlscmmnate of the quadranc equation

o N o S

Seolution: The equations of the line and circle are:
3x 4y+20=0

- . . . . . . D
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The line (23) is used in a circle (24) to obtain the x-coordinates of the
points of intersection:

The x-coordihates x=0, -24/5 are used in the line (23) to obtain the y-
coordintes: N

The line (25) is used in a circle (26) to obtain the y-coordinates of the
points of intersection:

The y-coordinates y =
coordinates:
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Y= 10 BiVEXE 2.2
Thus, the points of intersection (2,1) and (2,1) are coincident and the line
x+3y—5=35 touches the circle x*+ y*—2x+4y—5=0 at a point (2,1).

Let AB be the straight line y=mx+c that intersects the circle x* + y* =a”at

points P and Q respectively.

Join OP and put it by OP = a,
which is the radius of a given circle.
Draw OM perpendicular on PQ. If
OM is perpendicular to PQ, then, the
perpendicular distance OM from
0(0,0) on a secant line mx-y+c =0

TN TN D, L. . A B . A . e

From the ﬁghtanglﬁ}ﬁangle Fig. 7.6
OMP, it is known that:
-: » -ﬂl, 7 I" J?’l
*[orf ~[om [ +|uri
e —lap? ol
el =[orf -Jom]

The secant line PQ is 2 times of MP, and the length of the intercept PQ is
-therefore:
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JH'Q;E of -ﬂﬁii_ﬁ}sm.)h .'”1"_

The equation (28) is the required condition at Wh]Ch the line y =mx + ¢

touches the circle x* + y* =a’

5 "WM[@“*’ tion of Tangencyl: F
.EE--“:'-'EEL;MQ}@ the line _#i_'] _ 1. which cuts the circle x*+

ind the ]‘.;.‘-, 5 F‘iﬁ" Ei"'ﬁ‘“; oin "
l _'.'.'..."l_,r

L

ﬂlﬂifﬁi e line | lJE]_TIL“ Ltuﬂ" then a2 +b2=r"

Solution: The slope of a given line is
J'z? ;E .
a b 7

g?:: c_‘:?z{b:!_l

b a
) f,r
Y=—=xA - b, F’E;’.-‘ﬂr 1

If PQ is the chord of a circle x* + y* =r?, and PQ is 2 times of MP, then

the Tength of the chord PQ through result (27) is:

|PQj=2|mP|
a’ (1+m2)-c2

2

=2
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~

r[1+(-b/a) |57
1+(-bla)’

a*=r', m=-bla, c=b

If the given line touches the circle x*+y®=r", then, the length of the
chord PQ is going to be zero:

Solution: The centre of the given circle is C(-g,—f)=C(-2,1)and the line
x~y+2=0 (linc AB) intersects the circle at points Pand Q and M (x,y,) is
the middle point of the chord PQ. Join C and M that develops a line CM

perpendicular to chord PQ.

(3]




T

L
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IfrM hes on line AB then, the lme equauon X-y+2= 0 becomes

i

t.p"\ ,..-}a =0

The s]opes of the lmes (29) and CM are respectlvely .
m, =1, coefficient of x

m =:‘—-:;‘, sIop of CM

The equatlons (29) and (30) are solved to obtain Lhe coordmates of the -
middle point M:

-y +2=0
:+yl+1—o}x' =312, y,=1/2
4=

Thus, the coordinates of the middle point is M{- 3/2, 1/2).

The Equation of a tangent to d circle in slope form

If m is the stope of the tangent hne to the cn‘cle

Here c is to be calculated from the fact that the line (32) is tangent to the
circle (31). The line (32) is used in circle (31) to obtain the quadratic equation in

gl i e i gl i e

x:
»
s J
_—
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B ;“7:71;4“;{. =a?, y=mx+c
(F lrj I ‘\hr 'I 'er v“ F’ ‘:J(" k__ﬁ]
If the line (32) touches the circle (31) then the quadrattc equatlon (33) has

coincident roots for which the discriminant of the quadratic equation (33) equals

zZero:
4m’c? —4(1-!-—m2)(c2 —az) =0

c=taVl+m®

Equation (34) is the condition of tangency. The value of ¢ from equation
(34) is used in the line (32} to obtmn the requlred equatlon of the tangent

e

e L

5' =mx+c=mxtal+n’

This develops the following facts:
e The equation of any tangent to the circle x*+y* =a’ in the slope form is:

i Ny

J-—f"?w’;_:,, ‘i [+

* Condition of Tangency:The line y=mx+cshould touch the circle
x? +y = a* under condition:

J The mterpretatmn of result (35) 1s that the lme lx+ my+n 0 should
touch the c1rcle 2 +yt=a®if

. The interpretation of result (35) that the line / x+my+n =0 should touch

theczrcle x*+y? +23x+2fy+c 0if
(lc 33' )12 +2 felm+(c =3 f“'““" (gl -‘u' m)+n’=0 (39

. e i e e o
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s Point of Contact:Let y=mx+a+v1+m* be a tangent to a circle (31) at a
point (x, y,), if the circle equation (31) is identical to xx, +yy =a°,

then the coefficients of like terms of y=mxtayl+m® and
xXx+yy, =q’ > Yy =-xx +a’are compared to obtain the point of

contact:

e ﬂjm( J—ﬂﬁ] 4

Solution: The slope of thc lme x+y+c=0 is m=—1.The value of c at which the
line x+ y+c =0 will touch the given circle x*+ y* =64 is:

The point of contact through result (40) is:

I
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If A(xl, y,) is a pomt lying on the cucle {41} then the c1rcle (41)
becomes:
ﬁ,ﬁ{‘f‘ﬁ# a‘;ﬁfm.‘ﬁm{ﬂ

If r, and r, are the position vectors of A and thc center C(-g, —f) of the
circle relative to origin
n=(x n)=xi+yi, n=(-g-f)=-gi-f

then, from the figure (7.8): .
0C+CA=0A |
CA=0A-0C=r-n=(x+g n+f)=(x+g)i+(n+f)j
Let P{x, y) be any point on the tangent line AT, whose position vector is
OP =(x, y) which gives:‘t
OA+AP opP

AP .OP-0A
e R :n) {x %Y= y.) (x x)i+(y=n)J
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The equation of tangent to the circle (41) is obtained if AP is
perpendicular to CA for which the dot product in between the vectors AP and AC
equals zero: B

ﬁ‘-‘h?Jl'ﬁF"'tD‘fF(@ﬁ %ﬁ).f?ﬁﬁ)EU oy A
: *ﬁ*ﬂmﬁ@%@%"“ﬁﬁ“‘%%&)}fﬁ@ st

o) ﬁ#ﬁmr{rm{}ﬁﬁf%ﬁ{?&;{m ;
£ B‘mﬁ‘lﬁ‘\ “"{%)

The tangent equation to the circle x*+y =.r.z2 at a point A(x,y)
through result (43) is: ' : .

The procedure for the normal equation at a point {x,,,) on the circle
24y +2gx+2f y+c=0 is as under:
If C(- g, - f) is the center of the circle and A(x,y,) is a contact point,

then the slope = *+f =L - of the required normal line develops the normal line CA at
g

The normal equation to the circle x* + y* =4’ at a point A(x,y,) through
result (45) is:




S T
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Solution: Result (44) is used to obtain the tarigent equation to the given circle:

xx, + ¥y, =a’
3x+4y=25, a’=25, (x,y)=(34)

Result (46) is used to obtain the normal equation to the given circle:
4x-3y=0, a’'=25, {x,y)=(3.4)

Solution: Result (43) is used to obtain the tangent line to the given circle:
xxl+yy1+:g('x+x,)+f(y+yl)+c=0 .
2x=3y+(-1)(x+2)+(2)(y-3)+3=0,2g=-2,2f =4,c=3
2x-3y—x=2+2y-6+3=0,(x,y)=(2-3)
x-y-5=0
Result (45) is used to obtain the normal line to the given circle:
x(y+f)=y(x+e)+(gn—fx)=0
x(—3+2)—y(2—1)+(3—4)=0, 20=-2, 2f=4, ¢=3
-x-y-1=0
x+y+1=0

| *"JJ Emt_ﬁmmmm@‘fd’rﬂ om an. external point.

|y * wwiﬁm . BT '
i '-—'__,..--' : st i L - v 14 d

If y=mxtavl+m® is any tangent to the circle x’+y’=a’ then the
tangent line that passes through the point (x, y,) is

T.
-
i 2

-
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y, =mx, +avl+m’, result (35)

. S o
mf:rﬂ _a\fikm'ﬁ

Squaring (47)
(3 —mxl)2 =a’ (l+m2)
that glves the quadratn: equatlon inm:

ThlS quadratlc equation (48) gives two values of m those two values of m
represent the slopes of the required two tangents on the given circle.

The tangents are real and different, real and coincident or imaginary
accordmg as the discriminant of the quadratic equanon (48)

s, 7y flm g ﬁ”{gﬁ%}w
ﬂm@m%ﬂ%mﬁ%mﬁb
(st e

or according as the point P(x,y ) lies outside, on, or inside the circle

PL+yt=al.

iwﬁﬂﬁmw*wﬁjéﬁﬁm@ﬂmﬂle

; i—ﬁi”ﬂ‘*""r'f"'ﬂ' (6:4) to the circle x* +y* J:U‘

Al st

Solution: If y=mxtc= mxtayl+m® are any tangents to the circle
x* +y? =16, then the number of tangents through result (48)

o9l
—
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m*(x} —a*}=2mxy, +(yf ~a*)=0
m? (36~16)—~2m{6)(4)+(16—16) =0, (x, ) =(6,4), a*=16
' 20m*> —48m=0 -
m(20m—48)=0
m=0,12/5
can be found by putting m = 0 and m=12/5in y =mxtal+m? :

a y=m.xia\/1+m2=(0)x:t4(w/1+0)=i4=4. a=4, m=90

=E xt4| — E —E iS_Z_gx_E, choose negative sign
5 5 5 51443 5

vi)  The longthiof tangent fo a

The procedure for ﬁndmg the Iength of the tangent drawn from the -
external point P(x;,y,) to the circle x* + y* +2gx+2f y+c = 0is as under:

Let P(x.y,) be the given external point and PT be one of the two
tangents drawn from point P to the circle




From the right-angled triangle P’I‘ C; the length of the tangent PT drawn

from point P to the given circle is: it
lpcf’ =[crf +|Prf

[PTf =[Pt -lef
=(x+e) +(n+f) ~(g+"~c)

It is important to note that:
» the length of the tangent drawn from the pomt P(x.y,) to the circle

PL+y =a’is:

s

Maths - 12 [ EEEEER | « '
Join CP and CT. C(-g,-f) is the center of the circle (49) and
CT =/g*+ f*—c is the radius of the circle (49).

-

)

o the lengths of the two tangents drawn from the point P(x,y,) on the

given circle are equal.

'l

Solution:

a. If PT is the tangcnt drawn from the point P(3,4) on the given circle, then,
the length of the tangent PT on the given circle through result (51) is:

|PT|=.\/x.’+y|2-9=\/9+16-9=J1_6=4, (-"1')’1);—-(3,4), 2t =9

ey

fat)

)
)
’ -. v.-_i,v' -:..-ga.:}-.==;ta{al
)
)
)
)
)

—



-Maths - 12 [Tl

b. Tf PT is the tangent drawn from the point P(3,4) on the given circle, then,
the length of the tangent PT on the given circle through result (50) is:

|PT|=\/:tf+y2+2gx, +2f y+e,2g=-2, 2f=-1 c=—3-(x1_'3’;)_=(3,4)

-J9+162)()3 =412

L'_ﬂ'! Find the le *":f,:i' EL 3 &,L-)m‘*’:":"i.-il .

s

4:)&?"1; 2x+4 - IHE(OL;

Solution: If P'I‘ and PM are the two tangents drawn from the point P(2, 3) on the

given cm;le, then, the length of the tangent PT from point P(2, 3) equals the
length of the tangent MP from the point P(2, 3):

|PT]=Jx,2+y,2+2gxl+2fyl+c
= [859-20)+2(2)(3)-18, 2g =2, 2f =4,c=-18,(x,%)=(2 3)

=3 =|PM|

ines x = 7 and y = 8 touch

¥ ';E'HT{_-;,

o N
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4 Solution: Before solving the problem, the idea is that “any line is tangent to the
circle, if the perpendicular distance from the center of the circle onthe  given

' line equals the radius of the circle”. '

' The center and radius of the circle x*+y*—4x—-6y=12=0 are
respectively:

) C(-g.~f)=C(23), c=-12, r=\g’+f —c=4+9+12=5

The perpendicular distance d from C(2,3) on the line x-7 =0
_|1(2)+0(3)-7|
V140

= =|-5|=5
which is equal to the radius of the circle r = 3. Thus, the line x = 7 touches the

' ‘given circle. To find the point of the contact,
~ putx =7 in the given circle equation to obtain
' the y-coordinate:

- J 2634920

, . -ttfﬁ@f?@; :
et o> Ol

Thus, the contact point in between the line x=7 and the circle
y K +y —dx—-6y-12=0 is (7,3).

It is understood that the line y=8 also touches the given ciicle
' x*+y*~4x-6y—-12=0and the contact point in between these two curves is

T8

-.{___

Solution: Before solving the problem, the idea is that any lme parallcl to the
4 given line 3x+4y—7=0is: .

Ix+4y+t=0 . : (52)

. =
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If a line (52) is tangent to the circle x>+ y® =25, then the perpendicular
distance d form the center C(0,0) to the given line (52}

equals the radius of the circle ii =5 that gives t =+25, -25. N\
Thus, the two tangent equations to the given circle fort =25 andt=-25
are the following: '
3x+4y+25=0, t=25
Ix+4y-25=0, = t=-2§

-
PN

i, e, . i . . A T T

a. at a point (1,2) to the circle x> +y* =5.

()
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} b. atapoint(— l,3)tothecircle x’+y’+6x-y—1=0.

a. atapomt (2cos45° 2311145") to the cu'cle ©+y’ =4,
’ b. at a point (c0s30°,sin30°) to the circle x* +y* =1.

a. the lme x+ y+n =0 touches thecu'cle x* +y =0.
b. thc]ine 2x+2y+n=0 touches the circle x* + y* =81.

a. the line x+y+n Otouchcsthecucle ©+y: =97
b. the line 2x+2y+n=0 touches the circle x* +y =817

a.a. the line y=mx+c touches the circle x* +y* =a®77

a. the line y =—x+c touches the circle 2+y' =97

) 6. Find the condition at which the line Lx+my:
x*+y* +2gx + 2fy +c =0,

) a. the line 3x+4y+n=0 touches the circle x*> +y*—4x—6y—~12=0?
b. the line x—2y+n =0 touches the circle x> +y’ +3x+6y—5=07?

' "Eﬁﬂ@ﬂmﬂ@mmmjﬂa *--‘T:*'*ﬂ‘itmmﬁta{:ﬁﬁ@ﬁa
| s? | istance form P to the line

cle x° 4




contact,points.

b. Prove that the Imes_ xy—1=0 and =x-y+l=0 touch the
circle x* + y* —4x—2y +3 =0. Find also the contact points. : J

the tangents to the circle

~and PQ be any chord of a cu‘cle ‘whose end pcunls are P(Kl,y,) and

Q(x,,y, ) respectively, - : | ;

If PQ is a chord of the circle, then P and Q are the points lying on the
circle: €
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If the centre of the circle is C(— g~ f) and the midpoint of the chord PQ is

D[x‘ -;xz b/ 5 J then the slope of the perpendicular line CD is:

From the F1g 7. 13 the. chord PQ and the line |
CD are perpendlcular if and only if the product of

Thus CD is blsector of the chord PQ.
It is important to note that:

o the perpendicular bisector of any chord PQ of a circle passes through the
centre of the circle. This is our second property.

o the line joining the two points of the circle passes through the centre of the
circle is called the diameter of the circle. This diameter acts as the
perpendicular bisector to the chord PQ, if the diameter of a circle bisects
the chord PQ. This is our third property. The proof is similar to property
first, but the graphlcal view is shown in the Flg 7.14.

a. the line from the centre of the cu'cle is perpendlcular to AB, also bxsects the
chord AB.

b. the line from the centre of the circle to the midpoint of the chord AB is
perpendicular to the chord AB.

c. the perpendicular bisector CD of the chord AB passes though the centre of the
given circie. ' .
Solution: The equation of the circle is: .

x*+y*+x-5y-2=0
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If the center of the circle is C(~1/2,5/2) and the midpoint of the chord
AB is D(-1,9/2), then the slopes of the chord AB and the perpendicular line
CD are respectively:

The chord AB and the line CD are perpendicular if and only if the product
of their slopes equals -1:
"l
m,m, =Z'(_4)=" WP
Thus, CD is perpendicular bisector of the thi_r'd AB. This result is
automatically valid for parts b and c.

= Congruent choi tords of a circle are equidista nt from iis center

If the perpendicular distances form the center of a c1rcle to its two chords
are equal, then the chords are congruent.

Let the circle equanon with center C(~- g, — f) is:
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If AB and DE are the two chords of the circle (56), then the coordmates of
the end points of the chord AB and DE are respcctlvely

~ A(59).D(x,).B(x, ),

From the Fig. 7.14, it is clear that the perpendxcular dlstance d = CP from
the center C on the chord AB equals the perpendicular distance d, =CQ from C

on the chord DE if and only if the chords AB and DE are with cqual ]engths :

Thus, the chords AB and DE are cqmchstant from C on thc‘ c1rcle (56) if
and only if

In sum]ar manner, the chords AD (_]Ol[l A to D) and BE (join B to E) are
congruent chords, if the perpendicular distance d,=CR from C on the chord AD

equals the perpendicular d, =CS from C on the chord BE:

’ip';ﬂ;";l{f ".:

If AB and DE are the two chords of the circle (59), hose coordinates are
respectively:
A(0,2), B(-2,0), D(0,-2), E(2,0)

From the Fig. 7.15, it is clear that the chords AB and DE are with equal
length:

AB=(-2-0,0-2), ;gj “'—"ﬁf“ﬂf ifi =22
DE=(2-0,0+2), [DE|=y/(2)" +(2)} =22
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Thus, the two chords AB and DE are equal. For e'quidistlant, the procedure

is as under:
The equations of the chords AB and DE (through two-pomt form of the

line) are rcspecnvely

X5, ¥2) = E(2,0)




%/ arc, then join AB and AC that develops the

Maths - 12 [ ' e

VISR O e
Sy ﬂ}—-‘!.?--'r;-'lr_: 2

The perpendicular distance d, from C(0,0) on the chord AB is equal to the
perpendicular distance d, form C(0,0) on the chord DE: '

d =d,=2/\2

Thus, the chords AB and DE are equidistant from the center C(0,0) of the
circle (59). : ;

R R N e LTy oy T T e

o Measur r’:._’-.r.-'[fll-‘(?lu..}:x_ﬁ. _ :_1{."?-;.;‘*. minor arc is doubl ”*wf(ﬂb
A=t . TP 3 TRy [ de o M i . o e N e =,
angle subtended'by the corresponding major arc _ TR,

Let the circle be

The arc BC is the minor arclof the circle (60),- whose coordinates are

B(-x,-y)and C(x,-Y,),and the

" minor arc BC subtended the angle from the
center of the circle is ZBOC.

If A(0,a) is a point on the major |

angle of the minor arc which is two times
the angle subtended by the major arc:
ZBOC=2/BAC (61)
From the Fig. 7.16, if ZBAC =8,
then ZBOC = 26 and the result (61) can
be verified as follows:

If the slopes of BA and AC are !
ml='a+y', m, =22 =0*)  hen, the angle ZBAC = @ from BA
X, X .
to AC s
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a+yl+___yL
_mem,  x x - a+y)  x 5
Climm, At a*y x x-(ady )
x ox
__ 2x(aty)
X -a’- y; - 2ay,

If the slopes of‘BO and CO are -
m=2L, m= =  then, the angle ZBOC = 26 from BO to OC is:
xl %

e U

Mkﬂ ’!F' JJ ml*ﬂ I—.‘E‘ j\""&vyﬂ J&—;} c’L'.I L:_f[ _‘l*" ~"?'Yj1fv

‘:‘Yi"fﬂ_ﬂ@[?r 'T' E""J_A,“...fﬂ_.:‘ﬁ. _ifuff'-:f!,.
‘,Tm in the major arc. The coordinate:

B(2.5),C2,-5).

Solution: The circle + yz = 9 whose center is O{0,0). The arc BC is the minor
arc of the given circle,” whose coordinates areB(2.J3 ), C(2, w5 )and the minor
arc BC subtended the angle from the center of the circle is ZBOC.,

-




Maths - 12 [k

If A(-3,0) is a point on the major arc, then join AB and AC that develops
the angle of the minor arc which is two times the angle subtended by the major

From the Fig. 7.17, if ZBAC = @ and ZBOC = 26, then, the result (64) can

be verified as follows: A\ L

: 0+J5 1 Js-0 1
If the sl fBA and ACare jyy=—=_—+, = :
CSOpCSvO m;} 3-2 _Jg mz 2+3 s

then, the angle ZBAC = 6 from BA to AC is

If the slopes of BO and OC are
_0+V5_ 5 V50 5
PR T i ) 2

then, the angle ZBOC = 26 from OC to BO is A

y *

&)

b
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"I P(x,y) is any point on the
semicircle and AB is fixed as the diameter of |
the circle (67) on the x-axis, whose
coordinates are A (a, 0) and B (-4, 0), then
the point P(x,, ,) lies on the circle (67) that |
changes the circle equation to:

H+y=a

Join PA and PB that develops a right
angle ZAPB. The angle ZAPB is a right |
angle, if AP and PB are perpendicular to i
each other, for which the slopes of AP and PB are respectively.

t-angle
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If ZAPB=90°, then P is a point lies on-the semicircle, for which the
Pythagorean rule

|pAf +|PB[ =|aBF (68)
with substitution of
_ ! |
PA=(a-x,0-y)  =[PAl= (a-x.)2+-yf] =(a=x)'+30
2 1
PB=(-a~5,~0-3) =[Paf =[\{ara) ot | =(ara)i+5

2 ¥
AB = {'_a -4, 0—0) = !ABlz =1 - (—2&}2 +ﬂ] =4a2

gives the locus of P(x,, y,)

¥

[PAf' +{PB[* =[AB[', AB=(-a, 0)~(a, 0)
.{a—x,)2+yf+(a+x,)2+y,’ =4a’®
a’+xt-2ax +y. +a’ +x’ —2ax, = 4q’
¢ 2742542y =40" S 25 +2y =20" = riyl=a’

which is a circle, P may lie on the upper or the lower semicircle.

@Z Example7.44 [RightAngleonaSemidrcle} Showthatd:eanglemthe
| semnclrcleofﬂaemrcle {(x— k)’ +y* = a* is a right-angle.

Solution: The circle equation with center C (h, 0) is :
: .(Jr‘—h)2 +yt=a’
If P(x,, y,) is any point on the semicircle and AB is fixed as the diameter of
the given circle on the x-axis, then

_(-.I, h) +3_’1 =a’

o

Thc coordmates of A and B are respectwely

© 0A=0C-AC=h-a — A(k—a,0)
[ OB.=0A‘5EA_B=(h—a)+2d.=h+a = B(h+a,0) |

o I T P = . —

r L= 7
%73:}5

/]




Maths - 12 ST

Join PA and PB that dcvelops a right angle AAPB This angle ZAPB isa
right angle, if AP and BP are perpendicular. They are perpendicular, if the product of
their slopes equals -1:

The circle equation with centre,C(—g,~ f) is:

- .
%+ fﬁ{b?.; x+2fy+e=( (69)

If P(x, ) is a point on the circle (69) and C(~g, - f) is the centre of the circle
(69), then CP is the radial segment of the circle (69).

&
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N+ gx + fy, +c=0

~%5*8 nd the slope of CPis m, =27
n+f ntsg
The perpendicular at the outer end P of the radial segment CP is tangent to _
the circle (69) if the product of the slopes of the radial segment CP and the line of
the outer end of the radial segment CP is -1:

whose slope is m, =

Thus, the perpendicular at the outer end P of the radial segment is tangent to
the circle (69).
It is important to note that
o the tangent line is perpendicular to the radial segment, if the radial segment
is the segment through the point of contact of the tangent and the center of
the circle. .

o if a line is perpendicular to the tangent of the circle at the point of contact,
then it passes through the center of the circle:
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Solutlon The cu'cle equatmn thh center C(13/2,5/ 2) is:
x*+y - 13x- 5y+16=0
“The equation of the tangent line on the given circle at a point P (1,1) is

The product of the slopes of the tangent to the circle and the radial q
segment CP is

Thus, the perpendlcular at the outer end P of the rndlal segmcnt is tangent !
to the glven circle at point P.

end points of the chord AB of the circle x* +
T ' T

. the line from the center of the ircle 18 peencular to AB, also bisects
the chord AB.
b, the line from the center of the circle to the midpoint of the chord AB is

perpendicular to the chord AB.
¢. the perpcndlcu}a.r bisector CD of the chord AB passes through the

center of the given cm::]c
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a. the line from the center of the circle is perpendicular to AB, also bisects
the chord AB.

b. the line from the center of the circle to the midpoint of the chord AB is
perpendicular to the chord AB.

c. the perpendicular bisector CD of the chord AB passes through the
center of the given circle.

Show that the chords AB and DE arc equldxstant from the center C(O 0) of
the circle

a.r’+ y2 = 4. The coordinates of the end points of the two chords AB and
DE are A(-2,0), B(0,2), D(0,2 and E(2,0).

b. x* + y* = 16. The coordinates of the end points of the two chords AB
and DE are A(—4,0), B(0,4), D(0,4) and E(4,0).

e X'+ y2 =9. The coordinates of the end points of the two chords AB and
DE are A{-3,0), B(0,3), D(0, -3) and E(3,0).

Show that the angle subtended by the minorarc AB of the circle

a. x> + y* = 9 is two times the angle subtended in the major arc. The

coordinates of the minor arc AB are A (2, 5 ), B (2, -5 ).
b. x2 + ¥ = 4 is two times the angle subtended in the major arc. The

coordinates of the minor arc AB are A(1, \/5), B (1, —\G).
c.x*+y* =16 is two times the angle subtended in the major arc. The
coordinates of the minor arc AB are A (3, J1 ), B (-3, — 7] )

Show that the ang]eﬂil‘i"thé semicircle of the circle
a. (x—h)2 +y*=a*, h=1, a=2 is aright-angle.
b. (x— h)2 +y’ =a*, h=3, a=4 is aright-angle.

c. (x—h) +y*=a’, h=2, a=3 is aright-angle.

Note that the diameter of the circle (in each case) is considered to be AB.
Show that the perpendicular at the outer end point

a. P(1,5 of the radial segment is tangent to the circle
2+y +x=-5y-2=0.

b. P(5,6) of the radial segment is tangent to the circle
X +y -22x-4y+25=0.

c. P (0, 0) of the radial segment is tangent to the circle
2+ y~ax—by=0. .

-

—— 3333 =

B )
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Glossary

s Standard Form of a Circle: The standard form of a circle with radius r and center
Cth.k) is:

(x-h ) +(y-k ) =p
o Genernl Form of a Circle: The general form of a circle with radius

r= ,/(-g F+(f J - ¢ and center C(-g.-D is:

E+y +2ex+2fy+c=0

The coefficient of x* is equal to the coefficient of yz, and there is no term containing xy and

the square of the radius is 7> 2 0.
&« Nature of the circle:
If32 + f'2 - ¢ > (), then the circle is real and different from zero,

If g*+ f2-c = 0, then the circle shrinks to a point (-g,-f). It s called a point circle.

Ifgz-!-fz-c < (), then the circle is imaginary or virtual,
= Condition of Tangency:
The condition at which the line y=mx+c should touch the circle xz + y2 = az is:

c=tal+m?

The equation of any tangent to the circle o+ y2 = g’ in the slope-form is:

y=mxtaVl+m’

The condition at which the line Ix+my-+n=0 should touch the circle X+ y2 =q’is:

n= ia\“z+m2

The condition at which the line Ix+my+n=0 should touch the circle
4+ y2+2gx+2fy+c=Ois:
(c- £ )1+ 2fgim+(c- g hm’ - 2n(gl + fm)+n’=0

"
-
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The tangent equation to the circle x* + y2 +2gx+2fy+c=0atapoint A( x,, y, )is:
xxpk Yy +gix+xy )+ fly+y, ) +e=0

The tangent equation to the circle x” + y2 =qg’ata point Al xp 3, )is:

m+yy,=a’

‘The normal equation to the circle x*+ y* + 2gx+ 2fy + ¢ = 0 at a poinf A( xny,)is
x(y,+N-Yxi+e)+gy,- fx,)=0

The normal equation to the circle x° + yz =g’ atapoint A x,,y, ) is:

Xy, yx,=0

The length of the tangent drawn from the pointP( x,, y,)to the circle
4y +2gx4 2 +c=0is

|PT 1= 2+ y + 2gx,+ 2y, +¢
The length of the tangent drawn from the point P{ x;, ¥, ) 1o the circle X+ yz =gtis:

IPTI=\/xf+yf-a’

The lengths of the two tangents drawn from the point P{ x,, y, Jonthe given circle are
equal. AN




This unit tells us, how to:

define parabola and its elements focus, directrix, eccentricity, vertex focal

chord (Jatus recturmn).

derive general form of an equation of parabola.

derive the standard form of an equation of parabola and to sketch their graphical

views.

recognize the tangent and normal equations to parabola.

find the condition at which a line is tangent to parabola and to determine the.

equation of a tangent line in slope—form.

find the equations of tangent and normal to parabola.

link parabola to our real-life simation problems.

define ellipse and its elements vertices, foci, center, eccentricity, ma_lor and

minor axes, focal chord (latus rectum).

derive standard forms of ellipse and to sketch their graphical views.

recognize the tangent and normal equations to ellipse.

find the condition at which a line is tangent to ellipse and to determine the

equation of a tangent line in slope—form.

link parabola to our real-life situation problems.

define hyperbola and its elements vertices, foci, center, eccentricity, transverse

and conjugate axes, focal chord (latus rectum).

derive standard forms of hyperbola and to sketch their graphical views.

recognize the tangent and normal equations to hyperbola.

find the condition at which a line is tangent to hypeebola and to detennine the

equation of a tangent line in slope—form.

fink hyperbola to cur real-life situation problems.

define the translation and rotation of axes.

find the equauons of transformation for translation and rotation of axes.

find new origin nnd new axes referred to old origin and old axes.

find the angle through which the axes be rotated about the origin so that the product term xy is
removed from the translated equation.

ié so—called conic n:r*qLﬁ‘;m- lipses, r*“‘:fkﬁ rp
be obtained by intersecting a plane with a
A <o ‘i
n the plane in : 11 ﬂn'ﬂﬁiﬁ
onstant ratio to its distances from Wm:..ﬂ‘ . ;

_'—'-\" 'P'- 1-:

-.4--, —ﬂé,-.'

e P
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For illustration, if F is a fixed point in the plane and L is the line in the same
plane, then the set of all points P in the plane that satisfy the condition

distance from Pto F _ . vy e *:
distance fromPtoL ~ __E 1 =

is called a conic section. Here e is a fixed number for each conic called the
eccentricity of the conic. The conic is an

ellipse, ife<1
parbola, ife=1
hyperbola, if e>1

The fixed point is called the focus, the fixed straight line is called the
directrix and the constant ratio is called the eccentricity of the conic and is
denoted by e.

The criteria for a conic are illustrated in the Fig. 8.1:

- mcaa e e e -

4

Parabola if e=1 Ellipse ife<1 ;. Hyperbolaife > 1
o Fig. 8.1 y

In this section, we look at one of these conic sections which is the parabola.
In our study of quadratic functions, the graph of the general form of the
quadratic equation y = ax’ + bx+c (witha#0) is a parabola that opens upward if
a>0 and downward if a<0. Generally, the graph of a quadratic equation is always

parabola, but not all parabolas can be represented by quadratic equation, because
not all parabolas are graphs of functions.

Definition of parabola and its focus, directrix, eccentricity,
vertex, focal chord and latus rectum

Definition 8.1.1:[Parabola]: The parabola is the set of all points P in the plane
such that the distance from a fixed point F (focus) and the distance from a fixed
straight line (directrix) to a point are equidistant.

The line through the focus perpendicular to the directrix is called the principal
axis of the parabola, and the point where the axis intersects the parabola is called the

.,
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vertex. The line segment AB that passes through the focus perpendicular to the axis
and with endpoints on the parabola is called the focal chord or its latus rectum. This

terminology is shown in the figure (8.2).
f

N

To obtain the general form of the parabola, let us assume a focus with
coordinates F(p,0) and a directrixx=—p, (p is any positive number) parallel to the
y-axis. If P(x, y) is any point on the curve and p,(—p,y)is a point on the directrix
x =-p, then by definition of parabola (figure 8.3)

(x+p )2= (x-p )2+ yz, squaring
X 4+2px+pi=x2-2px+ pP 4y’
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x-!-P

; F (P.,O)

The result (3) is the standard form obtained from the general form of the equation of
a parabola with vertex at V(0,0), focus F(p,0) and directrix x= —p. The parabola is
symmetric with respect to the positive x-axis if p>0 and symmetric with respect to the
negative x—axis if p<0. The vertex V(0,0) of the parabola is on the principal axis of
symmetry midway between the focus and the directrix.

Definition 8.1.2: [Parabola]: The standard form of the equation of a parabola that is
symmetric with respect to the x—axis, with vertex V(0,0), focus F(p,0) and directrix the
line x=—p is: - e

Definition 8.1.3: [Parabola] The standard form of an equation of a parabola that is
symmetric with respect to the y—axls, with vertex V(O 0), focus F(0,p) and directrix the
line y=—p is: R

The parabolas that havc thelr vertex at the origin and open upward, downward,
to the left and to the right are summarized in the table:

xz =4 py up, if p>0 F(O,p) y=-p V(0,0
down, if p<0 F(0,p) y=-p V(0,0)
y2 =4px right, if p>0 F(p,0) X=-p V(0.0)
left, ifp<0 | F(p.0) X=-p V(0,0)

=
i

345 |-

_
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i) Graphing standard form of a parabola

Usually, the calculus is used in graphing parabolas. In this section,
we will find and plot the parabola by inspection and count out units from the
vertex in the appropriate direction as determined by the form of the
equation. Finally, it is shown in the problem set that the length of the focal
chord (latus rectum) is 4p. This number could be used in determination of
the width of the parabola. This approach is employed in the followmg
examples.

 Example 8.1.1: [Graphing y° = 4px J: Graph the parabola y’ - 8 = 0 and indicate the

vertex, focus, directrix and the focal chord. |
Solution: Rewrite the given parabola in the standard form

¥ =8x (6)
and is compared with the standard form of the parabola (2) to obtain :
8=4dp => p=2

Flg. 84 Flg. 85

Since p>0, the parabola opens to the right. The vertex is V(0,0), the focus is
F(2,0), the directrix is the line x=-2 and the length of the focal chord is 4p=4(2)=8.
The line of symmetry is the positive x-axis. This is shown in the figure (8.4).

Example 8.1.2: [Graphing x* = 4py]: Graph the parabolax’+y =0 and| indicate the
vertex, focus, dlrectnx and the focal chord

Solation: Rewrite the given parabola in the standard form



=
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xi=-y {7 ‘{
and is compared with the standard form of the parabola (5) to obtain : ( f
-1=4p = p=-1/4 ’ y ‘%
5 A
Since p<0, the parabola opens downward. The vertex is V(0,0), the focus is F(0,~1/4), A .f
the directrix is the line y=1/4 and the length of the focal chord is 4p=4(-1/4)=-1, The £
line of symmetry is the negative y-axis. This is shown in the figure (8.5). Yot j
iii)  The Equation of parabola with the given elements 3
5 A \ JI'
Example 8.1.3:[Equation of Parabola): Find an equatlon of pm‘abola with } )
a. focus F(0,~2) and directrix y=2. b. vertex V(0,0)and focus F(5/80).
c. vertex V(0,0) and directrix x=1/2. AN P S
Solution: .."I‘-";}}:I'H
a By inspection, the value of p is p= —2 that satisfies the directrix y=2. This {1 :
gives the equation of parabola x* = 4py = 4(-2)y = -8y, that opens downward 'H;r\{'
JA\
(p<0) and the line of symmetry is the negative y-axis. This is shown in the ({
. \"/
figure (8.6): ! : ) ‘\{\
AEFIRL I P 38 0 o I I \ =/
[ [Ac FEPAE IF i Y/
g ol [ [0 = yofitheTpcal | /AN
] p = = B 2 1 L e OG0T LG 3
"#' | : ARl 3 | -] [ [ . i 5 0 : \:;L(/
WS N Ve | ()
E ] 30 / /
=48y (04 42) N FIAE ] s T S { A
A=l 1 r 18 kL - | /
QN i % {,
EEEEEEGEEREE PR RERETE! £
Fig. 8.6 ' th 8.7 }Tj/
ik
b. By inspection, the value of p is p=5/8 that satisfies the directrix x=-5/8. This \
5 )
gives the equation of parabola y 2= gpx=4(5 18)x=5x, that opens right
(p>0) and the line of symmetry is the positive x-axis. This is shown in the
figure (8.7). .
c. By inspection, the value of p is p= ~1/2 that satisfies the directrix x=1/2. This

gives the equation of pambo]a y'=4px=4(-1/2)x=-2x, that opens left

347 ﬂ—m -
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(p<0) and the line of symmetry is the negative x—axis. This is shown in the

figure (8.8): - ~\
d ¥y
y=-u 1
—lew
b H
RN X S I B
E(—-?_-.O) ——\\[%o.0
BYRTRTRDY (| HIEe
{(-2,-2) ;
TF
Fig. 8.8 P

. &
Translation of Parabola: The replacement of X=x-h and Y=y-k in an equation of the
standard form of parabola has the effect of translating the graph of an equation in the

XY-plane,

ifk>{) and down ifk<O'

Important: Translation process is available in detail in sub-unit 8.4.

1‘:: ;-I& 2
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Definition 8.1.5:[Translation of Parabolay’=4py]: The standard form of the
equation of a parabola that is symmetric with respect to the line x=h and with vertex
V(h, k) focus F(h,k+p) and directrix line y=k-p is:

~(x-h) =4p(y-k), Fig.8.10

The parabolas in deﬁmt:ous (8.1 4) and (8. l 5) cpen to the nght orupif p is
positive. They open to the left or down if p is negative. The length of the focal chord is
4p and lhe end pomts of the foca] chord are at a distance of 2p from the focus

The parabola (12) is comparcd to the standard form parabola (4) to obtain:
4p=6>p=6/4=3/2

Since p>0, the parabola opens to the right. The vertex of the new parabola (12)
is V(0,0), the focus is F(3/2,0), the directrix is the line X=-3/2 and the length of the
focal chord is 4p=4(3/2)=6. The line of symmetry is the positive X—a)us This is
shown in Fig. 8.11.

The vertex, focus , directrix and the focal chord of the given parabola (10) are

the following: .

¢ The coordinates of the vertex V{0,0) of the new parabola are X=0 and Y=0.
Put X=0 and Y=0 in (11) to obtain the coordinates of the vertex of the given

parabola (10):

X=x-2 => 0=x-2 => x=2 and Y=y+1 => O=y+] y=-1

The vertex of the given parabola (10) is therefore V(2,-1). This vertex is
agreed to the vertex of the standard parabola (4).

» The coordinates of the focus F(3/2,0) of the new parabola are X=3/2 and Y=0.
Put X=3/2 and Y=0 in (11) to obtain the coordmates of the focus of the given

parabola (10):
X=x-2 => 3/2=x-2 => x=712 and Y=y+1 => O=y+1 y=-1
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The focus of the given parabola (10) is therefore F(7/2,-1)=F(h+p,k). This
focus is agreed to the focus of the standard parabola (4).

» The directrix of the new parabola is X=~3/2. Put X= -3/2 in (11) to obtain the
directrix of the given parabola (10): ;
X=x-2 => -3/2=x-2 => x=1/2
The directrix of the given parabola (10) is therefore x=1/2=h—p. This directrix
is agreed to the directrix of the standard parabola (4).

e The length of the new focal chord and the given parabola (10) is of course 6.
The focal chord is on the line through the focus F(7/2,-1) and the end points of

the focal chord are 2p=2(3/2)=3 units from the focus F(7/2,-1). The
coord1na1es of the focal chord are therefore

e v,
i

() (o3
i 1-‘ 2 it 2’ o
_____ » _.-_.. — .'I'. ;
¢ The line of symmeu'ylsmerefore y*——l
The graph of the parabola is shown in the
figure (8.11).
The translated parabolas that have their |

vertex at V(h,k) and open upward, downward, to the
left and to the right are summarized in the box:

(x-h)’ =4p(y-k) | P ifp>0 F(hk+p), Vbk) | y=k—p
down, if p<0
(y-k) =4p(x-h) | right if p>0 F(h4pX), V(h,k) | x=h-p

Ty g e

and normal to mbela dln*ﬁ."\ﬁ TS )

A line whlch is para]lel to the axis of a parabola mlersects the parabola in only
one {finite) point; all other lines will cut the parabola in two real and distinct points,
real and coincident pomts or complex conjugate points. A line which meets a parabola
in two coincident points is called a tangent. A tangent to any curve at a point P is the
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limiting position of a secant line, cutting the curve in two points P and Q
as 0 — P.The normal can easily be shown in the subsection of this section.

i)  The condition at which a line is tangent to parabola af a point

The line is tangent to parabola, when the line intersects the parabola in two
real and coincident points. The given parabola and line

y=mx+c - (14)
develops a system of two equations:
20 Fay D¢
y'=dpx (15)
y=mx+c

The solution set{x, y} of a system of equations (15) exists only, if the curves of
the system (15) are intersecting. That set of points of intersection {x,y} (a solution
set) can be found by solving the nonlinear system (15) simultaneously.

The line (14) is used in 2parabo]a (13) to obtain the quadratic equation in x:

(mx+c) =4px
2+ 2mex+ P =4px

2x2+2x(mc-2p)+c2=0 : (16)

The equation (16) being a quadratic equation in x, gives a set of two
values x, and x, of x, which will be used in a line (14) to obtain a set of two y
values y,and y, .

Thus, a solution set {(x;,y,):(x,,¥,}}of the system (15) 1s of course a sef of

points of intersection of the system (15).

The points of intersection of the system (15) are real, coincident or unagmary,
according as the roots of the quadratic equation (16) are real, coincident or imaginary
or according as the discriminant of the quadratic equation (16):

Disc=4(mc-2 p)z —4m*c* >0, real and different
Disc=4(mc-2p

) -
Disc=4(mc-2 p) m’c’ <0, imaginary
Example 8.1.5:[Real and Coinddmt Points]: Under what condmon the tangent line
4x-y-4=0 intersects the parabolax’ = y? - -

0, real and coincident

i, i, e o o, B B B R N DN e e

i, e
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Solution: The equations of the line and parabola are:
' 4x—y—4=0 1

The line (17) is used in parabola (18) to obtam the y—coordmates of the points
of intersection: _

The x—coordinates are used in the line (17) to obtain the y—coordinates y=4, 4

Thus, the set of two points of intersection (2,4) and (2, 45 are real and distance
and the tangent line 4x-y-4=0 is of course mtcrsechng the parabola (18) at two
coincident points (2,4) and (2,4).

Here c is to be calculated from the fact that the line (20) is tangent to parabola
(19). The line (20) is used in parabola (19) to obtain the quadratic equation in x:

¥’ =4px
(mx+c)* = 4px
2—i-cz—i-Zer:x-4px

nx \r-4f'.;,"')3.‘ Lt =~

LLLd

If the line (20} touches the parabola (19), then the quadratic equatlon (21) has
coincident roots for which the discriminant of the quadratic equation (21) equals zero:

. 4(mc-2p)* -4(m*)c?)=0
4mzcz+16p2- I6mcp -4m2c2= 0
16 p*-16mcp=0




Maths - 12 [EEESEN

The equation (22) represents the condition of tangency. The value of ¢ from
equation (22) is used in the hne (20) to obtam the requlred equatlon of tangent.

It is xmponant to note that

e the equation of any tangent to parabola y* = 4px in the slope—form is:

y=m.7c+£
m

o the hne y—mx+c should touch the parabola y 4px under condmon.

Solunon. The value of c at Wthh the lme x—y+c=0 will touch the given parabola
through result (25) is:

c=-pm*=-2(1)=-2, ¥’ =8y=4(2)y, p=2,m=1

Here m is the slope of the line x—y+c=0. The required fangent line that should
touch the parabola through (25) is:

y-mx+c
=x-— 2::>x y-— 2 0

s
e hn
e \'\-r":l..ﬁc

Herem, is the slopc of the tangcnt lme to pambolay 4px at a point
p(x,, y,) that can be found by differentiating y* = 4px with respect to x:

’ —)
. ui
-




Maths - 12 [ EEEEN

The substitution of (27) in (26) is giving the equation of the tangent line at a
point p(x,, y,) to parabola y =4px:
y=n=mx—x) ,

2
y-n=2L(x-x)

1

YV - ¥; = 2px-2px,
¥y, -4px, = 2px - 2px.. y; = 4px,

Itis nnportant to note that
the equatlon of the tangent line ata pomt p(xl ¥) to parabola x°=4pyis:

e If the tangent liney=mx+Z to parabolay*=4px is identical to
m

yy,=2p(x+x).then the coefficients of like terms of y=mx+-£-and
m

yy, = 2p(x +x,) are compared to obtain the contact point:

2px 2
mx:i yl -_-'_p
B4
_2p_=____g_ = 2x1=£:>2x1=2—}::xl=—g-2-
y m m m m
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o If the tangent line y = mx — pm” to parabola x* = 4 py is identical to
xx = 2p(y+7y,), then the coefficients of like terms of y=mx— pm® and
xx, = 2p(y+y,) are compared to obtain the point of contact:
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2 2
LS = y=pm
Thus, the contact point is

Soluﬁon: Result (28 a) is used to obtain the tangent line to the given parabola:
=2p{x+x)
Y(-4) 2(2)(x+2), p(x, )=(2,-4), 4p= 3
—4y=4x+8
4x+4y+8=0
x+y+2=0
The point of c